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Preface

This volume on mathematical aspects and applications of fast boundary element
methods in engineering and industry contains eight contributions on the state of the
art in this field. This book is strongly related to the annual Sollerhaus workshops
on Fast Boundary Element Methods in Industrial Application where recent trends
and new methodologies are discussed to solve todays challenging problems in al-
most all areas of applications. The stimulating atmosphere of the Sollerhaus work-
shops contributed a lot to new developments and new interdisciplinary cooperations
which are also documented within this book. This spirit of strong cooperations be-
tween mathematicians and engineers, with direct applications in industry, follows
an already long—ongoing history. To underline this, we just mention the volumes
Boundary Element Topics (Springer 1997), Boundary Element Analysis. Mathemat-
ical Aspects and Applications (Springer 2007), and the special issue of Computing
and Visualization in Science (Volume 8, 2005), which indicate the development of
the mathematical foundations of boundary integral equation methods and the appli-
cations of fast boundary element methods.

Nowadays, fast boundary element methods are a powerful tool for the simulation
of physical phenomena in different fields of applications. In particular, boundary
integral equation techniques are well suited for the solution of partial differential
equations in unbounded exterior domains, or for problems which are considered
in complicated geometries, but with simple physical model assumptions. The lat-
ter also involves applications with nonlinear interface or transmission conditions, as
they appear in multiphysics simulations. Several of these aspects are covered within
this book. An efficient and accurate numerical simulation of time—dependent prob-
lems both in time and frequency domain belongs still to the most challenging prob-
lems. This book includes contributions on the mathematical analysis of boundary
integral formulations, the numerical analysis of boundary element methods and the
construction of robust and efficient preconditioning strategies, and the design and
implementation of fast boundary element methods to solve challenging problems of
1nterest.

! see http://www.numerik.math.tu-graz.ac.at/tagungen



VI Preface

The aim of this book is to present some of the current developments of fast bound-
ary element methods and their applications. We are aware that such a book can not
cover all aspects in the analysis and applications of fast boundary element methods.
There are no contributions, e.g., for adaptive fast boundary element methods. Other
missing topics include the use of fast boundary element methods for the simula-
tion of complex multiphysics problems including the coupling with finite element
methods, as well as related inverse and shape optimization problems. In fact, this
book may serve to present some of the basic tools to handle the above mentioned
problems. The ongoing work on the solution of these problems will be reported
on future workshops and conferences, and the results will be documented in future
publications as well.

We would like to thank all authors for their contributions to this volume. More-
over, we also thank all anonymmous referees for their work, their criticism, and their
suggestions. These hints were very helpful to improve the contributions. Finally, we
would like to thank Dr. T. Ditzinger of Springer Heidelberg for the continuing sup-
port and patience while preparing this volume.

Graz, Linz, Stuttgart Ulrich Langer
September 2011 Martin Schanz
Olaf Steinbach

Wolfgang L. Wendland
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Differential Forms and Boundary Integral
Equations for Maxwell-Type Problems

Stefan Kurz and Bernhard Auchmann

Abstract. We present boundary-integral equations for Maxwell-type problems in
a differential-form setting. Maxwell-type problems are governed by the differen-
tial equation (6d — k2)w =0, where k € C holds, subject to some restrictions. This
problem class generalizes curl curl- and div grad-types of problems in three dimen-
sions. The goal of the paper is threefold: 1) Establish the Sobolev-space framework
in the full generality of differential-form calculus on a smooth manifold of arbitrary
dimension and with Lipschitz boundary. 2) Introduce integral transformations and
fundamental solutions, and derive a representation formula for Maxwell-type prob-
lems. 3) Leverage the power of differential-form calculus to gain insight into prop-
erties and inherent symmetries of boundary-integral equations of Maxwell-type.

1 Introduction

It is the goal of this paper to express the theory of boundary-integral equations for
Maxwell-type problems in the language of differential-form calculus. Maxwell-type
problems are governed by the differential equation

(6d—k*)w =0,

where k € C fulfills either k =0 or 0 < argk < m,k # 0 127, eq. (9.13)]. The ex-
terior derivative d and coderivative § will be defined in Sect. 21l This problem
class generalizes curlcurl- and divgrad-types of problems in three dimensions.

Stefan Kurz
Tampere University of Technology, Department of Electronics, 33101 Tampere, Finland
e-mail: stefan.kurz@tut.fi

Bernhard Auchmann
CERN/TE, Geneva 1211, Switzerland
e-mail: bernhard.auchmann@cern.ch

U. Langer et al. (Eds.): Fast Boundary Element Methods, LNACM 63, pp. 1-b2]
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2 S. Kurz and B. Auchmann

It encompasses electro- and magnetostatics (potential problems), eddy-current and
diffusion-type problems, as well as scattering problems.

In the authors’ view, differential-form calculus features a range of advantages
over classical vector analysis, that are particularly interesting in the field of boun-
dary-integral equations. We give four examples: (i) Being independent of dimen-
sion, operators of the same class act upon fields on the domain and on the boundary.
(i1) For a comprehensive treatment of the subject, only two families of functional
spaces are required on the domain and on the boundary, respectively. The two fam-
ilies are related via Hodge duality. (iii) Involved computations with cross-products
of normal vectors and tangent vectors are replaced by more elegant tools. (iv) A
discretization of the functional spaces in terms of discrete differential forms is read-
ily available and, in fact, an integral part of the differential-form setting. In this
context HIPTMAIR writes in [|ﬂ, p- 239ft.]: ’Suitable finite elements for electro-
magnetic fields should be introduced and understood as discrete differential forms.
... Finite elements that lack an interpretation as discrete differential forms have to
be used with great care.”. For establishing spaces of discrete differential forms on
two-dimensional surfaces we also point to [7, Sect. 4.1.].

The reader will find that, in many ways, the theory and proofs outlined in this
paper are reminiscent of vector-analysis literature. This is not surprising, since a
major part of our work consisted in translating classical proofs to the more general
differential-form setting. In other places, presumably well-known subjects may look
strangely unfamiliar. Study of the theory from the viewpoint of differential-form
calculus reveals structural layers that are often hidden or obscured by the nature
of vector analysis. For examples we point to the definition of generalized integral
transforms, the image spaces of Sobolev spaces under the Hodge operator, or the
symmetry of Calderén projectors under dual transformations. We hope that, with
this work, we can help to spark the curiosity for differential-form calculus in the
community, and do our share to lay the groundwork for future progress in the field.
After all, ROTA wrote , p. 46], "Exterior algebra is not meant to prove old facts,
it is meant to disclose a new world.”

From a historical perspective, the idea to generalize Maxwell’s equations, using
p-forms in n-dimensional Euclidean space, was first put forward in a seminal paper
by WEYL in 1952 138]. Comparable work for the static case, that is, for potential
problems, was accomplished by KRESS in 1972 ]. Related work about higher
dimensional electromagnetic scattering on Lipschitz domains in R" was published
by JAWERTH and MITREA in 1995 ]. Recently, PAULY has published a series
of papers, where the low frequency asymptotics for generalized Maxwell equations
have been examined under rather general assumptions 29].

In Sect. 2l we give a concise summary of relevant topics of differential-form
calculus. This summary is intended mainly for reference purposes. Readers who
are not familiar with the formalism might want to consult 1, [IE, Chap. A]
or [2, Sect. 2]. Sect. @ also includes contributions on topics such as integral
transformations, and fundamental solutions of Helmholtz-type equations. So-called
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translation isomorphisms are introduced, that carry the differential-form setting
in three-dimensional Euclidean space over to the classical vector-analysis setting.
Sect. [ presents a differential-form based Sobolev-space framework that sets the
scene for the discussion of Maxwell-type problems, their solutions, and boundary
data. The section builds upon a 2004 work by WECK [36]. Translation isomorphisms
are used to establish the link with Sobolev spaces in classical calculus. Sect. [ is
devoted entirely to the representation formula for Maxwell-type problems. The re-
sults generalize the Kirchhoff and Stratton-Chu formulae. In Sect. [3] we introduce
boundary-integral operators and establish some of the properties that are required
to prove the well-posedness of boundary-value problems. Finally, Sect. [0l studies
properties of the Calderén projector and reveals a powerful symmetry with respect
to dual transformations.

In our notation, we seek to strike a balance between readability on the one hand,
and the addition of information that helps to interpret the compact differential-form
notation on the other hand. If in doubt, we tend to favor the former over the latter,
assuming that the generality and elegance of differential-form calculus best serve the
readers’ interest. For example, operators in Sect.[2l are defined for forms of arbitrary
degrees, and on (Riemannian) manifolds of arbitrary dimension. We therefore do
not generally distinguish in our notation between, for example, the Hodge operators
acting on forms of various degrees on a domain €2, and the Hodge operators acting
upon the traces of said forms on the boundary I". The metric tensor which applies
in the definition of each operator is clear from the context. A generalization that we
did not adopt is to introduce graded Sobolev spaces on the entire exterior algebra of
differential forms. We have opted for spaces of homogeneous degree and highlight
the degree in the notation. All along the text, the relationship to results of classical
vector analysis is established in framed paragraphs, to keep the paradigms separate
in the main body of the paper.

2 Differential Forms — Preliminaries

In this section, we intend to summarize important results of differential-form calcu-
lus. Throughout the paper, n denotes the dimension of the problem domain; the
degree of forms is frequently denoted by p and g, which are always related by
qg=n—p.

Powers of minus one followed by operators, as in (—1)”?op, op, ¢, are to be read
as follows: The degree p refers to the differential form that the sequence of operators
acts upon from the left. In this example, p is the degree of the form ¢. n is always
the dimension of the problem domain, even if operators and forms on the domain
boundary are considered; and ¢ = n — p following the above rule.

2.1 Basic Definitions

We introduce differential forms on a smooth, orientable Riemannian manifold
(M,g) of finite dimension n, where g denotes the metric tensor. We have R3, or
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a subset thereof, with Euclidean metric in mind. Throughout this section V denotes
a vector space over a field F, where F may be either R or C.

A simple p-vector may be thought of as an ordered p-tuple of vectors that belong
to a vector space V. The p-tuple is interpreted as a p-parallelepiped with oriented
volume. An elementary permutation in the tuple changes the orientation. A change
of orientation is indicated by a change of sign of the simple p-vector. More precisely,
a simple p-vector is an equivalence class of ordered p-tuples of vectors that (i) span
the same subspace of V; (ii) span p-parallelepipeds of identical oriented volume.
p-vectors are linear combinations of simple p-vectors. They form a vector space
APV of dimension (Z) 0 < p < n. Up to dimension n = 3 all p-vectors are simple

p-vectors. We find AV =V, APV =0 for p > n and for p < 0, and we set AV =T.
Alternatively, p-vectors are defined in [@] via an isomorphism that identifies
APV with the vector space of skew-symmetric tensors of rank p over V.
Let (e;| 1 <i< n) denote an ordered basis of V. We pick an ordered basis of NP’V

(eJ|J€ j;),

where J = ji j2 ... jp is a multiindex,

Iy =U=hiaJpl1<ji <jp<--<jp<n},

and ey is the equivalence class that contains the p-tupel (ej, ,ej,,...,e jp).
The exterior product, or wedge product, is a bilinear mapping

ANV NV — AHY L (vow) = v AW,

defined by the following properties:

(i) Aisassociative, @AV)AW=uA(VAW), ucANV;
(ii) A is graded anticommutative, v AW = (—1)w Av for v € A*V and w € A'V;
(iii) 1Av=vforallve AV.

To compute the exterior product we first relate the basis vectors of V to those of
AV, Let K = kik, ...k, be an arbitrary p-index, and o(K) a permutation of K.
Then we define

+es(k) o(K) e j[:l, O even,
(AN Ne, =< —egx) O(K) € _Z), o odd, (1)
0 otherwise.

€k

Next we define for basis vectors e; € AV, e; € AV

eNey = (e Ao Aey ) A(ej Ao Nejy)
=€ /\---/\eik/\ejl /\---/\ej[,
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where I € ¢/',J € #Z/. The right hand side is defined by (D, or zero for k+ ¢ > n,
respectively. Finally, the exterior product extends by linearity to the entire spaces.
We say that APV is the p-th exterior power of V. The direct sum AV = AV o A'V @
- @ NV @ A"V is again a vector space. The pair (AV,A) has the structure of a
graded algebra. It is called the exterior algebra over V.

Recall that a tangent vector on a manifold can be defined as a directional-
derivative operator. Coordinates (x!,...,x") on a patch U C M induce a canonical
coordinate basis (d,1,...,0x) of the tangent space TxyM. Here TM is the tangent
bundle over M, and Tx M is a fibre in a point X € U. Cotangent vectors, on the other
hand, are elements of the dual space Ty M, the cotangent space. In particular, the
differential of a scalar function A on M taken at a point X is a cotangent vector. The
action of a cotangent vector (dA)x € Ty M on a vector v € TxyM equals the direc-
tional derivative of A in direction of v, (dA)x(v) = v(1). The canonical coordinate
basis of the cotangent space in a point X € U reads (dx!,...,dx"), and we see that
dx'(0,;) = i (x') = &}, with &} the Kronecker delta.

A vector field v is a section of TM. The space of smooth vector fields (component
functions are C*) is denoted 27 (M). The space of smooth differential 1-forms is
denoted .7 ! (M); its elements are smooth sections of the cotangent bundle. Note that
the definitions of .27 (M) and .% ' (M) require smoothness of the manifold M.

A p-vector field is a section of the p-th exterior power of the tangent bundle
NPTM, whose fibres are the spaces A’Ty M. The space of smooth p-vector fields is
denoted Z},(M), and the space of smooth differential p-forms ¥ (M).

Coordinate bases of Z,(M) and .77 (M) are given in U C M by (dy |J € 7))
and (dx’/ |J € ), respectively. Hence the basis representation

= 2 w./dxleyp(M)a

Je gl

where @y € C*(M) are the component functions.

In the sequel, we will encounter function spaces of differential forms. A generic
function space of p-forms defined on M will be denoted s#A”(M). For instance,
FP(M)=CN'(M).

We denote by

(|)x : NTEM x NNTxM — F

the algebraic duality product at a point X € M.
The exterior product above extends naturally to p-forms and p-vector fields. An
alternative notation is given by

i FUM) x FEM) — FH5 M) (0,n) = jpo =N Ao,
and, analogously,

jr Z(M) x Zi(M) = Zpk(M) 2 (VW) = jwV =WAV.



6 S. Kurz and B. Auchmann

The interior products or contractions

- ! g l—k ) iyw, for {>k,
it 2y (M) x F' (M) — F (M).(V,(x))»—){o7 for (<k
and

ipv, for ¢ <k,

i::?((M)X%(M)%%—K(M):(ww)'_){()’ for (>k

are defined by dualities
(iyolw)x = (oliyw)x, (9lioV)x = (od|v)x,

forallw € 2 (M), ¢ € F*¥(M), and X € M. The use of the notation iy, jy as a
shorthand for i(v, -), j(v,) is a mere matter of convenience.
General properties of interior and exterior products are

(i) iyiw = (_I)iniva Jviw = (_l)ljjija
(ii) igiu =0, JuJu =0,
(i) iw(@AN)=iw®@ AN+ (=1 0 Aiyn,
where v € Zi(M), w € 2;(M), w € F¥(M), n € F*(M), and u € 27 (M). Equiv-
alent dual properties to (i) and (ii) hold for differential forms.
Consider the differential

Do : TxM — Tyx)N : W = Do (w)

of a smooth map ¢ : M — N from a manifold M to a manifold N. It naturally extends
to p-vectors v,w € APTxy M by the exterior compound

Do(vAw)=De(v) ADp(w).
In case ¢ is a diffeomorphism, D¢ induces a pushforward operator
Ot Zp(M) = Zp(N) : Vi @uv,
by defining ¢,vx = D@(vy) in all points X € M. The pullback operator
0 : FP(N) > FPM): 0~ 0"
is defined by duality at every point X € M,
(9" o|v)x = (@[D(vx))ex,

where w € #P(N), v e Z,(M). Note that ¢ is not required to be a diffeomorphism
in this case.
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The exterior derivative is a linear map
d: FP(M) — FPHYM): 0— do

defined by the following properties:

(i) Forye C”(M), dyis the differential of v,
(ii) dd =0, (first Poincaré lemma);
(iii) d(wAn)=doAn+(—1)’oAdn, for o € .ZP(M).

The exterior derivative commutes with the pullback, i.e., d¢* = ¢*d holds. Its action
onv=viA...AV,y1 € N""1TxM is given by

ptl .
{dolv)x =Y (=) (Vy,0[vi A ARA LAY )X,

i=1

where Vy,® denotes the directional derivative of @ at X in direction v;, and ¥; is
omitted.

Forms in the kernel of d are called closed forms, forms in the image of d are
called exact forms.

The integration of differential p-forms can be reduced to multivariate integration
of scalar functions in coordinates. Stokes’ theorem on an embedded p-dimensional
compact submanifold S, ¢ : § — M, reads for o € .#P~! (M)

/dco: / ,
o(S) I9(S)

where d is the boundary operator. It shows that the following operator equations are
equivalent:
dd=0 and dd=0.

Moreover, with the above properties of the exterior derivative, we find the integra-
tion-by-parts rule

/da)An+(—1)k/wAdn: / oA,
o(S) o(S) I9(S)

for w € F*¥(M), and n € FP 1 (M).

An orientation of M is given by a consistent orientation of all tangent spaces of
M. An orientation of TxM is given by a fixed ordering of the vectors of a basis.
Hence, a non-vanishing n-vector field, called volume vector-field m € 2, (M) de-
fines an orientation on M, and —m represents the opposite orientation. Likewise, a
volume form . € F" (M) with (u|m)y > 0 everywhere represents the same orienta-
tion of M. Henceforth we require without loss of generality that (1/m)y = 1 holds
everywhere.

The Poincaré isomorphism [@, p. 151] is defined using the above volume form
and volume vector-field (remember g = n — p)
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p: FIM)— Z,(M): 1 +—ipm.
The inverse is given by
p i 2,(M) = FIUM) v (—1)Piyu.
An important property of the Poincaré isomorphism is

{(olpn) p = (=D An, (2)

where @ € #P(M), n € F#9(M), and the point-wise duality product defines a
smooth scalar function on M.

We prefer defining the Riemannian metric tensor as a Riesz isomorphism between
smooth vector fields and 1-forms, g : 27(M) — .#'(M). The definition is extended
to p-vector fields and p-forms

g: 2p(M) = F' (M)

by the exterior compound, g(v A w) = gv A gw. The Riesz isomorphism defines a
point-wise inner product

NTYM X NPTxM — F: (v,w) — (v,w)x = (gv[W)x
in a point X € M, and, analogously,
NTEM X NTEM = F - (0,1) = (@,1)x = (o]z ' T)x,

where the bar denotes complex conjugation of the component functions in the case
[F = C. The metric tensor is required to be smooth in the sense that on all coordinate
patches U the functions g;; : U — F, defined by X — (d,i,d,;j)x, are smooth.

The inner products induce the corresponding point-wise norms on A’TxM and

NT;M
VIx =v(v,v)x and |o|x =+ (0, 0)x.

In what follows, duality product (:|-), inner product (-,-), and norm |- |, acting
on smooth p-forms and p-vector fields, denote point-wise evaluations that define
smooth scalar functions on M.

We select a unit volume form, i.e., || = 1 everywhere. This connects volume
form and metric, which would otherwise be unrelated. The Hodge operator can
then be defined by

x 1 FP(M) = FIM): ¢ (—1)"p g9,

and we see that ¢ = i(g~'¢, u). The Hodge operator is an isomorphism. It fulfills
#% = (—1)P4, and its inverse is given by * ! = (—1)P4x = (—1)P4gp. The standard
textbook definition

<(D,¢> H=0N*0, (3

where ¢ € .%7(M), can be linked to the explicit definition by setting 1) = x¢ in @)).
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Let ZN’(M) C .#P(M) denote the space of test forms, that are smooth, com-
pactly supported p-forms on M\ dM [20]. For o, € ZN’(M) we define the inner
product

@M = [(@mu= [ons,
M M
and the norm |co|12‘2 = (@, )12y Completion of ZAP(M) with respect to this
norm yields the Hilbert space L>AP(M) of square integrable p-forms.

At this point we introduce the coderivativ

§:FP(M) = FP (M) :0— o= (-1)"+dx o, 4)

and note the property
66 =0.
The coderivative is defined to be the adjoint operator of the exterior derivative in the
L? inner product,
(do, )20y = (@, 6M) 12(01)

where the intersection of the support of @ € .7 (M) and 1 € ZP*1(M) must be
compact in M\ dM.

Forms in the kernel of & are called coclosed forms, forms in the image of § are

called coexact forms.
Eventually, we define the Laplace-Beltrami operator

A:FP(M)— FP(M): 0~ Aw = (d6 + 6d)w. 3)

Forms in the kernel of A are called harmonic forms.

We can now link up with the notation of classical vector analysis. The scalar and
vector fields of 3D Euclidean vector analysis are recovered by the translation
isomorphisms,

Y0: 1d o, (6a)
r': M —-2M): o—glo, (6b)
Y. Z2(M)— 21(M): o po, (6¢)
Y. F3M) = F° M) o~ ro. (6d)

1

Note that the usual definition Y% : @ — g~ * » coincides with the above defi-
—1

nition since for n = 3 we find *~! = % = gp and therefore g~ '+ = p.

When comparing with [@] please note that the coderivative is defined there with an
additional minus sign.
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The differential operators of vector analysis are derived from the exterior
derivative by

grad = r'd (%!,
curl = Y2 d (r') !,
div=13d(r?).
The identities curlgrad = 0 and divcurl = 0 follow directly from the first

Poincaré lemma dd = 0.

Integration of a 1-form o € .#!(M) along an oriented curve C that is embed-
dedin M by ¢ : C — M is related to the integration of the tangential component

of a vector: i
/ o= / a-tds,
®(C) ®(C)

where a = Y'! o, ds is the metric arc-length differential, and t is the unit tangent
vector field to C. We have used the dot-product notation for the inner product.

/ﬁ: /b~nda7
o(A) P(A)

where A is an inner-oriented surface, embedded in M, b = Y’zﬁ, da is the met-
ric area differential, and n is the unit normal vector field to A. If (v,v;) de-
fines an orientation of TyA in X € A, vy, v, € TxA, then ny is chosen such that
(Do(v1),D@(vy),ny) is consistent with the orientation of TxM.

/w: /wdv7
(V) o(V)

where w = Y3 @, dv is the metric volume differential, and V is an inner-oriented
domain that is embedded in M, @(V) C M. We note that dv =y in (3).

Stokes’ theorem with @ € .#7~! (M), and the embedded p-dimensional sub-
manifold S, ¢ : § — M,

Similarly,

Eventually we find

‘dco: / 0]
o(S) a9(S)

encompasses the classical theorems forn =3, p=1,2,3,

/ grad [ -tds = f| 20(C) > fundamental theorem of calculus,
?(©)

/ curlv-nda = / ‘ v-tds, Stokes’ theorem,
?(4) 99(A)
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/ divwdv = / w-nda, Gauss’ theorem.
o(V) dp(V)

The coderivative corresponds to classical operators:
Y28 (r*) ! = —grad,
r's (r*) ! =curl,
Y08 (rhH ! = —div.

Eventually, we recover the scalar and vector Laplace operators from

r°A (Y% ! = —div grad = —A,,
r'A(r')~! = —grad div + curl curl = —A,,
Y2 A (r?)~! =curlcurl — grad div. = —A,,
YA (Y3~ = —divgrad = —A,,

where A and A, denote the classical scalar and vector Laplace operators, re-
spectively.

2.2 Integral Transformations

Motivated by the notion of electromagnetic fields and sources, we distinguish bet-
ween the source manifold M and the observation manifold N of an integral trans-
formation. Forms in the domain of the transformation are defined on the source
manifold; the image under the transformation is defined on the observation mani-
fold. The transformation kernels are expressed in terms of double forms. In this sec-
tion, source- and observation manifolds are both modeled by the Euclidean space
M = N = R", though. The source manifold will be chosen differently in Sect. 2.4
as the boundary of a domain £2 C M. At this point we will take full advantage of the
differential-form based framework.

The parallel transport of a vector v € TyM from X to X' is denoted by I;X 'v=v'e
Tyx'M. Note that in Euclidean space parallel transport is path independent. Therefore,
a vector v anchored at X can be uniquely extended throughout the entire manifold
M. The resulting vector field is called covariantly constant, and the space of covari-
antly constant vector fields is denoted by 2,°*™!(M). The parallel transport I3 " car-
ries over naturally to p-vectors and p-covectors, hence 2 7°"(M) and F<°""7 (M).
These spaces are closed with respect to the Euclidean metric and the Hodge operator
in the sense that F <" (M) = g( 25" (M)) and .F" (M) = % (F ™52 (M),
respectively. Eventually, Cartesian coordinates refer to orthonormal covariantly con-
stant basis fields.
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Let f:MxM—T:(X,X')— f(X,X") denote a scalar kernel function. With the
help of this kernel, we define the integral transformation .7 for scalar functions &
by

(T7o)X) = [ fXX)o(u = [ FXX)x0(X)
M M

= (0(X), F(X.X")) 12()

provided the integral exists. (t denotes the unit volume form on M. The generaliza-
tion to p-forms @ € .#?(M) is obtained by requiring that

(Fox = [1XX) @Wxn= [ FEXX)0E) Ay, D)
M M

for ve %”pco““(M), which amounts to integration by Cartesian components. For
the second equality we used (3). Equation (7)) provides a preliminary definition for
the integral transformation of p-forms. For the definition of layer potentials and
boundary integral operators we wish to have an equivalent explicit definition, which
is provided next.

At this point it is useful to introduce double forms, a concept that goes back to
DE RHAM [@, pp- 30-33]. Applications in the context of electromagnetic Green
kernels have been reported in [Ell, @].

A double form of bi-degree (p,r) over the product manifold M x N may be re-
garded for each point in M as a p-covector valued r-form on N, or for each point
in N as a r-covector valued p-form on M 134, Sect. 3]. Given a pair of points
(X,X') € M x N on the source and observation manifold, respectively, a double
form evaluates to a tensor product of covectors. The covector in the observation
point X’ is marked by a prime. In the presence of double forms, we need to dis-
tinguish between operators acting on the source and on the observation side of the
tensor product. Unary and binary operators acting on the observation side are either
evaluated in X’ or marked with a prime.

We call double forms of bi-degree (p, p) double p-forms. In electrical engineer-
ing literature, the vector proxies of double p-forms are often called dyadics [33].

The identity double p-form is defined for (X,X') € M x M by

(L,(X, X)X vy = (2V)x, ®)

where v € APTx (M). It naturally extends to v € Z,(M).
The integral transformation of p-forms w € F?(M) is defined by

(Z0)(X') = (o(X), F(X,X),(X,X")) 1201 )
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The conjugation of f compensates for the conjugation which is inherent to the L?
inner product. The double p-form f(X,X’)I,(X,X’) is the extension of the scalar
kernel f(X,X’) to p-forms.

To show that (@) and (O)) are equivalent we rewrite (Z) with (8)),

(T olv)y = /f(X,X’)a)(X) AL, (X, X V) xr,
M

where we took into account v € 2,7°™(M). By linearity, we obtain (9), and vice
versa.
A basis representation of the identity double p-form on a coordinate patch U C M
is given by
!

Ip(X,X) = det(gsx) (I d’) @ ¥, (10)
where we adopt the summation convention for the multi-indices J.K € 7. (gix)
denotes the p x p submatrix of (g ;). Equation (I0) can be seen by picking a basis
vector v=dy € N’TxM, p >0, X € U C M in (B). With I,,(X,X") according to (I0)
we obtain from (8))

(L, (X, X")| X 9 )xr = det(gx ) 6] dx¥ = det(grx )dxk = (g,)x.

By convention, we set Io(X,X") = 1, and use I, and f as shorthands for /,(X,X’)
and f(X,X’).
In Cartesian coordinates, n = 3, we obtain the simple expressions

I =1,
I = dY @dx+dy @dy+d7 ®dz,
L =dd' Ady @dxAdy+dy AdZ @ dy Adz+dZ Ady’ @ dz Adx,
L =dX Ady AdZ @dxAdy Adz.

Lemma 1. The identity double p-form fulfills the following properties:

(i) I, = (+ I, (11a)
(ii) di, =d'1,=0. (11b)

For convolution-type scalar kernels f(X,X’), i.e., for scalar kernels f : M x M — F
that depend only on the Euclidean distance d(X,X’) between X and X' it also holds
that

(iii)  d(flp) = &' (flp+1), (11c)
(iv) 6(f1p):d’(f1p,1), (11d)
(v) A(fl,) =A'(fI,). (11e)
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We give an example for (i) in Cartesian coordinates, forn =3, p = 1:

#l; = *(d¥ @ dx +dy @ dy +d7 @ dz)
=dY @dyAdz+dy ®dzAdx+d7 @ dx Ady
= (x H(dy NdZ @ dy Adz+dZ AdY @ dz Adx+dx' Ady' @ dx Ady)
= (*_1)/12.
Proof. (i) is shown by observing that for ve AP TxyM

(IR V)xr = (rgv)x = (=1)"(g % v)x
= (=1)Ply ¥ TE V) = (1)1 R vy,

where we used (8). The Hodge operator on p-forms is dual to the Hodge operator
on p-vectors. More precisely, for a p-vector v and a g-vector w we find

(xgv|w) = (gv]xw) = (gx Vs xw) = (= 1) (gxv|w),

since the Hodge map is an isometry. (ii) holds, because I, is covariantly constant.
This can be seen from the fact that its Cartesian component functions are constant.
To show (iii-v), let f denote a convolution-type kernel, so that for fixed (X,X") we
find

(d'f)x = —IX (df)x. (12)
Let v € A’TxM and consider

ALK vy = (df Agv)x = (L [T (g7 df AV))x
= —(Ll(g ') FAT V) = _<i/((g_1d)/fvlp+l)|1—5(X,V>X/v
where we used (8)), (T1B), and (12)). Therefore,

d(f1p) = =i (&7 )/ fodpsr) = (=) (' f A X Tpi1)
= (=) ) (L) = 8 (flp),

where we took into account (), (I1B), and that for a 1-form ¢ = gu and p-form ®w
we have i(u, @) = (—1)?"1x71 (¢ A xm). (iv) results from (iii), by exchanging un-
primed with primed points, because f and I, are symmetric in X and X’. Eventually,
(v) is a consequence of (iii) and (iv). O

2.3 Fundamental Solution of the Helmholtz Equation

In this section, M is defined in the same way as in Sect. That is, source- and
observation manifolds are both modeled by the Euclidean space M = R".

Let 6(X,X’) denote the n-dimensional Dirac delta distribution of source and ob-
servation point. Using this kernel, the transformation (9) reduces to the identity map
from source- to observation-manifold, .7 w = Id @ = ®, as can be seen from (7).
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Moreover, let g,(X,X’) denote the standard fundamental solution of convolution
type of the scalar Helmholtz equation,

(A—I)g,(X,X") = 8(X,X"). (13)
With boundary integral equations in mind, we restrict ourselves to dimension n > 2.
We find, e.g., in [@g Ch.2.2,2.38, [27, ch. 8, 9]
; 2)-1,.(1
L) ") k), 0<argk < mk#0,
g(X)={ L >0, k=0,n=2, (14)
1 2— _
sm k=0,n>3,

where r = d(X,X’) is the Euclidean distance between X and X', H(!) denotes the
Hankel function of the first kind, and S, (1) is the Euclidean measure of the unit
sphere in n dimensions. For n =3

ik
(X, X") = CXZ(TIF)7 0<argk<m.
r

The Green operator 4 related to the Helmholtz ~operator A — k? for p-forms is the
integral transformation (@) with the scalar kernel f = g,. The extension of this kernel
to p-forms, the Green kernel, is denoted by

Gp=2,1,. (15)

Lemma 2. The following properties of the Green operator and the Green kernel
hold:

(i)  The Green operator provides a right inverse of the Helmholtz operator,
(A—k*)¥ =1d. (16)
(ii) Locally, the expression takes the form
(A—F)G,=8(X.X)I,, (17)
i.e. Gy is a fundamental solution of the adjoint Helmholtz operator on p-forms.

Proof. We use the notation A, for the Laplace-Beltrami operator in order to em-
phasize that the operator is acting on p-forms. For flat Euclidean space and Carte-
sian coordinates we find for multi-indices J € _#}' and by using the summation
convention,

A, = (Agwy)dx’.

2 Be aware that in ] the factor r is missing in the denominator of the first case, and that
V2 = Ay = —A, where A is the Laplace-Beltrami operator according to (3)).
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That is, the Laplace-Beltrami operator acting on a p-form can be computed in Carte-
sian coordinates by applying scalar Laplace-Beltrami operators to its component
functions. This is a particular case of the so-called Weitzenbock identities [@].
From this result we can infer that in Euclidean space, for v € 2, pCO“S‘ (M),

Ao(olv) = (Ay0lv). (18)
From (@), (13), and (I8) we derive
(4~ )T 0l) = (4~ ) aly)
[(a0—Yaux X0 u

M

- / 3(X.X")(olv)u = (dolv),

which proves (i). By using @), (IT€)), and (I6) we prove (ii):

/a)/\* (A7) /a)/\* (A-F)G))
—(A-%)’AZM*G,,

—(A-B)Po=1do= /w/\*S(X,X/)Ip. O

2.4 Single-Layer and Double-Layer Potentials

In this section £2 denotes a bounded open subset of Euclidean space M with smooth
boundary d€2. We shall regard the boundary I" as a smooth manifold embedded
into Qby 1:I" — Q :1I" = dQ. We introduce integral transformations from the
boundary I" to the domain €2, where Q plays the role of the observation manifold,
and I that of the source manifold. The theory is extended to the case of Lipschitz
boundaries in subsequent sections.

The tangential trace for smooth forms is defined by pullback,

‘t: FP(Q) = F'):0— o, (19)

and the normal trace is given by

n: FZP(Q) = Fr ' (MN:o—+'txo. (20)

In contrast to the tangential trace, the normal trace is a metric-dependent concept.
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We define the single- and double-layer potentials to be the integral transforma-
tions from I" to Q2

WL FP(C) = FP(2): 0= (0,tGp) 2y, (21a)

Yoo 1 ZP(I) = . FP(Q): o~ —+d¥(x o). (21b)

Recall that the L? inner product in 2Ia) is p-form valued, because it contains a
double p-form as second factor.

Remark 1. An alternative definition of the double-layer potential reads
Yo : FP(IM) — FP(Q): 0~ 6’<a),nGp+1>,_z(r).
The equivalence can be seen from
5/<w7nGp+l>L2(r) = (_1)[)((171)5/@07* *nGpi1)12 (1)
= (=) (8%) (+ ' 0,tGg 1) 2
= —(xd)' (+ ' 0,tGy 1) 2, (22)

where we used *n = t+ and ([1a), as well as that for p-forms there holds
Sx = (—1)P1xd.

Lemma 3. The single- and double-layer potentials exhibit the following properties
inQ:

(i) 6% —¥sL0 =0, (23a)
(i) (A—Kk*)¥r =0, (23b)
(iii) ¥ = (—1)P+1d Wy x, (23c)
(iv) 8% =0, (23d)
(v) d¥bL—¥ord =K+ Werx, (23¢)
(vi) «d¥pL = (—1)Pd W * d + K> Wopx, (239)
(vii) (8d—k*) ¥y, = 0. (23g)

Remark 2.
1. Property (v) shows that the double-layer potential respects the de Rham sequence
for k= 0.
2. Properties (iii) and (vi) will be used in the proof of the jump relations in Sect.[£.4]

Proof. (i) is shown by
S Lo = 5/<a),tGp>L2(r) = (w,th,,_1>Lz(r)

= <C()7dtGp71>L2(r) = <5(D,tGp71>L2(r)
=¥ é,
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and (ii) is seen from
(A=) Lo = (A —k) (0,tGp) 12
-2
= (0,1(A =k")Gp)2(r)
= (0,8(X,X")thy)12r) =0,

where we used (IId) and (I1¢). (iii) and (iv) are direct consequences of the defini-
tions (). (vi) is obtained from combining (iii) and (v). (v) is shown by
d¥pp = —d*dWeps ' = (—1)9 1% Sd W + !
= (=175 ((A— k) —dS+&*) WL+
= (=1)7%d W8 x| —|—(—1)‘7_1k2 * Py x|
= —xd%rx Td+ (=)D 0py
= Yord+ K+ Wk,

and (vii) is seen from

Sd¥hr = Sk« Wy x
= (=172 d W
= K xd¥%x ' = KWL i

3 Sobolev Spaces of Differential Forms

Throughout this section we adopt the following notation. £2 denotes a bounded open
subset of a smooth orientable Riemannian manifold M with Lipschitz boundary 9 Q.
We require that €2 is homeomorphic to an open ball. The theory can be extended to
the topologically non-trivial case, compare (191, but we do not delve into this. We
shall regard the boundary I" as a Lipschitz manifold embedded into 2 by 1 : I" —
QI =0Q.
3.1 Sobolev Spaces on the Domain
Let AP (Q) be the restriction of ZAP(M) to , and

IN(Q2) ={9 € Z\°(M)|supp¢ C Q},

respectively. The inner product of p-forms on €2 is defined by

C()nLZ /w/\*n,
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and |- |2 () denotes the corresponding norm. L>AP(Q) is the completion of ZAP(Q)
with respect to this norm. We call € L>AP*1(Q) the weak derivative of ® €
L2\ (Q) iff

<n7¢>L2(Q) = <CO7 6¢>L2(Q)7
for all ¢ € ZNPT1(Q). € L>’AP~1(Q) is called the weak coderivative of ® €
L2\ (Q) iff

<”7W>L2(Q) = <w7dW>L2(Q)7
for all y € ZAP~1(Q). We can now define Sobolev spaces of differential p-forms

on Q. Let
HNP(Q) = LN (Q).

Define

HAN(d, Q) = {w € HN’(Q) |dw € HNT1(Q)},

where d has to be understood in the weak sense.
We denote by

lO|ar,2) = |02 + |42 )

the graph norm associated with HA?(d, ). The following sequence is exact [@,
2.6)f

LN HAP(d, Q) _4 H/\p+l(d7g) 4 .. (24)

The notations are to be read as follows: The Sobolev space H*AP(Q) contains p-
forms over Q that have component functions in H*(Q), k > 0. For H*A\?(D, Q),
the forms, as well as the derivation D of the forms in the weak sense, are in the
respective H*A?(Q) space. For k = 0, the index is omitted.

The Hodge star operator naturally extends to LA”(£) and we define the image

spaces
HNP(6,Q2) =«HN(d,Q),

with the norm
|O|pnr(s.0) = | * ©lgaaa,0)-

It is easy to see that these spaces are characterized by

HAP(8,Q) = {w € HA"(Q)| 8w € HN~1(Q)},

where 6 has to be understood in the weak sense. The sequence of these Sobolev
spaces is, again, exact,

2 HA(8,Q) —2 s HN(8,0) —2 ...
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Note that the maps

x: HANP(d,Q) — HN(5,Q),
x:HN(8,Q) — HN(d, Q)

are isometric isomorphisms.
Eventually, for use in Sect. 4] we introduce the space

HAP(8d,Q) = {0 € HN(d,Q)|8do € HN(Q)},

equipped with the graph norm, as well as the subspaces of closed and coclosed
p-forms,

HAP(d0,Q) = {o € HAP(d,Q)|do = 0} € HAP(d, ),

HA?(80,Q) = {o € HN'(8,Q)|80 = 0} C HNP(5,9),
HAP(5d0,Q) = {0 € HA?(8d,Q)|8do = 0} € HAP(8d, Q).

For n =3, p=0,...,n, H\’(d,Q) encompasses a number of well-known
spaces,

H'(Q) = T°HA(d,Q),
H(curl, Q) = Y'HA'(d, Q),
H(div,Q) = Y’HA*(d,Q),
L2(Q) =T3HN(d,Q).

Note that the translation isomorphisms (@) naturally extend to the Sobolev
space setting. We can therefore redefine the differential operators of classical
vector analysis
grad=71'd (r%': H'(Q) — H(curl, Q),
curl = 2 d (r")~!: H(curl, Q) — H(div, Q),
div="3d (r*) "' :H(div,Q) — L*(Q).

The sequence (24) translates to

grad curl

H'(Q) 2% H(curl, Q) - H(div,Q) —2 12(Q)-

In the next section we will proceed to introduce traces of the above Sobolev spaces.
In the argument we will need H'A?(Q), the space of p-forms @ with component
functions oy in H'(Q),

H'N(Q)={0 c ’N(Q)|o; e H'(Q),1€ 7}'}.
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Different coordinates on €2 are related by smooth transition maps, so that this defi-
nition is independent from their choice, and the norms

2 2
@[3 p(0) = > |o1[1(q)
e g7}

are equivalent. Note that HA?(d, Q) = H'A°(Q). Moreover, we will encounter
H'AP(d,Q) = {0 c H'NP(Q)|do € H'NT1(Q)},

and
H'AP(8,Q)={oc H'N(Q)| 6w € HIN"1(Q)},

equipped with their respective graph norms.

3.2 Sobolev Spaces on the Boundary

The Lipschitz manifold I" has well-defined tangent spaces almost everywhere. Their
orientation is chosen to be consistent with the orientation of €2. The induced Rie-
mannian metric allows for the definition of a Hodge operator, which maps p-forms
to (g — 1)-forms. It is shown in [36, Remark 1] that the L*AP(I") spaces are well
defined, with the inner product

(@,1M)12(r) :/(DA*W
r

for w,n € L*AP(T"). Let ® = t denote the tangential trace according to (T9). Tt is
shown in [36, Sect. 2] that the tangential trace can be extended to H'A”(Q). This
extension may be defined even in the case of a Lipschitz boundary. We then define

H{PN(T) = tH'A(Q)

equipped with the norm

|w|H‘;/2,\p<r) = alffw{‘wbl/\p(g)}

The infimum is taken over all ® € H'AP(Q) satisfying @ = t ®. Denote H, ”_1/ AP (r)
the topological dual of HHI/ Z\P (I"), with L>AP(I") as pivot space.

It is shown in [36, Lemma 5] that the Hodge operator * may be restricted to
H*\p (I') and extended by continuity to Hl_l/ I\P (I"). This allows us to define the

I |
image spaces

9

HEA ) = AT
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with the norm

|w|Hi/2/\p(F) = | * led/quflu")'

Note that the maps

s HEPAN(D) = BN,

s PN = B PN

are isometric isomorphisms, and the following inclusions hold [@ Thm. 2],

[P,

HYPAP(I) € I2AP(T) € HPAP(T).

H{PNP (M) C LPAP(T) C H

Remark 3.
1. For smooth boundaries, the spaces HHI/ 2/\"(1" ) and Hi/ 2/\1’(F ) are identical.

2. A fully intrinsic characterization of the spaces Hlll/ AP (I') and Hl/ AP (') is

available in the case of polyhedral domains for » = 3, p = 1. This has been
shown in [@, ]. In this case, the boundary consists of a finite number of smooth

faces, and on each face the space Hlll/ Al (I") coincides with

H'2N(T) = {@ e AAN(T) | @y e HY/A(T), T € g

The faces meet in edges, where forms in HHI/ 2/\1(F ) exhibit a weak tangential

and forms in Hi/ Al (I') a weak normal continuity (related to boundedness of

the functionals . 4] j“ and 4] jL defined in [E, Prop. 4.3.]).

Since H'AP(d, ) is a subspace of H'A?(Q), the space Y = xtH'A972(d, Q) is a
well defined subspace of Hi/ I\PH (I'), and we equip it with the norm

|oly = inf {[o]gire20,0)}
O=*tw

The infimum is taken over all @ € H'A972(d, Q) satisfying @ = *t®. We are now
in the position to define the exterior derivative on the boundary in the weak sense

d:H PN =Y o dd
by [@, Lemma 3]
@I}y = (=D (@ )y, 0
neH'N2(d,Q), f=xtneyY. (25)
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The duality pairing between Y’ and Y is denoted by (-|-)y, and between Hfl/ I\P ()
by <'|'>H1/2Ap(r)’ respectively. Note that HII/ZN’“(F) is a subspace of Y'. This
1

motivates the definition

H'PAP(A,T) = {@ e H*A(T) |dd € H]PAPH ()},

equipped with the graph norm.
We may now restrict the definition of the exterior derivative to

d:H PN, T) = H PN D 6 d .

From (23) we infer that d d = 0, so that the image of d lies even in the smaller space
HII/ I\t (d,I"), and we can refine the definition to read

d:H PN, T) = H P AT o e dd.,

This final definition lends itself to the definition of the de Rham complex on I".

It is shown in [@, Thm. 3] that the extension of the tangential trace t from
H'AP(Q) to

t: HA?(d,Q) — H| '>AP(d,T)

is well defined, linear and continuous. Moreover [@, Thm. 4], it is surjective and
hence admits a continuous right inverse t~!. The latter may be chosen such that its
image lies in H'A?(d, Q). The definitions and properties of d and t that we gave so
far are summarized by the following exact sequence diagram:

4 BNG@Q) —Y  HA@,Q) —S

tl tl (26)
d

l/zAP(d71—‘) % HII/ZAP+1(d,F) _ ¢ ...

d _
— H|
Remark 4.

1. The diagram (26) commutes, which can be proven by density arguments 136,
Remark 2],
td = dt. 27

2. From the standard trace theorem for scalar functions in H'!(£2) we conclude that
H{PA0(d,T) = HYA(T) = HIPAO(T).

3 Since Q was required to be homeomorphic to an open ball, the sequences are exact, up to
one-dimensional cohomology groups #°(Q), s#%(I"), and 7"~ (I').
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There is an L?-adjoint version of the diagram (26)). To obtain it, define the spaces

H“*‘/z/\ﬂ(s,r) = «H PN AT,

that are characterized by

[P

[N (86 € Hy

H PN (8.1 ={oeH,

where § = (—1)? ! dx is the coderivative on p-forms. The norm is given by
|w|HH_]/2/\P(5,F) = w'Hj/z/\q—l(d,r)'

Finally, we extend the definition of the normal trace for smooth forms in (20) by

ntHAP(8,Q) — H PN ST o b=+t o, (28)

which inherits its properties from the tangential trace map 136, Thm. 7]. It is well
defined, linear, surjective, and admits a right inverse n! the image of which lies in
H'AP(5,Q).

With these definitions we obtain the L>-adjoint version of the diagram 28), that
is again an exact sequence:

S HNGLQ) —2 s HA(8,Q) —2 s .

l _nl (29)

2 B PN ) 2 H A8, T) s

Remark 5.
1. The diagram (29) commutes, since from ), 7)) and 28)

ndé = —on. (30)

2. From the definitions it follows that HH_I/Z/\O(&F) = HH_I/Z/\O(F) = H‘l/z(l").
3. Up to sign, the diagram (29) can be thought of as the image of the diagram (26)

under Hodge star operators.
4. There exists a Hodge decomposition [36, Thm. 11] of the spaces HII/ I\P (d,I)
and H H_ 12pp (8,T"), respectively, which generalizes the results obtained in [@, ].

It has been shown in [36, Thm. 8] that the L? inner product on the boundary I" can
be extended to a sesquilinear form

b(-,) + Hy PAP(8,1) < H, AP(d,T) = F.
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For (w,n) € HAPT1(5,Q) x HA?(d, ) the integration by parts formula
b(nw,tn) =(®,dn);2o) — (6@, M)2(g) (31)

holds. In fact, in the light of the surjectivity of the traces and the existence of suit-
able right inverses, (31D provides the definition of b(-,-). A comparison with (32))
confirms that b(n®, 1) reduces to (n®, tN);2 ) in the smooth case.

Let us now relate the results (Z6) and (29) to the language of classical vector
analysis in n = 3 dimensions. We denote the outer normal to £2 by n, defined
almost everywhere on dQ. Note that classical calculus defines the traces on
dQ =1I', whereas with differential-forms we defined them on I" by pullback.
According to the definitions in [B |ﬁ|], we have to consider the following trace
spaces and operators,

y: HY(Q) —H'?0Q): we s,
%o H(div,Q) —H '?0Q): U|—>u-n|a_Q7
%:: H(eurl, Q) — H '/2(divp,0Q) : U|—>u><n|ag,
m;: H(eurl, Q) — H '?(curlr,0Q): ur—su— }/n(u)an.
All trace operators are defined for smooth test functions in the first place and
then extended to the respective function spaces. They are all well defined, lin-
ear, continuous, surjective, and admit continuous right inverses. Be aware that

in [E Def. 1] we find yz :u—n x u|aQ, while in [[L1, Def. 2.1], [@ Def. yt 1,

[@ Def. y«] we have y; :u — u x n| . We follow the latter definition.
We define translation isomorphisms on the boundary,

T0: H'PN@,r) - H'(0Q) w— 7o, (32a)
e oH PN, ) H P (curlr,0Q): 0 m Yt e, (32b)
Tt ‘1/2 Hd,T) > H V2(divr,0Q): o— —%Y't'eo, (320
T2 *‘/2/\2(d,r)—>H—1/2(a.Q): o~ Rritle.  (324)

Remark 6. The translation isomorphisms are extensions of the following maps,
which are valid for smooth forms and smooth boundaries: T° : @ — 1.,
o g lo, PT=T%: 0 upo, I?: © — 1 * o. These translation
isomorphisms coincide with the definitions in [B] and [@, p. 246].

We are now in the position to define the surface differential operators of vector
analysis on I', in terms of the exterior derivative d,

gradr = T'd (1%~ :H'?(0Q) — H 2 (curly,0Q),
culp = T2d (P~ H V2 (curlp, Q) — H'/2(00),
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curlp = —7Td (PO H'/2(0Q) — H'2(divr,0Q),
divp = —T2d (PH "1 H 2 (divr,0Q) — H 2(0Q).

From the general theory we know that the following sequences are exact, pro-
vided the boundary I'" is homeomorphic to a sphere:

H'20Q) 2 B2 (curlr,0Q) s HV2(90)

H [ H

H'20Q) T H-12(divr,0Q) 2 172 (00)

We used H, 2(9Q) = {u € H'*(9Q)| (u]1) 12 50) = 0} to eliminate the
cohomology group 5#2(9€2). (-|-) ;1 /2(p) denotes the duality pairing between
the H¥'/2(9Q) spaces. The rotation operator

R:H'?(curlr,0Q) — H'/?(divr,0Q) : » = —R7; (33)
renders the diagram commutative. Note that RY"! = T’ The rotation operator

extends the vectorial operator n X -, compare [|ﬁ| Def. r], [IE Def. R]. In [IE],
however, we find R=—n x -.

4 Representation Formula

The goal of this section is to collect, unify, and generalize existing knowledge about
scalar and vectorial representation formulae in electromagnetics. We refer to the
definition of £ in Sect. Bl where we now consider the Euclidean space M = R”"
with n > 2. We denote by Q°¢ the complement of Q in M, such that 9Q = —9Q°,
and Q UJQUQC =M. On Q° we denote L2 _AP(Q°) the space of p-forms that
are square-integrable on each compact subdomain of €, and define the derived
Sobolev spaces accordingly.

In Sect. [£1] we introduce Maxwell-type problems and the space of solutions
thereof. Sect. proceeds to define radiation and decay conditions. In Sect. 3|
we prove the status of a representation formula that represents elements of the so-
lution space in terms of integral transformations of their boundary data. Sect. [4.4]
proves the so-called jump relations of the respective terms of the representation for-
mula. The properties and proofs carry over to classical calculus by means of the
translation isomorphisms (&) and (32).
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4.1 Maxwell-Type Problems, Solution Spaces, and Trace
Operators

We call Maxwell-type equation the second-order equation

(8d—i)w=0 in QUQ, (34)

compare Fig.[I] for a p-form w, 0 < p < n. We require that the constant k € C fulfills
either k=0 or 0 < argk < m,k # 0.

We could have chosen the Helmholtz-type equation (8d +d& — k?)w = 0 as start-
ing point as well. Since we will work with the gauge condition

=0 in QUQ° (35)

both equations are equivalent. For a more general account see ].

Domains Q, Q¢, QF and manifolds I, ' are defined in Fig. [0 The terms “in-
terior” and “exterior” refer to the domains Q and Q°€, respectively.

Every form that is eligible to be a solution of a boundary-value problem of
Maxwell type must be an element of the space

YP(QUQC) = {® € Hioc N (8d, 2 U Q%) N HiocAP(50, Q2 U Q°)
|(6d—k*)w=0}. (36)

The definition implies (34) as well as (33). We call Maxwell solutions those ele-
ments of Y7 (U Q°) that fulfill a radiation or decay condition in Q°¢, see Sect.
The space of Maxwell solutions is denoted by X?(Q U Q°) C Y?(Q U Q°), and the
restriction of this space to the domain of the interior problem reads X?(Q) =Y?(Q).

Remark 7.

1. For @ € HijocAP(6d,Q U Q°) N Hioc AP (8,0 U Q°), the operators in (34) and
(B3) are well defined. This motivates the above definition of a solution space
for Maxwell-type problems.

2. The gauge condition (33) for p > 0 is a consequence of (34) for k # 0, while for
k = 0 it is an additional requirement that we impose. On topologically non-trivial
domains, the periods of t* @ have to vanish.

The interior Dirichlet, Neumann, and normal traces of Maxwell solutions are
defined by

W :HAP(d, Q) — Hll/z/\”(d,l") : w—to, Dirichlet trace, (37a)

W :HAP(8d,Q) —>H“_1/2/\p(5,F) : w—ndw, Neumann trace,| (37b)

n: HAP(6,Q) —>H“71/2/\p_1(5,1"): w+—no, normal trace, (37¢)

where the definition of the normal trace is given in (28).
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Fig. 1 Setting of the prob-
lem. Q2 denotes a bounded
subset of the Euclidean
space M, homeomorphic

to an open ball. Its Lips-
chitz boundary 9€ is rep-
resented by an embedded
Lipschitz manifold I". Q€ is
the complement of Q in M.
QF c M, homeomorphic to
an open ball, is chosen such
that Q8 5 Q. Its smooth
boundary dQR ("far bound-
ary”) is represented by an
embedded smooth manifold
I'R_ The normal-vector field
n defines outer normals to
both boundaries.

Remark 8.

1. The interior trace operators yp and  are well defined, linear, continuous, and
surjective, as a consequence of the properties of t and n laid out in Sect.

2. The exterior Dirichlet, Neumann, and normal traces yf, 5, and n®, as well as the
trace operators on I” R )fDR, 7§ and n®, are defined in the same way, and the same

mapping properties apply.

4.2 Asymptotic Conditions

Any Maxwell solution of (34) is required to fulfill an asymptotic condition at in-
finity. For k # 0 the condition is called a radiation condition, for k = 0 it is called
a decay condition. Let n denote an outward directed unit normal-vector field to a
large sphere I'® with radius R, compare Fig.[Il X denotes an arbitrary point on I'R.

1. Case k # 0. The radiation condition reads

(R - ik?ﬁ)whz(ﬂ) =o(1), }

|IlRC()|L2(FR) = 0(1)

(38)

We present the radiation condition in an L? sense because it directly relates to the
energy arguments that are used to establish uniqueness of solutions [[14, Thm.
2.4]. Lemmald] provides strong versions of the radiation condition.
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Lemma 4. The following radiation conditions are equivalent to (38), under the
assumption of uniformity for R — oo:

(R — ik o|x = o(R""172), (39)
n*olx =o(R "1/,
lindo — iko|x = o(R™"1/2), (40)

For the latter condition see also [ﬂ eq. (1)].

Proof. The Euclidean measure S,(R) of a sphere of radius R in n dimensions is
O(R"™ 1) for R — oo. This proves the validity of (39).
For a smooth p-form o it holds on a smooth submanifold that
tinw = (—1)Ptipxx 0 = (—1)P(-1)x tx
= (=PI (=1)P VI s
= no. (4D)

For the second equality see 24, eq. (32)]. With the decomposition techniques
from [@] it can easily be shown that the Pythagoras’ theorem

2 2 2
|ofx = [toly + noly

holds pointwise, where the moduli on the right hand side refer to the induced
metric, and therefore |to|x, [n®|x < |®|,x. Condition 0) can be inferred from
(39) with the help of (1)), and vice versa. O

Condition (@Q) encompasses the Sommerfeld radiation condition for p = 0,

% —iku=o(R™"" /2,

and the Silver-Miiller radiation condition for p = 1,n =3,

lcurl u x n — iku| = o(R™1).

The following corollary will be useful in Section[3.1]

Corollary 1. Let o € X?(Q°NQK). Then for k # 0 the Dirichlet and Neumann
traces fulfill

Bol2qry =0(1), [Rolpzr==0(1), (42)

i.e. the Dirichlet and Neumann traces on the far boundary are bounded as R — .

Proof. Substituting @ by dw, @ € HA?(8d, Q¢ N QF) in (31 on Q°N QX and
using the fact that w is a Maxwell solution yields
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—b(R®,HN) + %61(0 M§Tl L2 Ry = dw,dnhz(gcmm) _k2<wvn>L2(.Q°ﬂQR)'

Note that on the far boundary I'® we encounter sufficient regularity so to work
with the L? inner product rather than the sesquilinear form b(-,-). We set 1 = o,
multiply by k and take the imaginary part,

—Sm(kb(K o, 50)) + Sm(k(K o, o) 12(rr))
—(Smk)<<da),da)>L2(anQR) + |k| ((}), w>L2(.QCﬂQR))'
From the radiation condition we obtain
= |%§w_ik%§w|i2(rl€)
— R0y + K21 0L2 ) — 25m (R 0., ) 120w,

Combining both equations yields

Sm(Eb(){,a),){)a))) = (Smk)(|dw|i2(gcmgi?) + |k|2|w|22(gcmgi?))
+%(|%§w|i2(rl€) + |k|2|7’§w|i2(ri?)) +o(1). (43)

The left hand side is bounded, due to the continuity of the trace operators and of
b(-,-). Since we required 3mk > 0, we know that the right hand side consists of

four non-negative terms, each of which must be bounded for R — . This proves
the claim (@2). O

Remark 9. This result generalizes the case p = 0 that is discussed in [@, eq.
(9.17)-(9.19)].

. Case k = 0. The decay condition reads

< pmi|+or®?Y),  n=2,

uniformly for R — oo, where b € C and ry > 0 are constants. For a motivation,
see [@ Thm. 8.9]. Condition (44) 1mphes the same asymptotic behaviour for the
Dirichlet and normal traces VR o and nRw, respectively.

It can be shown that ® € X (Q2°¢ N QF) subject to (@) also fulfills

= O(R'™"), n>3,
dw - 45
| |‘X{g IR"'+O(R?), n=2, )

uniformly for R — oo. The proof of this assertion is based on the theory of gen-
eralized spherical harmonics. For p = 0 it can be found in [@] as part of the
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proof of Thm. 8.9. We skip the general case, while pointing out that the required
background can be found in [ﬁ]. Condition #3) implies the same asymptotic
behaviour for the Neumann trace 1 @.

For p = 0, the above conditions (@4) and (@3)) are sharp. For p > 0 it can even
be shown that by condition 0@ = 0 we gain one order of decay, i.e. |0|;x =
O(R'™") and [dw|,x = O(R™"), n > 28 This implies b = 0 for p = 1.

Remark 10. The asymptotic conditions guarantee that a representation formula for
Maxwell solutions exists without extra terms due to the far boundary. It must be
noted that the conditions do not generally ensure that the forms decay rapidly
enough for X?(Q°) € L>AP(Q°) to hold. For the scope of this paper, we circumvent
the problem by using the spaces LIZOCN’ (Q°). However, if one is aiming at variational
formulations in the domain £2°€, the issue generally has to be remedied by replacing
L>\?(Q°) with Beppo-Levi-type weighted spaces L2A\?(Q°) (291, and building the
theory in terms of weighted Sobolev spaces.ﬁ

4.3 Representation Formula for Maxwell Solutions
We define the jump of some trace yx of a form ® as

[x]o=nxo-ro,

and refer to the definitions of the single- and double-layer potentials in Sect. 2.4l
The boundary data (B,7, @) of forms @ € X7 (Q U Q°) are defined as

B=[mwloen *Adr), (46a)
y=Inloen PAs,I), (46b)
o=[nJo em '*A(80,T). (46¢)

Theorem 1. A Maxwell solution ® € X? (U Q°) can be represented in terms of
integral transformations of its boundary data by

®= WLy +%Lp —d%L o] (47)

Eq. @) is called the representation formula.

Remark 11. We note that the Neumann data obey the additional restriction

Sy=—k*¢p, 8¢ =0. (48)

4Forn=3,p=1see [E]], proof of Proposition 3.1.
5 For the vectorial case n = 3, p=1,5s=—1see ,].
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Consider the surface current density k € H™'/2(divr,dQ) and the surface
charge density 6 € H~/2(9Q2). For p = 1, (k, o) can be defined as vector and
scalar proxies of the differential forms (7, @), respectively. The first equation
in (@8) then translates into

divrk+iwo =0,

the continuity equation, where  is the angular frequency. Therefore, [@8)) is
called generalized continuity equation.

For the proof we proceed in three steps: First, we derive in Lemma [3] representa-
tion formulae for smooth forms on Q, Q°N QX and (Q UQ) N QR, respectively.
Second, we show in Lemma [6] that the terms related to the far boundary vanish
for R — oo, provided that the smooth forms fulfill the asymptotic condition. Third,
Lemma [7] demonstrates that the layer potentials are well-defined for boundary data
in the relevant Sobolev spaces.

Lemma 5. Forms @ € YP(Q)N.Z#?(Q) can be represented by
0 =Y¥%L (W) — YL (o) + d ¥ (nw). (49)
Forms @ € YP(Q°NQR)N.ZP(Q°NQK) can be represented by
0 =YL (KO) +¥L (Vo) —d¥L (n"‘w) + Mo, (50)

where the term M® contains integral transformations of Dirichlet and Neumann
data on the far boundary I'R. Eventually, forms @ € YP((QUQ)NQRYNZP((QU
Q)N QR) can be represented by

0=—-YLy+¥LB —d¥Lo+Mo. (51)

Proof. Representation Formula on €2

For smooth forms y € .ZP*1(Q),n € .#P(Q), we start from the integration by
parts formula

(OW, M 20) — (W, dN) 20y = — (W, ) 121y (52)
Substituting ¥ by do, © € FP(Q), yields Green’s first identity
(6dw,n);2(q) — (dw,dN) 2 q) = —(ndw,tN)2().

We insert the k> term, rewrite the equality with arguments swapped, and then sub-
tract both equations. We thus find Green’s second identity of the curlcurl type
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-2
((8d =K@, M) 12(0) — (@, (8d =K )M)12(q)
= (O, WN) 2 () — (NO, 1) 2 (1) (53)

For completeness and further reference we also give Green’s second identity of the
graddiv type,

<d6w,n>L2(Q) — (w,d5n>L2<Q) = <t5w,nn>Lz(r) — (nw,t5n>L2<F). (54)

Now, replacing 1 by the fundamental solution (I3)), equation (33) becomes an inte-
gral transformation between p-forms. Moreover, we require that @ is a solution of

(34) and obtain
0 —(0,d8Gp)12(q) = (NO, WGp) 12(r) — (DO, WGp)12(r)- (55)
The second term can be decomposed via integration by parts (32),
<w, d6Gp>L2 Q) = <6w, 6Gp>L2(Q) + (nw, tSGp>L2 () (56)

The domain integral on the right-hand side vanishes due to the gauge condition (33).
With (B3) and (36) we can write down a first version of the representation formula
forw e Y?(Q)N.7P(Q),

O = (W0, wGp)r2r) — (DO, WGCp)12(r) + (00, 16Gp) 12 ().

The p-form  is not defined for observation points X’ on the boundary 0.Q.
With the help of (IIk, d) we obtain a second version of the representation
formula,

o0 = (W0,tGp) 20y — 6(@0,0Gp11) 2y +d (M0, tGp-1)2r),  (57)

which effectively constitutes a Hodge decomposition of @ for k =0, i.e., ® is rep-
resented by (37) as sum of a harmonic, a coexact and an exact form.

Finally, with the definitions (1)), and with (22)), the representation formula (37)
can be cast into the compact form (@9),

o = Y1 (o) — oL () +d¥L (no).

The definition of the layer potentials can be extended to Q2 U €, admitting obser-
vation points X’ € Q€ as well. By construction, @ = 0 for X’ € Q°.

Representation Formula on Q°¢ N QR

The same line of reasoning can be applied to the bounded exterior domain Q¢ N QX
which yields (30) for X’ € Q°N QR

0 =—Y¥L(KO) + YL (Y50) —d¥sL (n°0) + M.
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The extra term M ® collects the boundary integrals on the far boundary I'%,
M(D == <’yNRCO7 %GP>L2(1—‘R) - <V§CO7 %GP>L2([“R) + <an7tR6Gp>L2(rR). (58)

By construction, @ = 0 for X’ € Q.

Representation Formula on (U Q°¢) N QR

Adding up @9) and (30), we obtain the representation formula (31)) which is valid
for X' € (QUQ)NQR,

0=—-FYLy+¥Y%LB -d¥Lo+Mo. a

Remark 12. If ® € YP(QUQ)N.FP(Q2UQC), then Mw is independent of the exact
location and shape of I'R. This can be seen by introducing another QF 5 QF, and
applying Green'’s identities on the annulus Q7 \ER.

Lemma 6. If © € XP(QUQ)NFP(QUQC), ie, o satisifies the radiation con-
dition @Q) for k # 0 or the decay condition @4) for k = 0, then |[Mo|x = o(1) for
all X' € Q°N QR as R — . Consequently, the far-boundary terms in (30) and (51))
vanish.

To prove Lemmal@ we need the following corollary about norms of the Green ker-
nel. Consider some trace of the form G, For a fixed observation point X’ this
expression gives a covector-valued form on I'R. To define a norm, we first take the
point-wise norm of the covector anchored in X’. This leaves us with an ordinary
form on I'®, whose L2 norm we will then consider. We therefore define

|'}'§GP‘1)§2(FR) = ||’}'§GP|X’

L2(TRy -

Equivalently,

|V)§Gﬂ|i{2(rl?) = sup |VR)£<GPa n>X’ |L2(FR) = sup |'}§(§nn)|L2(rR) ’

where the supremum is taken here and subsequently over all covariantly constant
p-forms 1 € F°MHP(Q U Q°) subject to |n |y, = 1. The last equation follows with

@) and (13).

Corollary 2. The norms of traces of the Green kernel on the far boundary are
bounded by the norms of traces of the scalar fundamental solution,

G5 ) < 1M5Gol ), (592)
R = 1) Gl oy < R = ) Gol Yoy + 0 Gol Yoy (590)

The inequality for the Neumann trace features an additional term, which involves
tangential derivatives.



Differential Forms and Boundary Integral Equations for Maxwell-Type Problems 35

Proof. We denote the unit volume form on I'® by u and consider

/ 2 _ _
<|7{§Gp|}L(2(rR)) =sup |7§(gnn)|i2(rR) =sup |(7ﬁ§gn)(7i§n)|iz(rR)
—sup [ 1, PP u
FR

< [ bz i = (G0l ) (60)

'R

where we used | Y81 |x < |1|,x = 1. This proves (39a).
To derive an estimate for the Neumann trace of the Green kernel, we first have to
consider

= 1 (indg, A1 —dg, Ainn)

= (K, (w5n) — dyg, Ann,

where we used (1)), and therefore

We now tackle
|(Vi§_%7’R)Gp|Lz (TR) *SUP|(VR i VDR)( |L2 'R)
= sup| (1 — k¥5)g,) (H5m) — A58, A0 2 ey
<sup|((® —iky3)z,) (v |Lz(rR)+sup|dyDRgn/\n N2 rry-

Recall that the supremum is taken over all covariantly constant p-forms 1 &€
FFOmLP(Q U Q°) subject to |N|xs = 1. Along the same line as in (60) we obtain
for the first term

sup | (o — K1),) ()22 ey < (108 — KA Gols rvy) -

For the second term,

sup |d¥5g, An®n 2, = sup [ 105, Al < sup [ a5z,  In*n
'R 'R

S/ld’}'{)egnl)zf.u: (|dYDRGO|§2/(FR))27
'R

where we used that for a 1-form v it holds that |[v A ®|x < |v|x|®|x, and [nfn|x <
[n].x = 1. This proves (G90). O
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Proof (LemmalB). It has been shown in [Iﬂ, Lemma 7.11, Thms. 8.9 and 9.6] for the
case p = 0 that the asymptotic conditions (@Q) and (@4) imply M@ = 0 for R — oo,
and vice versa. In what follows we generalize the proof of the first implication to
arbitrary p, i.e., we demonstrate that the representation formula works without extra
terms due to the far boundary. For the converse implication see Remark [T3]

To this end, we write (38)) in a particular form. From (@) and (3Zb) we infer
t8 = — ! ). Taking this into account yields

Mo = <(’VNR - ik’yDR)a)a’VDRGP>L2<FR) - <YDRCO7 (VRI\DI _%VR]S)GP>L2(FR)
+(*_1)/<(’VNR - lkyDR) *, YDRGQ>L2<FR)
_(*_1)/<YDR*(D3(’VNR_%YS)GQ>L2<FR)7 (61)

where we used (ITa), 28) and (33), i.e. ¥¥* ® = 0.

Consider an integral transformation of the form ® = (®,¥%G,) 12(rk)> and a co-
variantly constant p-form 1 € F°™42(Q U Q°), subject to |1 |y = 1. Then it holds

that
|a)|xl = sup(w,n>x/ = sup<(f),ﬁ<Gp,n>X/>L2(rR)

A X/
12(TR) = |a’|L2(FR) ‘&GPL_Z(FR)?

< |@|L2(FR)SUP|}§<G17,TI>X’

where we used the Cauchy-Schwarz inequality. The supremum is taken over all
admissible 717, compare Corollary 2l Then, from (&1) with the triangle inequality it
follows that

Moy < O~ kf)0] 2 e G2 re,
0] 2y [0 = TG o oy
+ k" o] ) |YDRG‘1|2(2/(I“R)
00| oy | (O = ToH) Gl s vy (62)

where we used t* = *n, see (28).

We will demonstrate that |M®|y = o(1) for all X’ € QN QR as R — . Since
Ma is actually independent of the exact location and shape of I'R, this implies
M® = 0. We leverage this freedom and pick a large ball with radius R centered at a
fixed point in 2. Three cases need to be distinguished:

1. Case k # 0. It holds that
|(%§ - ik’)’é)w|L2(rR) = 0(1)’
B0 2a) = O (1), (63)

|nRC’"L2(rR) =o(1),
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for R — oo, see (38) and ([@2), respectively. The scalar fundamental solution g,
enjoys the properties

gn = ﬁ>(’,—(n—1)/2)7
(& —ik)gn=o(r " 1/2), (64a)
Lgn=0(r D),
see [Iﬂ, eq. (9.10), (9.13)]. Note that for X € 'R and fixed X’ € QN QR
|d2fiGol, = [dR A dgalx = AR A Ay | 2.2,
= 0> Yo (r N2y = o(r (12, (64b)

We win one order of decay for the tangential derivatives by the spherical symme-
try of the fundamental solution. In fact, if the ball Q¥ happened to be centered in
X’ we would have r = R and dR Adr = 0.0

By standard asymptotics for Hankel functions it can be confirmed that the
asymptotic orders in (&4) stay the same if we replace r by R. It follows then from

(B9) and (64) that
X/
G| arey = (1),

| = A Gp 2 pey = (1),
for R — 0. Finally, (63)) and (&3)) in connection with (62) yield the assertion.
. Case k =0, n > 3. The asymptotic conditions for the traces of w are given by
@2) and @3, respectively. The decay behaviour of the fundamental solution with
k = 0 is obvious from (I4). While the third term on the right hand side of (62)
vanishes, it is easy to see that the three remaining terms are of order & (R*>~") for
R — oo,
. Case k=0, n="2. For p =0 see [Iﬂ, Thm. 8.9]. For p = 1, there holds b =0
in (@) and [@3), respectively. We can argue like in the previous case. The first
term in (62) is of order &(R~!'InR), the other two non-zero terms are of order
O(R™"), for R — oo. 0

(65)

Lemma 7. The representation formula

0=—Y%LyY+¥Lp—d¥Le
is well defined for boundary data according to
p=ImloecH "N@T),
y=InJoecH PN (5T,

¢ =[n]oeH A (60,T),

where @ € XP(QUQ°) is a Maxwell solution.

% Forn =3, p = 1, the expression dR A dg,, corresponds to n x grad g3, see [IEL p. 161].
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Proof. Taking into account the regularity of the Green operator and the mapping
properties of the trace operator, it can be shown along the same lines as in [18, eq.
5.5, Thm. 5.1] that ¥, can be extended to a linear continuous operator

Y2AP(D) = HE AP (M). (66)

lPSL:HH

If we restrict its domain to H|rl/ AP (6,T") then (23d) is well defined and yields
that 0 W5 is in HILC/\"_1 (M) C Hio:A\P~1(d,M). Therefore we know that ¥ is then
even in HioA?(d8,M). From (23B), which holds in © and Q° separately, we see
that

lPSL . Hﬁl/z/\p(svr) — HILCAP(M) mHlocAp(5d7Q UQC) (67)

is continuous. Moreover, from (67),
A% H| PP (80,T) = HieA”1(d0,M) N Hige NP (8,2U.Q°). (68)

The definition (ZIb) of the double layer potential, or, equivalently, (23d), extends to
a linear and continuous operator

Yor : H,PAP(T) = HigoNP(8,M).

If we restrict its domain to HII/ AP (d,I"), then 23¢) is well defined in  and Q°
separately and yields that d ¥p is in Hjoc AP (8, M). From this we find that

oL : Hll/z/\p(d,r) — Hioc\"(8,M) N Hioc\"(6d, 2 U QF) (69)

is continuous. We conclude that all boundary-integral operators in the representation
formula are well defined for the respective boundary data. a

Proof (TheoremlI)). The proof of Theorem [Tl follows directly from the Lemmata[3]
[6 and[7l O

Remark 13. Tf we dispense with the requirements (8§d — k%) = 0 and §® = 0, and
the asymptotic condition, the most complete statement of the representation formula
for forms in Hoc A (0d, 2 U Q) N Hipc AP (5,2 U Q°) reads

o=—-Y.y+%¥Y%LB-d¥%Lo+Mw
+((8d— k) 0,Gp) 20y +d(80,Gp 1) 1210

Both (8d — k%)@ and 8 have to be compactly supported. Then  can always be
enlarged such that it contains their supports, which has been assumed in the above
representation formula.

We proceed to show that individual terms of the representation formula lie in
XP(QUQC). This is a prerequisite for indirect methods, where some Maxwell so-
lution is represented in terms of either single or double layer potential rather than
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combining them into the representation formula. Lemma[8] shows that the relevant
terms lie in Y7 (0 U Q°), and Lemma[0l proves the asymptotic properties.

Lemma 8. Let (B,Y, @) be boundary data according to @6) and fulfilling @8). For
k # 0 it holds that (YsLy+ d¥sL@) and WoLB are each elements of YP (L2 U Q°).
For k =0 it holds that sy, d'sL @, and W3 are each elements of YP(Q U Q°).

Proof. From (&9) it follows that (230, g) are well defined, which shows that ¥ 3 €
YP(2 U Q°). We note in passing that also @231) is well-defined provided that its

domain is chosen as Hll/zl\p(d7 I'). Consider now

o =YLy+d¥L0,

with (7, ¢) € H|rl/2Ap(57F) X lel/zAp’l(SO,F) obeying to @g)). From (6Z) and

(68) we know that @ € Hjoc A (8,2 U Q%) N Hioc AP (8d, Q2 U Q°). We can therefore
calculate

(8d— K)o = —d¥ 8y — d¥s K@
= —d¥ (8y+ K@) =0,
S0 = W8y + K" WLp — d ¥ 8¢
= WL(87+K ¢) —d¥s.8¢0 =0,

where we used (23h, b). We have thus shown that W51y +d %L € YP(Q U Q°).
The case k = 0 follows from the above formulae and (234). O

Lemma 9. Let (B,y, @) be boundary data according to @6) and fulfilling @8). For
k # 0 it holds that (YsLy+ d¥sL@) and Yo B each satisfy the radiation condition
#@Q). For k=0 it holds that s Y, dWsL@, and Yo B each satisfy the decay condition
@a.

Proof.
1. Case k # 0. We rely on , Lemma 3.2], which tells us that @ = Y51y as well as
its derivatives d and ¢ satisfy the following radiation condition

lind® + jard @ — iko| = o(R™"1/2), (70)

uniformly for R — oo. Note the extra term jqgd @ that controls the coderivative,
which is non-zero, in general. Let us define the linear maps that correspond to
the conditions (@Q) and [Z0), respectively,

flo) = igdo — iko,
g(0) = indo +jird® — iko.

Both maps coincide on Y7 (QUQ°). From Lemmal[8lwe know that ¥ y+d ¥s @
and Yo lie in Y7 (2 UQC). Moreover, it is easy to see that g(x®) = *g(®). We
can therefore argue
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|f(PsLy +d¥sLo)|ixr = |g(FsLy+d¥sLo)|ixr
< |g(lPSL7)|1X’ + |g(leSL(P)|LX/
= o(R" "D/,
F(HoLB) i = [8(FoLB)ixr = | *g(d WL+ " B)|ixr
= |g(d¥sL* ' B)l = o(R™"1/2),

where we used (Z1B). This completes the proof for k # 0.

2. Case k =0, except for n =2, p = 1. The boundary integral operators decay at
least as fast as the fundamental solution, compare (I4) with (#4), for k = 0.

3. Case k=0, n =2, p = 1. Define the abbreviations A = ¥y, B = d ¥, ¢ and
C = ¥pLfB. All terms obey at least condition (@4}, with b # 0, according to the
previous case. Terms B and C can be expressed each in terms of the exterior
derivative of a scalar single layer potential, which yields ¢'(R~") decay for R —
oo, i.e. b = 0. It remains to deal with term A.

As a corollary, we consider the more general case k =0, p =n— 1, and let
® = WL y. ¥ is required to be coclosed, 6y = 0, therefore x7 is a closed 0-form,
and must be constant on each connected component of I". Since we assumed a
trivial topology, we can for linearity reasons simply set y = *~'1. Now it is a
well-known result from potential theory that ¥pp. 1 = O on the exterior domain
Q°, taking into account (@4}, which prohibits a constant at infinity. But then with
(21b)

0=—x "Y1l =dW(x ')
=d¥%Ly=do. an

Thus, with 23a) we have dw = S = 0 in Q°.

Now returning to the case n = 2 we apply Stokes’ theorem in the annulus
Q°N QR to dw and d * w, respectively. We infer that the contour integrals of
the tangential and radial components of @ along the circle I'® must be constant,
as R — oo. This proves that neither of the components can involve a logarithmic
singularity, nor can the modulus, thus » = 0 in @) for term A as well. O

Remark 14. In 2-D electromagnetics, (ZI) has an intuitive interpretation. If 7Y is seen
to model a surface current that flows in circumferential direction along I", then @
would be its vector potential. Equation (ZI)) says that the magnetic flux density in
the exterior domain vanishes. In other words, (1) states that the magnetostatic field
of a densely wound cylindrical coil is entirely confined to its interior.

Remark 15. The converse of Lemma [@] states that M@ = 0 for R — o implies that
o fulfills the asymptotic condition. This can be seen easily, since from M® = 0 it
follows from (31)) that @ can be represented solely in terms of the layer potentials.
Then from Lemmal[d we know that o satisfies the asymptotic condition.
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Equation (34) encompasses the Helmholtz equation for p = 0 and the curlcurl
equation for p = 1. The following table lists the translation into classical cal-
culus forn =3, p=0,1.

p Translation  (8d —k*)® =0 oo WO
0 u=" (As+K)u=0 yu Y, gradu
1 u=r'o (curlcurl - k>)u=0 7;u ¥c curlu

The representation formula @9) for n = 3 encompasses and generalizes the
classical Kirchhoff (p = 0) and Stratton-Chu (p = 1, [@, Sect. 4.15]) represen-
tation formulae in three dimensions, which read in vector notation

B du dg;
o= | (gW‘—an ”)d“
Q

u= /g3curlu><ndF+curl’/g3uxndF+grad’/g3u~ndF.
2Q 2Q 2Q

Note that for p = 0 the last term in (9) vanishes.

Equation ([@8) motivates the definition of the Maxwell single layer potential for k # 0

1

o H PAP(8,T) = XP(QUQS) 7 (Yo — >

d¥5.6)7, (72)

so that the representation formula (7)) can be written equivalently
® = —¥L Y+ ¥oLB. (73)

From (23d) and it follows that the Maxwell single layer potential can also be
written as Wsp, = k~28d ¥t B

We proceed to show the mapping properties of ¥s; . From (&7) and (&8) it can be
inferred that

W H| A (8,T) = HigeN (8,2 UQ°) NHigeA"(3d, QUQS)  (74)

is continuous. The Maxwell single layer potential has the following properties,
which are obvious from the proof of Lemmal[7}

5% =0, (75a)
(8d —K2)¥s, = 0. (75b)
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Moreover, from Lemma[Qlit follows immediately that the Maxwell single layer po-
tential satisfies the radiation condition [@0). This confirms in connection with (74)
and (Z3) the mapping property that is stated in definition (72).

Remark 16. Representation formula (73)) without the extra Neumann data ¢ can also
be derived following a different route. For k # 0, the Maxwell-type operator in (34))
admits a fundamental solution, which is defined by the Maxwell Green kernel dou-
ble p-form

~ 1
Gp=(1—-=d8)G,.
k
Plugging this kernel into Green’s second identity (33) yields, after a few manipu-

lations, directly the modified representation formula (Z3). The disadvantage of this
derivation is that the case k = 0 is lost.

4.4 Jump Relations of the Layer Potentials
Lemma 10. All relevant jump relations on the interface between Q and Q° are
collected in the subsequent table for data y € HH_I/Z/\P(S,F), B e HII/ZN’(d,F),

and ¢ € H”*‘/Z/\P((s,r).

Potential Iw] - Iw] - [n] -

YLy -y 0 0
Yo 8 0 B 0
d'¥sLo 0 0 -9

Remark 17.

1. The mapping properties (67) and (&9) of the layer potentials together with those
of the trace operators (37) ensure that all combinations displayed in the table are
well defined.

2. The top left 2x2 block of the table reveals that these jump relations coincide with
those of the standard single and double layer potentials in the scalar case.

3. In the sequel we call d sy, the exact potential, to distinguish it from single- and
double-layer potentials.

Proof. The nine proofs are given below:

Dirichlet and normal traces of the single layer potential

Obvious, due to the H'-regularity of the potential, see (&7).
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Neumann trace of the single layer potential

Write Green’s second identity (33) for the domains £ and Q° separately. Recall the
extension of the L? inner product (-, -) 12(r) to the sesquilinear form b(-, -) according
to (I). Be aware that all boundary terms carry an additional minus sign in the case
of Q°, because the boundary I" was chosen to be consistently oriented with €2.
Assume 11 = @ € ZN\P(M), which renders all traces of @ continuous. Adding both
equations yields

((8d— )@, D)2 (g ge) — (@, (84— B)®) 12 gu0)
= —b(WD,[w]w) +b([w]o, HP). (76)

In a similar way we obtain from Green’s second identity (34)
(dédw, ¢>L2(ngc) - (a),d&D)Lz(QUQc) =—b(n®,[tJéw) + b([n]w,t6D). (77)
Add up (Z8) and (D),

-
(A= k)0, D) 12 gu00) — (@, (A =K ) @) 120100

—b(W®,[w]o)+b(In]o, @) —bn®, [t|éw) + b([n]w, 6 P).
There are no contributions from the far boundary I'%, since @ is compactly sup-
ported. Pick @ =¥sL0, ¢ € H‘Tl/zAp(S,F). We already know that [yp]@ = 0 and

[n]® = 0. From (23d) in connection with (66) it follows that e € H AP~ (M).
The H'-regularity implies [t]6® = 0. Eventually, (Z3b) eliminates the first domain
integral. We are left with

—(0,(A —F) D)2 e = bWl 0, D). (78)

Check that

0 — o
(A—k )(vap>L2(QuQC) = (D, (A -k )GP>L2(QUQC) =.

The first equation is justified by the self adjointness of the Laplace-Beltrami opera-
tor, the second by (I7). Note that @ is not defined on the boundary €2, but can be
continuously extended to yield @. Then

-
(F5L9, (A = k) D@) 12 (quae) = (b(9,1Gp), (A — F)o )12 (0u0)
b(@,t{(A— 0)®,G >LZ(QUQC))
b

(0, D),

and with (78)
b(Inwlo+o,p®@) =
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A (8,I') completes the proof,

Density of tZA\’(M) in H,

Iw]¥sLo = —o.

Dirichlet trace of the double layer potential

This jump can be related to the Neumann trace of the single layer potential. Consider
P *d=txd=x*nd=*WN,

therefore
1

?), (79)

which is well defined for ¢ € HII/ I\P (d,I"). The jump relation for the Neumann
trace of the single layer potential gives us immediately the desired result,

WL = — * WHL(*~

[w]¥oLe = o.

Neumann trace of the double layer potential

Consider

WHDLY = * 'txd¥pLe
+1((—1)Pd WL (xd) + k¥ (x))
= =8« WL (+do) + K2 WL (x), (80)

where (231) has been used. For ¢ € Hil/ AP (d,T"), we know that the tangential

traces of the above single layer potentials are continuous. Thus we have shown

[w]¥oLe = 0.

Dirichlet trace of the exact potential

Because of td = dt the jump of the Dirichlet trace of the exact potential is related to
the jump of the Dirichlet trace of the single layer potential, which yields

[yp]d¥sLe =0

for @ € H '/AP(8,T).

Normal trace of the double layer potential

Equation (23d) shows that the normal trace of the double layer potential is related
to the Dirichlet trace of the exact potential as follows
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>|<7lt>k'ﬁ)L(p
= (=P s« T d W (x).

n¥oL ¢

We therefore conclude
[n]¥oLe =0

1/2

foro c H '"AP(d,I).

Neumann trace of the exact potential

Trivial, since this trace vanishes.

Normal trace of the exact potential

The normal trace of the exact potential coincides with the Neumann trace of the
single layer potential. Therefore

Hn]] leSL(p =0,

for ¢ € HH_I/ZN’(&F). This completes the proof of Lemma[T0l O

5 Boundary Integral Operators

In this section, we introduce boundary-integral operators, and discuss their proper-
ties with respect to the sesquilinear form (3I)).
We denote the average of some trace yx of a form @ across I by

{}o=3(xo+Kxo),

and define the following boundary integral operators:

v =wW¥e:  H A = HPA ), (81a)
V o= le‘/zAP(é,r)—>H*‘/2/\P(d,r), k0, (81b)
K'={w}#¥: H NG = HPAST), (81c)
K ={m}¥L: H,*A?@,T)—H "\(d,T), (81d)
D =—w¥br: H_'PA’(d,T) —H AT, (8le)
W =n%L : H PN (8,T) = H AN ST, (81f)

where V denotes the single layer operator, V the Maxwell single layer operator, K
the double layer operator, KT the conjugate adjoint double layer operator, and D the
hypersingular operator. Inspecting the mapping properties of the trace operators and
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of the layer potentials shows that the boundary integral operators are well defined
and continuous.

Lemma 11. The boundary integral operators have the following properties:

(i) «K" = —Kx, (82a)
(ii) 6K'—K'6 =—k*W, (82b)
(iii)  dK—Kd=(—1)P"12 s« W, (82¢)
(iv) D=x"1dV&x—k*« 1V x. (82d)

For k # 0 it also holds that

1

v) V- zdv8, (82¢)

‘7 =
(vi) D=k 1Vx. (82f)
Remark 18.

1. Properties (ii) and (iii) show that the double-layer operator and its adjoint respect
the respective de Rham sequence for k = 0.

2. Properties (iv) and (vi) connect the hypersingular operator D to the weakly singu-
lar operator V, by using integration by parts. For the Laplace case this goes back
to MAUE [26, p. 604], and there is a paper by NEDELEC [2§] on related repre-
sentations for different second order partial differential equations. This provides
a way of avoiding the evaluation of hypersingular integrals in Galerkin boundary
element methods. For example, from (iv) we find

b(Dw,M)=b(0xMn,VS*®) —kzb(*n,V* ),
o,n €H *Ad,T).

Proof. Property (i) is an immediate consequence of (79). Property (ii) can be seen
as follows:

SK" = Snd W, = —ndd¥;,
= —n(k* —d&) Wy = nd¥s & — k*n'sr.
=K'§ - 1&*W,

where we used @23a), 23b), (B0, (81d), and (81f). Equation (iii) can be seen as
follows:

dK = —d*K'x 1= (—1)’1*51(7 ¥
= ()% (K6 —I2W)x ' = — s KT« 1d— (= 1)U+ W 5!
= Kd— (—1)Pk* W,
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where we used (@), (824), and (82B). Eventually, (iv) follows from (80) with @), and
(8Te). Properties (v) and (vi) follow from (72) with @7). O

The ordinary scalar and vectorial boundary integral operators in three dimen-
sions follow from (§I)) by means of the translation isomorphisms. For the vec-
torial operators we adopt the conventions of (19, Thm. 9].

@I| p =0, scalar operators p = 1, vectorial operators

V Vi H3(0Q) 5 H}9Q) | A:H 3(divr,0Q) —>H_%(curlr,89)
K" |K': H2(0Q) = H 2(9Q)| B: H 2(divy,0Q) — H 2(divr,0Q)
K |K: H2(0Q) —HI(9Q) |-C:H" l(curlr,a.(z) — H % (curlp,0Q)
D |D: H}(0Q) —H 2(9Q)| N:H i(curlr,dQ) — H *(divy,oQ)

Equation (82d) yields for p = 0 (compare [27, Thm. 9.15])

DB = curlr Acurlr B~ [ B(X)g3(X.X')n(X) -n(X")dr (X),
Q
where the integral extends to B € H'/2(9Q). For p = 1, the same equation
yields
N = curlr Veurlf +k*RAR,

where the rotation operator R was defined in (33). This generalizes Lemma 6.3
in
We state some useful relations that stem from (i)—(iii) for k = 0:
G;p=1: nxB=Cnx -,
@), (ii);p=1: curlprC=K'curlr,
(iii);p=0: gradrK = —Cgrad,
@i), (iii);p=0: curlpK = —Bcurlr.

5.1 Symmetry Properties

Lemma 12. Ifk # 0, the boundary integral operators exhibit the following symmetry
properties with respect to the sesquilinear form b(-,-):

7 Be aware that the operators B, C, and N are defined slightly differently in ] compared to
]. In particular, N bears an additional minus sign.
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(i) b(y,Vy)=b(Y,Vy), (83a)
(i) b(y.Vy)=b(y.Vy), (83b)
(iii) b(DP',B) = b(DB,B"), (83c)
(iv) b(K'y,B)=b(y.KB), (83d)

forall B,B' € Hll/z/\f’(d, ) andy,y' € HH_I/Z/\P(S, I'). The single layer operators
V, V and the hypersingular operator D are complex symmetric, while K' is the
conjugate adjoint of K.

Relationships (i), (iii), and (iv) hold in the case k = 0 as well, provided v,y' are
restricted to the space HHil/ AP (80,T"). The conjugations are just irrelevant, so that

V and D are symmetric, and K' is the adjoint of K.
To prove Lemma[I2] we need the following corollary.

Corollary 3. We exclude the case k =0, n =2, p = 0. In all other cases, for ®,n €
XP(QUQC), we can use the following equality:

b(Iwlo.{w}n) +b{{w}to,[w]n) =b(Iwn. {mwto) +b{w}in,[w]®).

(84)
Proof. Substituting ® by dw, @ € HN?(8d,2), in (31) yields
b(Www,pn) = (do,dn)2q) — (6dw,N) 2 (o).
We may assume that @ € X?(£2) is a Maxwell solution, to obtain
b(ww,on) = (do,dn);2 ) — (o, UNEITE (85)

The same arguments can be applied to the exterior domain Q¢ N QF, where ® €
XP(QCNQR), n e HN(d,Q2°NQR), from which we conclude

—b(Ro,%Hn) + <7’NRa’a7'§n>L2(rR) = (do,dn) ;2 (genqr) _k2<w7n>L2(QCﬁQR)'
(86)
Note that on the far boundary I'* we encounter sufficient regularity so to work with
the L? inner product rather than the sesquilinear form b(-,-). By combining (83) and
(86) we find for w € X7 ((2U Q) NQR))

b(}’Nw7 }/Dn) - b('}’ﬁ](})’ VBTI) + <'}’§(D, ’yén>L2(FR)
(do,dn) 12 uacinar) — (0, 1) 12(@uoenar)- 87

8 Compare with [IE, Thm. 10]. Note that HIPTMAIR defines the rotation operator as R =
—n x - rather than R =n X -, which yields an additional minus sign in the definition of the
double layer potential and consequently in HIPTMAIR’s Thm. 10.
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Rearranging terms and substituting 1) by 7 yields
~b(Inlo, {131 - b({w}o, [N + (K. 1M 2 sy
= (do,dT) 12(uoeinor) — (O, ) 12(@uoenar)- (88)

We may assume that 1 € X”(Q UQ°) is a Maxwell solution as well, exchange the
roles of @ and 7, and subtract both equations. This eliminates the sesquilinear L?
inner products over the domain. The sesquilinear L? inner products

x= (R0 1M 2 rry — (AN, WBO) 2 0r)

over the far boundary I'* vanish for R — o, which we show in the sequel. We need
to distinguish three cases:

1. Case k # 0. Rewrite
x= (Ko -ikfo, %ﬁﬁ%ﬂ?) — (An — ik, 7’§E>L2(r’?)-
From the triangle inequality we obtain
x| < |<Vi§a’_ inga’aVDRmH(rR)HKVﬁn —ikVDRnﬁéwhz(rR)L

and from the Cauchy-Schwarz inequality
‘ <’}’I§w - lk%l)ewv %l)eﬁ>L2(FR) ‘ < |%§(D - ikygw|1‘2(rR) |'}'§W‘L2(1—R) = 0(1)7

where we used (38) and @2). Therefore, |x| = o(1) for R — oo.
2. Case k=0, n> 3. From @4) and (@3) we obtain

(W@, 1) 12y | = € O(R*™). (89)

Together with the triangle inequality this yields |x| = o(1) for R — eo.
3. Case k=0, n =2, p= 1. Taking into account b = 0, (4) and (3) yield

(R0 1) 20y | = O(R?), (90)
for R — oo, and we can proceed like in the previous case.

We conclude that for @, € X?(Q2 U Q°)

b(Iwlo.{w}n) +b{{w}te,[w]n) =b(Iwln. {wto) +b{w}in,[w]®).
O

Proof (Lemmall2). The case k =0, n =2, p = 0 is covered by the formally self-
adjoint case in [ﬂ eq. (7.3), (7.4)]. In all other cases we choose @, 7 in (84) ac-
cording to the representation formula (@7) as

o=-Y%Ly +¥LB —d¥L0,
n=-—%%Ly +¥%LB —d¥Le¢
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To prove (83a), we pick B = 3’ = 0. With Lemmal[I0 @8}, and definition (81a) we
obtain

b(y, VY +dve’) = b(y",Vy+dVe),
by VY') +b(8y, V') =b(y . Vy) +b(8Y Vo),
b(y.VY) —Kb(0.Ve') = b(y',Vy) —Kb(¢'. Vo),

which proves (83a) for k = 0. Otherwise restrict v,y to H V2pp (60,T"). This elim-

inates the second and forth terms, since (@8) then implies ¢ = ¢’ = 0. From the
remaining terms we can conclude that (83a) holds at least on H|rl/ AP (60,IN).

From this we infer with @, ¢’ € H|rl/ AP=1(80,T") that the second and forth terms
always cancel, which means that the first and third terms imply (83a) even for
v, 7 € lel/zAP(S,F).

Property (83d) is seen setting y =y’ = 0, ¢ = ¢’ = 0. With Lemma[[0and defi-

nition (81¢)) we obtain o _
b(DB,B’) = b(DB', B),

which proves (83d).
For (83d), we pick B =0, ¥ =0, ¢’ = 0. With Lemma [I{0] and the definitions

1), (BId) we obtain

which proves (83d).
Finally, we have

(Y? k2 dV(S}/ ) k2b(6’}/7vs’y )
= Lb(87.,V8y) =b(y', 5dvey),
where we used (83a). Together with (82¢) this proves (83h). O

5.2 Ellipticity Properties

Lemma 13. The boundary integral operators in connection with the sesquilinear
SJorm b(-,-) exhibit the following ellipticity properties for 3mk > 0:

b(y,Vy)| 2csmkmin(l vyeH 2N (80,T), (91a)

1 2
) ey

N SImk . 1 —1/2
b(, V)| 2CWmm(l’W)|Y|;(1/2/\P<s,r) wyeH, PN (8,T),  ©O1b)

b(DB.B)| = c 2K tmin(1, k) B vB e H PN T),  (O10)

AP(d,T")

S
‘K
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with positive generic constants c, that depend only on the boundaryﬁ For k=0 it
holds that

b(y,Vy) > CM;(”ZAMF) vyeH P n (80,1, (91d)

while b(DB, ) > 0 on HII/Z/\P(d,F). In the case n =2, p = 0 the parameter ry in

the fundamental solution (I&) has to be large enough, see [@ Thm. 8.16].

Remark 19.

1. The estimates (@) are useful to establish well-posedness of boundary integral
equations based on the above operators, by leveraging the Lax-Milgram theorem.
This carries over to conforming Galerkin discretizations, and quasi-optimal error
estimates in the norms of the trace spaces are available from Cea’s lemma [IE,
[19].

2. For k € R, the estimates (91) become trivial. Still, the well-posedness of bound-
ary integral equations based on the above operators can be established, based on
a generalized Gérding inequality and Hodge decompositions l, 10, 12, [13].

Proof. To show the ellipticity properties (91)), we need to distinguish three cases:

1. Case Smk > 0. We proceed like in the derivation of (3)), but consider the domain
(QU Q) N QR rather than Q°NQR. We find for @ € X7 ((QU Q) NQK))

Sm(kb([w]o, {w} o) +kb({n}o,[w]o))
=(3mk) <|dw|22((gu90)mm) + |k|2|w|iz((QUQC)ﬂQR))
L0y + WP Oy + o1,
Pick @ = ¥ and let R — oo, which yields
~3m(kb(DB,B)) = (SmK) (|de|} g 00 + k@2 gue) =0,
where we used Lemma[T0l and definition (8T€). Next, consider
- - 2
|k[*|b(DB, B)|* = |kb(DB,B)|> > Sm (kb(DB,B))",

and therefore

[k [6(DB,B)| = —Sm(kb(DB.B))

> (Smk) (|do[ 00 + kIO 0 q0)-

9 Estimates for the real part instead of the modulus can be derived as well ], under the
prerequisite Re k% < 0. When comparing with ], k2 = —k? has to be taken into account.
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Finally,
mk
|b(DB,B)| = Wmm(lv|k|2)<|dw|iz(.oum) +lolhquar)
1 Smk
> EWmm(l ,Ik[? )|w|HAP (d.QUQC) 92)

where we used a® +b% > (a+b)?/2.
On the other hand, from the continuity of the tangential trace operator we have

|ﬁ| /\I7 d,r) |[[t]]a)|HII/2/\p(d,F) < C|w|H/\p(d,QU.QC)a (93)

with ¢ > 0 that depends only on I". Combining (]@]) with (@3) proves (@1d).
Equation follows immediately with (82), if we let y = *f. For k # 0
([@Ta) is obvious, since V coincides with V on Hll_l/z/\p(SO r).
2. Casek=0,n=2, p=0. See [@ Thm. 8.16] forVand[Iﬁ Thm. 8.21] for D.
3. Case k =0, all other n and p. Consider the same domain as in the case k # 0,
but with (87) as starting point. We rearrange as in (88), with n = @, k = 0, let
R —  and take into account (89) or (O0), respectively,

—b(Inlo,{w}eo)-b({n}o,[ple) = {do,do)gue). 4

Pick =Y 7. 7€ HH_I/ AP(80,T°), which yields

b(y.VY) = o[}z g 00 (95)

where we used Lemma [[0] and definition (§8Ia). On the other hand, from the
continuity of the normal trace operator we have

n dw'H‘rl/z = c|dw|1—1/\p+1(6,_(2u£20)7 (96)

W'HH*l/z/w(a,r) = |[n] AP(8,T)

with ¢ > 0 that depends only on I'. Since 6dw = 0 in Q U Q° it holds that
[do|gar1(5,0u0¢) = [d®[2(Quge), and combining ©I) and ©6) yields ©@1d).
Finally, if we pick @ = ¥ 8, (04) yields the positive semidefiniteness

2
b(Dﬁ,ﬁ) = |dw|L2<QUQC) >0,
where we used Lemma[T0land definition (8T€). O
Remark 20. The proof of critically hinges on the fact that §d@ = 0. In the light

of (23a) and 230, this requires y € H“*l/z/\P(SO,F) rather than y € lel/zAp(é, r).
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6 Boundary Integral Equations

In this section we discuss Calderdn projectors and their properties under dual trans-
formations. To study the case k = 0 we introduce quotient spaces with respect to
exact forms on the space of Maxwell solutions and the space of Dirichlet data, re-
spectively. In a slight abuse of notation, we work with representatives of the equiv-
alence classes as if they were actual elements of the quotient spaces.

6.1 Calderon Projector for Interior and Exterior Problems

Up to now, we have considered the representation formula for the domain £ U Q°.
The boundary data have been defined in terms of the jumps on I" of Dirichlet, Neu-
mann, and normal traces, respectively. In this section, we treat the interior domain
€ and the exterior domain ¢ separately.

An interior problem is a Maxwell-type problem with the additional requirement
that @ = 0 in Q€. The solution space effectively reduces to X (£2). For an exterior
problem we require that @ = 0 in €2, and its solutions therefore lie in X (°). Hence
the boundary data acquire status of Cauchy data for the respective problem.

Applying the Dirichlet trace yp and the Neumann trace ., respectively, to the
representation formula @7) yields the Calderdn equations

yo
(7,}2)“’:” ;Iqj ) (97)

for the interior problem, where

P=1I+A.

Nl—

For the exterior problem, all traces in ([@7)) have to be replaced by the exterior traces,
and P reads

p I1—-A.

Nl—

We have
Idoo
= (0 Id 0)’
—K V dv
(e (£19)

To arrive at the usual square form of P, the extra Neumann data n® needs to be
eliminated. P is then called the Calderon projector. We distinguish two cases:

1. Case k # 0. The goal is achieved by leveraging [@8)) and using the Maxwell single

layer potential. With Z = HII/Z/\P(d,F) X lel/zAp(S,F) we obtain
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KV
A<D K?>.Z—>Z. (98)

2. Case k = 0. We eliminate the extra Neumann data by projecting the first Calderén
equation onto the quotient space

[Hll/z/\p(d’r)] _ HII/2/\p(d’1—-)/dHIl/2Ap71(d,F). (99)

Exact forms are mapped to zero, therefore the term containing the extra Neumann
data vanishes. Inspection of (82d) and (82d) reveals that K and D are well defined

on the quotient space. Moreover, from @8) we know that y € HH_I/ I\P (60,T").

Let 20 = [H, '*A?(d,I")] x H} '/2A?(80,T"), to obtain

—-KV
0__ . 70 0
A (D K?).z =70, (100)
The mapping property of the second equation can be seen from (82B) and (82d).

Galerkin boundary element methods are based on a variational formulation of the
Calderén projector. Again, we distinguish the two cases:

1. Case k # 0. Following [@, Sect. 3.4@, we introduce the antisymmetric bilinear

/ 1 _ _
pizxzoc:((8).(5)) - Lewd) -0 B,
Y Y k
where the factor 1 /k is conventional. The related variational form of the boundary
integral operator A is
A :ZxZ—C:(a,a)— BlAa, ).
As a consequence of (83) we note that
o (a,0) = (o )

holds, which generalizes [|E, Thm. 3.9].
2. Case k = 0. We introduce the symmetric form

!/
252 s ((8).(8) o vip) 100,
which is non degenerate, since [HII/ZN’(d,F)] and lel/zAP(SO,F) are dual

spaces with respect to the sesquilinear form b(-,-). The related variational form
of the boundary integral operator A is

0. 7°%x7° 5 C:(a,0) = B (A%, o).

10 When comparing with ], the following identifications hold: yp — *¥p, kN — —WN,
b(v,w) = —b(v,¥®), M = K',C = —k*V, m — =B, kj — —.
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It holds that

B
%0(06706) > C(|d[3 |12-111/2AP+1(d,F) + |F}/|ZH71/2AP<6"F)) Yo = (}’ IS ZO7

as a consequence of (83) and (91)), which is useful for establishing coercivity.
The boundary integral operator in its variational form .<7° is a major building
block for the Galerkin boundary element methods presented in [IE, 1.

6.2 Equivalent Maxwell-Type Problems, Dual Transformations

There is an inherent symmetry in the solution set X? (€2 U Q°¢) that can be exploited
by so-called dual transformations. To show this, we need to distinguish the cases
k#0and k=0:

1. Case k # 0. The dual transformation for k # 0 is defined by
@0~ £ xdo. (101)
Lemma 14. The dual transformation (I01)) constitutes an isomorphism X?(Q U
Q°) - X" 1(QuUQ°).

Proof. We first show that @ : XP(Q U Q°) — Y9~ 1(Q U Q°) is injective, and
then, that the image of @ fulfills the radiation condition and hence lies in
XN QuUQ°).

Let @ = ®. Since ® € X?(QUQC) we know at least that @ € Hjo.A9~ ! (d, QU
Q°¢) and can compute

(=1)P 1 de = £ 8dw = —ike € Hio N (5d, 2 U Q°). (102)
We are therefore entitled to apply *d to find
8dd =K d,
which implies @ € Y9~ 1(Q U Q°). From (I02) we read off

= (_1)17((1—1)% «d@,

L.

which shows that
’0=(-1)"Vo, ©ecXP(QUQ),

that is, @ is injective.

It is of advantage to introduce a slightly different form of the radiation condi-
tion in connection with the above dual transformation. The condition is stated in
terms of both, w and @, and reads [@, Def. 3.2 (iii)ﬂ

! When comparing with [29], the correct identifications are (@, ®) = (E, — * H). Moreover,

(OXS Lilil () is a weak version of |@|,x = o(R~(""1)/2).
2
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.n —1 D—w — R*(Vl*l)/z ,
™! @ 0l = o(R17) o

lin* @ — (—1)P®|,x = o(R™""1/?),

X denotes an arbitrary point on I'®. The condition is invariant under dual trans-
formations. Indeed, if we replace (®,®) by ®(»,®) = (&, (—1)??Dw), and
p by g — 1, then the equations just exchange their roles.

The first equation in connection with (IQI) is identical to (@0). To investigate
the second equation let us study its tangential and normal traces on I'%, more
specifically

(—1)" ik 'R (inx 0 — (—1)P0) = (B - k), and
ik 'nR(inx 0 — (=1)P@) = dif .

While the tangential part is equivalent to the first equation of (39), the normal
part gives an additional condition. We have thus shown that (103) is equivalent

to (39) plus
[dyiolx =o(R™"1/2), (104)

which fixes the asymptotic behaviour of the tangential derivatives. However, it
can be shown that solutions of the Maxwell-type equation subject to radiation
condition Q) necessarily fulfill (I04), so that we see that no additional con-
straint has been introduced. This is related to the asympotic behavior of the
fundamental solution

It follows from the equivalence of (I03) and (@0) and from the invariance of
(T03) under dual transformations, that @ maps to X9~ 1(Q U Q°). O

Remark 21. For n = 3, p = 1, the dual transformation (TQI) describes the sym-
metry between electric and magnetic fields encountered in the propagation of
harmonic waves in simple media.

Let (E,H) denote the vector proxies of the 1-forms (@, ®). Then (I01)) and

({103) read 1
H= 7{curlE
i

and
[Hxn—E|x=0(R"),

|[E xn+H|x :o(R’l),

respectively, compare [IEI, Thm. 6.4, Def. 6.5]. This is yet another way to
state the Silver-Miiller radiation conditions.

12 Compare also [14, p. 163], which says that both equations (I03) are equivalent for n = 3,
p=1
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We introduce an adapted set of trace operators
Yo = iky : HN(d,Q) — H|'*AP(d,T),
Wo=sm: HN\?(8d,Q) — H PN~ (d,T).
It is easy to see from the definitions that these trace operators fulfill
= (DM Ve, (105a)
W =To®. (105b)

In sum, @ maps Maxwell solutions onto Maxwell solutions and interchanges the
roles of the adapted boundary data, up to sign.
This symmetry can be exploited to render (O8) in the following symmetric

form _ (1) _

1 (o) _ (K (=1)PVC) (o

2 (%w) a ( C —-K W/’ (106)
where we introduced a boundary integral operator C according to

C=ikV+:H"*N(d,T) — H >N (d,T), k#0,

and used (82al) and (821).

From (T03) it can be inferred that the Calderén equation (106)) is invariant under
dual transformations (I0T)), up to sign.

Remark 22

1. This result implies that electric field and magnetic field based formulations
share the same Calderén equation (I08), up to sign of the off-diagonal elements.

2. The analysis of Maxwell transmission problems in Lipschitz domains in (12,
p. 468] is essentially based on the Calderén projector in m

2. Case k = 0. We first define a quotient space on X?(Q2 U Q°) by
XY (QuUQ°) =XP(QUQY)NAHN(d, QUQ°),
XP(QUQ%) =XP(QUQ) /X[ (2UQ°). (107)
The dual transformation for k = 0

@0 [XP(QUQ%) — [XT2(QUQY) 0 @

13 The formulation in [12] can be stated in HH_]/ IAl (6,I") with the help of the translation

isomorphisms. The following identifications hold: ikyp — %7, kW — %, C — i Cx !,
M — —s 1 Kx.
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can be defined implicitly, in two equivalent ways:
1. The dual transformation fulfills
dd = xdw. (108)

Extend the definition (46) of the boundary data (f3,7) to the quotient spaces

(@9) and (IO7). Applying [t] and [n], and using @7) and 28), it can be seen
that (I08)) implies a transformation

[H L 2AP (a,1)) % B2 (80,T)

= 1 PA2a, )] < H T PAT2(80,T)

(B.7)— (B.7)
so that .
dB = 7,
7= (—1)P* wdB, } (109)

2. Building on (10Q9), we may also define the dual transformation by
@ = L7 — ¥oLB. (110)

Lemma 15. The two definitions (108) and (1L1Q) of the dual transformation are
well defined; they are equivalent and constitute an isomorphism.

Proof. We first show that is well defined and implies (I08). Check that for
o € [XP(2UQ°)] the boundary data (f,7) in are well defined. Since *y
is closed, it can be represented by a potential 3. In general, there might be a con-
tribution from cohomology as well, which can be discarded, since we restricted
ourselves to trivial topology. Existence of the potential is guaranteed from the
exact sequence property (26). The potential is defined up to exact forms, so it

corresponds to exactly one element of the quotient space [HII/ 2/\‘172(d,1" )]E
The last equation in poses no further difficulties.

Equation results from the representation formula (@Z), when applied to
(B7 ¥) and projected onto the quotient spaces. The exact potential d ¥y ¢ lies
in the zero class and therefore does not appear in (I10). In the light of (23¢), a
different choice of the representative B in leads to a different representative
@ in (TI0). However, the map is well defined in terms of the quotient spaces. The
definition via the representation formula ensures that @ € [X972(Q U Q°)]. We
have thus shown that the dual transformation @° based on and is well
defined.

14 We consider (I09) as a mere theoretical device, but it has also profound practical implica-
tions. Forn=3, p=1 ﬁ is a scalar potential. In [IE Ch. 8], a scalar stream function ,Bh is
employed on the discrete level to span solenoidal surface Raviart-Thomas covector fields

s~ This provides a discrete subspace of HH71/2/\] (60,I).
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To show that @ fulfills (I08) we first represent @ in terms of its boundary
data (B,7), in analogy to (IT0), and apply *d. We obtain

xdw = xd WLy — *d ¥pL B
= —WoLx 7+ (—1)""d W+ dB,

where we used (21B) and (23f). When we plug in (I09) this yields
xdo = d(WsL7— ¥oLB) = da,

which proves the assertion.

Next we show that is well defined and implies (IT0). Existence of @ is
guaranteed from the first part of the proof. Uniqueness can be seen as follows:
We know that (T08) implies (T09). If there were several solutions for @, their
boundary data (B,f/) had to coincide, because we know from the first part of
the proof that fixes (B,7) for given (B,7). But from Theorem 1] we know
that elements of [X772(Q U Q°)] can be uniquely represented in terms of their
boundary data. Therefore @ is unique and coincides with the solution obtained
from (I10).

It remains to show that @° constitutes an isomorphism. To that end we apply
the map to the boundary data twice, which yields

133

(B.7) = (=) V().
Arguing like in the second part reveals
(@) o =(—1)rHeDgy  @eXP(QUQ), (111)
which concludes the proof. a

We introduce yet another set of trace operators
W=dp:  HN(A,Q) —H AHdT),
W= =*n:HN(8d,Q) — H 'PN~'(d,T).

Note that %) and 7% are well defined on [X?(£2]. From (I08) and (ITI) it is
immediate that these trace operators fulfill

78 _ (_1)(p+1)(f1—1)%3¢0’ (112a)
7 =70, (112b)
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Equation (I00) can be rearranged in the following symmetric form

(R0 _ (~K (~)r B (o
2300 ) = D) (113)
WO B -k WO

p = deg w, where we introduced a boundary integral operator B according to
B=(—1)PdVs:H, *A?(d,T") — H|*A(d,T),

and used (82d), B2d) and 2d). From ([12) it can be inferred that Calderén
equation (I13) is invariant under dual transformations (TQ8)), up to sign.

For n = 3, p = 1 this invariance means that magnetostatic vector-potential
and scalar-potential formulations share basically the same Calderén equa-
tion (T13). This confirms the observation in [[18, Sect. 9] which states that
the boundary integral operators associated with the curlcurl equation are
structurally equal to those of scalar second order elliptic problems.

Let 1,B € H'/2(9Q) be the normal trace of the magnetic flux density, and
v.H € H'/2(div-0,9Q) the tangential trace of the magnetic field. Equation
(I13) translates for n = 3, p = 1 into

1 (}/nB) _ ( KT curer) (ynB) (114)

2\rH curlrV B YH/"
The flux density can be represented by a magnetic vector potential A, where
A€ H’l/z(curlr7 2Q), 1»B = y,curlA = curlpm;A. Moreover, for a triv-
ial topology, the magnetic field can be represented by a magnetic scalar po-
tential y, where yy € H'/2(0Q), y;H = y,grady = curl-yy. Equation
(I14) may be expressed in terms of these potentials in different ways. The
operators curlr and curlr inherit Z? adjointness from d and &, which is
useful to proceed to variational forms of the equations.
All the formulations have in common that they are built upon the scalar
and vectorial single and double layer operators, plus straightforward surface
curl operators. Hence only this set of boundary-integral operators needs to
be implemented to cover both, scalar and vector potential formulations.

7 Conclusions

We have shown that the theory of boundary-integral equations for Maxwell-type
problems can be formulated entirely in the framework of differential-form calculus.
The basic toolkit is given by Sobolev spaces on the problem domain and their traces
on the domain’s Lipschitz boundary, as well as by integral transformations and fun-
damental solutions of Maxwell-type equations. The presented proofs concerning
the representation formula, layer potentials, and boundary-integral operators
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follow the strategies of classical vector-analysis literature. Their scope, however,
extends beyond scalar- or vector-potential formulations in dimensions two and
three. Nonetheless, it is the authors’ opinion that the main advantage of employ-
ing differential-form calculus in this field of applied mathematics does not lie in the
prospect of extending the theory beyond three dimensions; it lies in the emphasis
that is put on structural considerations and abstract viewpoints. For instance con-
sider the properties of layer potentials and boundary integral operators that are pre-
sented in Lemmata 3] and [[1] respectively. As a further example, we have presented
the invariance of the Calderdn projectors under dual transformations, which not only
strikes us by its elegance, but also has a direct impact on our implementation of the
boundary-element method for magnetostatics: in three dimensions, a single set of
boundary integral operators covers both, the scalar- and the vector-potential case.

Acknowledgements. The authors would like to thank Ralf Hiptmair for feedback and valu-
able suggestions.
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Discrete Electromagnetism with Shape Forms of
Higher Polynomial Degree

Marvin Fleck and Sergej Rjasanow

Abstract. The classical Discrete Electromagnetism (DEM) uses a set of discrete
differential forms and associated discrete operators for treatment of electromagnetic
PDEs. The operators originate from a differential form representation and can be
classified as metric-dependent and metric-independent ones. The appearance of the
discretised operators depends on the underlying shape functions. While the lowest
order version using Whitney elements is well known for its simple structure, a ’natu-
ral” extension to higher polynomial degrees has yet to be found. We present a higher
order Discrete Electromagnetism using a hierarchical set of shape forms. Our focus
of interest lies on the magneto(quasi)static formulation of Maxwell’s equations.

1 Introduction

The Discrete Electromagnetism (DEM) introduces discrete fields and operators
which are derived from a differential form representation of electromagnetic PDE:s.
Discrete fields are represented by vectors of their degrees of freedom. In the low
order case they coincide with co-chains, i.e. there is one degree of freedom per
element. The discrete operators can be classified as metric-dependent material
Hodge operators and metric-independent derivative and trace operators. Problems
are treated on an oriented cell complex and its topologically dual complex. Degrees
of freedom are localized on either of these complexes according to Tonti’s diagram
(Fig. [T). This localization coincides with the distinction of ordinary (Faraday com-
plex) and twisted (Ampere-Maxwell complex) differential forms [é]. However, ex-
plicit construction of dual complexes can be avoided by making use of so-called
pairing matrices [E, ] which convert degrees of freedom on the primal complex
to d.o.f’s on its dual. We will limit ourselves to simplicial complexes and their
barycentric duals.
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The classical (low order) DEM is based on Whitney forms [@, @], which are
a realization of Nédélec elements of first kind and Raviart-Thomas-Nédélec ele-
ments respectively [IE]. Whitney forms of higher polynomial order should also fall
in that category. Criteria for the spaces of higher order Whitney forms and suited de-
grees of freedom were discussed in [14]. A realization can be found by reordering
shape functions presented in 122, 251, which originally resemble Nédélec elements
of second kind [[17]. An alternative concept for degrees of freedom was presented
by Bossavir [6,[20].

We are interested in the magneto(quasi)static approximation of Maxwell’s equa-
tions on a domain Q C R3 with time parameter 7:

curl%curlA(T,x) + K%A(Lx) = j(t,x), xeQ, 1>0,
(wA)(r.x) =(zx),  xeo@ z>0, D
A(0,x) = Ap(x), xeQ

with the vector potential A, the imprinted electric current density j, the magnetic
permeability u, the electric conductivity k and the Neumann trace Yy (see Table ().
Note that we are interested in B = curl A rather than in A itself. The magnetostatic
case corresponds to ¥ = 0 and time-independent quantities A, j and 7.

In terms of differential forms this equation and the boundary and initial condi-
tions have the shape:

_ J - -
d*1 dA+*xc—A=],
u

ot
txdA =7, &Y
Alr—g = Ay,

where A and j are 1- and 2-forms respectively on € and 7 is a 1-form on 9Q. A
description of the exterior derivative operator d, the Hodge operator * and the trace
operator ¢ is given in Sect. However, the actual quantity of interest is not A but
B = dA. Other problems, like electrostatics, can be treated analogously.

In real-life applications often there are ferromagnetic materials involved, which
have non-constant magnetic permeability (. Unfortunately, in general this parame-
ter is only available in the form of tables of (relatively few) measurements. Therefore
approximation of material parameters is an important issue. While standard spline
interpolation methods are widely used, some more sophisticated versions have been
presented, e.g. [IE].

In Sect. [2] we derive the magnetoquasistatic approximation of Maxwell’s equa-
tions. This is done in terms of vectors as well as differential forms. For the latter
we provide a brief introduction to the corresponding calculus. Sect. Bl gives a brief
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description of the low order DEM based upon Whitney forms. A description of
pairing matrices is included. The problem of localizing the degrees of freedom for
higher order forms is discussed in Sect. [ along with an example for shape forms,
where d.o.f’s of p-forms are restricted to chains of p-simplices. The higher order
DEM introduced in Sect. [3]includes degrees of freedom localized on simplices of
higher dimension. This localization on manifolds of different dimension leads to a
block structure of the discrete operators. Sect. [0 deals with the approximation of
non-constant material parameters and the resulting non-linearity of the equations.
In Sect. [7] we present some numerical examples for the static and the quasistatic
equations.

P
0 0]
—d
2
1 A—9% [
d —d d
)
2 B —2+ A 1
d
3 0

Fig. 1 Tonti diagram with Faraday complex on the left-hand side and Ampere-Maxwell
complex on the right-hand side. Physical quantities are represented by p- and 3 — p-forms
respectively

€ is approximated by a simplicial complex, i.e. a mesh consisting of tetrahedra, tri-
angles, edges and nodes. We denote this complex by C. It can be described locally
by means of barycentric coordinates and their interpretation as nodal functions re-
spectively. We use the common notation A; for the barycentric coordinate associated
with vertex i as well as for the corresponding nodal function.

For clarity, in some examples we tag differential forms with a prefix, e.g., ' @ to
point out that @ is a 1-form. In similar fashion we may write fg for the trace operator
restricting forms to the manifold S.
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2 The Magnetoquasistatic Approximation of Maxwell’s
Equations

The interrelation between electric and magnetic fields is described by Maxwell’s
equations (James Clerk Maxwell; 1831-1879). However, for many problems it is
sufficient to treat a reduced system of equations. In this section we describe the
derivation of the magneto(quasi)static formulations of Maxwell’s equations, which
are well-suited for treating electromagnetic problems in accelerator magnets.

2.1 Classical Derivation

We take a look at the full system of Maxwell’s equations:

aD
1H=j+— 3
cur Jj+ 37 (3)
divB =0, 4)
B
curl E = —a—, (®)]
ot
divD = p, (6)
completed by the material interrelations
B = uH, (7)
D = oE, ®)
Jj = KE+Js. )

These equations contain a total of 16 unknowns, which are of varying importance
to us. The quantities which are most interesting to us are the magnetic induction B,
the electric field E, the electric current density j. The material parameters which are
most important to us are the magnetic permeability ¢ and the electric conductivity
k. For an explanation and the units of all physical quantities involved see Table[]l

In order to derive a reduced system, we rewrite the equations in a scaled form
which involves characteristic time 7" and length L for a certain problem (19, [1]. In
addition one chooses characteristic values for the magnetic induction By as well
as for the electric field Ey. Characteristic values U., K. and o, for the material pa-
rameters are also required. The scaled physical quantities can then be written in a
unit-free way:

s B o wH .
B= ) H= : y J= 9
B() B() K'cE()
. E . D _ Ip
E=—, D= , P = s
Ey o.Ey o.Ey
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Table 1 Physical quantities and their units

quantity description unit

B magnetic induction Vs/m?
H magnetizing field A/m

D electric displacement field As/m?
E electric field V/m

j electric current density A/ m?
p electric charge density As/m?
A magnetic vector potential Vs/m
0] electric scalar potential Vv

Js imprinted electric current density A/ m?
u magnetic permeability Vs/Am
c permittivity As/Vm
K electric conductivity A/Vm

The scaled differential operators are given by:

- N d
1=Lcurl, div=Ldi —=T—.
cur curl, div v, 5 52

67

In addition we introduce the relaxation time 7k, the propagation speed c, i.e. the

speed of light in the respective material, and the unit-free time parameter 7:

T O, 1 z T
R = , €= =T
Ke VHO, T

Incorporating these we arrive at the scaled Maxwell equations:

cinfi= | 220 jy | 22 2p
cTx cBy cT cBy| 0%’
divB =0,
curl E = — [£ @} ig,
T Ey ek
divD = p.

(10)
Y
(12)

13)

The tilde-version of the material interrelations has the same shape as the original

one. If the requirement

L Ey
—— <1
CTCB()

is fulfilled, the system is regarded as being dominantly magnetic. If also

Tk
— 1
T <

(14)
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is valid, the second term in (I0) becomes very small in comparison to the first one
and can therefore be neglected.

Remark 1. An alternative approach is to set ¢ = 0, which corresponds to the absence
of the electrical component of field energy. By doing this, given sufficiently small
values for the electric field E, we also arrive at the magnetoquasistatic approxima-
tion: From (8) it follows that D = 0 and therefore p = 0 due to (&).

We now can neglect the second term in (I0). Equation (I3) is not needed in order to
obtain a complete system of equations for E, B, H and j. Our reduced system is:

g i | L Eo|=
curl H = ](— LTR CB():| ]), (15)
divB =0, (16)
9B i (_ [E} cﬁrlE) (17)
0% LBy

with the material interrelations

oo
I
=

H, (18)

: L L] _[TE] - [L E]-
S P S A B B 19
ts [CTRCT} {LBO} +|:CTRCBO:|]S (19)

I
1

~.
1
o)

This formulation accounts for eddy currents, while neclecting wave phenomena. In
the following we will omit the tilde notation, keeping in mind the necessary scaling
of physical quantities.

We are interested in the electromagnetics of accelerator magnets, such as used in
the Large Hadron Collider (LHC) at CERN]. Characteristic values for this applica-
tion are ]:

Bo=1Vs/m?, ¢*=8.98754957212-103(m/s)?
T=10"'s, L=10"'m.

In order for (I4) to be fulfilled also for critical values B, = 10~*Vs/m?, we must
require that
Ey < 10°V /m,

which is practically always the case. Typical values for the electric field are about
Ey =107V /m.

' Conseil Européen pour la Recherche Nucléaire (European Organization for Nuclear
Research); Geneva, Switzerland.
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Potential Formulations

In order to create an equation for a single vector-valued unknown, we introduce the
magnetic vector potential A as well as the electric scalar potential ¢.

Lemma 1. On a contractible domain, i.e. a domain containing no holes, for any
solenoidal vector field B there is a (non-unique) vector field A such that B = curl A.
Also for each vector field V, which is irrotational on such a domain, there is a (non-
unique) scalar field ¢ such thatV =V .

The lemma can be expressed in an elegant way in terms of differential forms (see
Sect. [2.2.4). For the proof, also in terms of differential forms, see ]. Since the
lemma is not valid on domains which are topologically non-trivial, we must not ex-
clude any cavities (non-conducting parts of the magnet) from our domain. However,
if we mind this, we may reformulate (I6):

B=curl A. (20)

The Maxwell-Faraday equation (IZ) now transforms to:

curl <E+ 3—1:) =0. 21

Applying the lemma once more we get:

E=-2-v. (22)

Plugging 20) and (22)) into (I3)-(T9) we obtain the equation

1 0A
curlﬁcurl A+x (% + V(p) = Js. (23)

However, this equation does not offer unique solutions for A and ¢. For any contin-
uously differentiable scalar field y the potentials can be modified without altering
the fields E and B:

A=A"+Vy, (24)
ay
o —
o= 5 (25)

In order to obtain unique solutions, we have to introduce a gauging condition. For
Finite Element Methods it is convenient to choose the so-called topological gauging
¢ = 0, which leads to the reduced equation:

1 0A
curl—curl A + k—=— = Js. (26)
u at
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However, note that this equation is only uniquely solvable on domains of conducting
materials (k > 0). On non-conducting subdomains we will make use of a regular-
ization, applied to the discretized equation, that does not alter curl A.

2.2 Differential Forms

The calculus of differential forms can be utilized to express differential equations
in a generalized way, which reveals geometrical invariants at play. For example the
classical differential operators V, curl and div are pooled in a single operator, the so-
called exterior derivative d. In the same manner the theorems of Green, Gauss and
Stokes are expressed by the more general Stokes’ theorem for differential forms:

/‘dd):/d). 27)
S as

In addition to a formal definition of differential forms, in order to allow for a better
acclimatization to this concept, we offer a more intuitive version [@].

2.2.1 Intuitive Definition

Informally speaking, a differential form is an integrand, i.e. an entity which can be
integrated. For example, consider a smooth function F : R — R and its derivative

dF
f*E~

Abusing notation for the sake of simplicity, we rewrite this equation, which leads

to: /fde/dF: /F:F(b)—F(a).
]

[a,b] |a,b] dla,b

The integrand fdx is called a 1-form, since it can be integrated over one-dimensional
intervals only. In the same tenor F is a O-form, which can be evaluated pointwise.
Similarly, for a three-dimensional scalar-field ¢ : R? — R we have

d d
do = a—()fdx—&- 8—;‘:@4—

29

dz,
0z <

which is a 1-form resembling V¢ and can be integrated over 1D curves in R?. Gen-
erally speaking, a p-form is an entity, which is meant to be integrated over a p-
dimensional manifold.

Keeping in mind that most physical measurements are of integral nature, we see
that differential forms are a meaningful representation for physical quantities.
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2.2.2 Formal Definition

Consider an n-dimensional manifold, i.e. a topological space .# C R", which can
locally be mapped to R” by homeomorphisms. These mappings, which are named
charts, determine the local structure of the manifold.

The vector space T.# consists of all vectors tangent to .# at point x € .4 :

T ={yeR"|3y:[-1,1] = 4, y(0) =x, Y(0) = y}. (28)

It can therefore be identified with R” itself. The definition (28] is a geometric
one. There also is a popular alternative, describing tangential vectors by directional
derivatives (see, e.g., ]). These concepts can be identified with each other. They
lead to two different definitions of differential forms, which again can be identified.
We will stick to the geometric description here.

A p-form @ is an antisymmetric tensor field of rank p over .#. At each point
X € . it evaluates to a multi-linear mapping taking p tangential vectors (more
precisely: a p-multivector composed of tangential vectors) as input and returning a
real number:

Ox): T X ... x Tedl — R.

Odd permutations of the arguments result in a change of sign. We will denote the
space of (differentiable) p-forms on a manifold .# by #?(.# ). An explanation of
derivatives of differential forms will follow in Sect. 22,4l Considering a submani-
fold A" C .#, a p-form on .4 is naturally induced by restricting the linear maps to
the product of tangent spaces of the submanifold.

We are not bound to Cartesian coordinates to express differential forms. A change
of coordinates locally induces a linear mapping in the space of tangential vectors.
The coordinates of a differential form transform covariantly to the basis of this space

]. We will make use of barycentric coordinates later on.

2.2.3 Integration of Differential Forms

In order to explain the integral of a p-form over a p-dimensional manifold, we need
some definitions first.

Definition 1 (Multivectors and wedge product). Let u,v € V be two vectors in
some arbitrary n-dimensional vector space V. The wedge product, or exterior prod-
uct, assigns a 2-vector u A v to the pair (u,v) € V x V. The wedge product is linear
in each factor:

ul(av+Pw) = aunv)+Bunw), (29)
(au+pBv)Aw=oa(uAw)+BVAw), YuvweV, Va,B eR. (30)

Also it is anti-symmetric
uhv=—vAu). 31
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From (29)-(@1) it follows that the wedge product vanishes, if its factors are linearly
dependent. In particular it follows that u A u = 0. The 2-vectors span a vector space

of dimension ( N
n nn—
(2) R (32)

which we will denote A2V. In the same fashion we can construct general multi-

vectors. Again, the wedge product is assumed to be linear in each factor. Under odd

permutations of its arguments it changes sign. 0-vectors are defined as scalar values.
The wedge product can be expanded to a product acting on multivectors:

p q p+q
A:AVxAV = AV, pgeN (33)
(I A AU ANVIA AV = Ui A AU AVIEA L Ay, (34)

Since differential forms are dual to fields of tangent multivectors, there is an analo-
gous definition for the wedge product acting on differential forms:

N FP( )< FUM)— FPT(M), p,qEN. (35)

If fact, each p-form, p > 1, is a linear combination of wedge products of 1-forms.
However, it is a common convention on notation to omit the wedges.

We will now introduce a concept that illustrates the connection between differ-
ential forms and scalar/vector fields. Strictly speaking this is not part of the calculus
of differential forms, but rather auxiliary.

Definition 2 (Vector proxies). If n < 3, the dimension of a multivector space AV,
0 < p < 3, and therefore also the dimension of a space of differential forms .Z7 (%)
on an n-dimensional manifold .# is either 1 or n. This allows for a bijective, linear
mapping between differential forms and scalar/vector fields. For a three-dimensional
manifold .# C R? the natural mappings are:

$o: 1 —1, (36)
C] : dx; — e, (37)
Cz : dxidxj — e, (38)
C3 0 dxidxjdxy — 1, (39)

where x;,x;,x; are the space coordinates up to even permutations and e;,e;, e are
the associated canonical unit vectors. We call {,(®) the vector (or scalar) proxy of
the differential form @. By duality we also obtain a version for (tangent) multivec-
tors, which offers an extrinsic description of manifolds, in contrast to the intrinsic
description offered by the tangent multivectors themselves.

Definition 3 (Simplices and barycentric coordinates). Consider the n-dimensional
Euclidean space R". A p-dimensional simplex S, 0 < p < n, is defined as the non-
degenerated convex hull of p+1 pointsx; e R",i=1,...,p+1.If p > 0, its bound-
ary is composed of p — I-dimensional simplices. The volume of § is given by
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[Sp (2 —x) A A Cpit —x1)) |

Vol(S) = p

(40)

Here ), denotes the proxy for a tangent p-vector. A special attribute of simplices is,
that they offer a canonical coordinate system, namely barycentric coordinates. Each
point inside the simplex is uniquely determined by

p+1

x= 2 Ai(x)xi, (41)
i=1

with linear coordinate functions determined by A;(x;) = &;;. As a consequence the
p + 1 coordinate functions sum up to 1 everywhere inside the simplex. For conve-
nience one can limit oneself to the first p coordinates, keeping in mind the relation

P
Apr1=1-Y A (42)

i=1

and its consequence (cf. Definition [Slin the next section):
p
dhpir = - . (43)
i=1

We will now explain the integration of a p-form @ over a p-dimensional manifold
A . We will pursue the following strategy [IE]:

e The manifold is partitioned by p-simplices S; on .#, strictly speaking by do-
mains which are mapped to p-simplices on R” by the manifold’s charts.

e For each simplex a point 7; in its interior is selected.

e We choose an arbitrary vertex x; of the simplex and compose a p-vector vp, out
of the p vectors x; —x;, k # j, in a way that the orientation of vp, coincides with
the orientation of the simplex. The simplex will be represented by (vp,/p!). This
turns out to be a linear approximation to the simplex.

e By evaluating @ in P; we obtain a p-covector @ (FP;) and @ (F;)|vp, is a real number.

e The integral is approximated by summing up the contribution of all simplices:

1 2DV (44)

e If we refine the partitioning mesh, and thus the grid size of the approximation
by tangent vectors, the sum on the right-hand side converges towards the actual
integral value.

Remark 2. Integration of differential forms over manifolds is often explained by
mapping the integrals to a parameter space and treating them in a classical way.
When doing this, one should keep in mind, that the integration of differential forms
is in principle a metric-free concept.
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2.2.4 Equation in Terms of Differential Forms

In order to obtain a formulation of our problem in terms of exterior calculus (), we
need to introduce some important operators acting on differential forms.

The trace operator t maps p-forms on a manifold .# to p-forms on its boundary,
i.e. on a submanifold of .#. As mentioned in Sect. this is done by a simple
restriction to the space of tangent vectors of the submanifold. However, the trace
operator can also be seen as a special case of a more general operator:

Definition 4 (Pullback). Let .# be an m-dimensional manifold, .#" an n-dimen-
sional manifold and ¢ : .# — .4 a smooth mapping. We define the pullback oper-
ator @™ by

o FP(N) = FP(MH), (45)
@+ @o Q. (46)

Note that the thus created differential forms ¢*(®) take tangential vector fields of
A as arguments. The name pullback results from the fact, that ¢* transports forms
from .4 to ., i.e. the “opposite” direction of the original mapping. The pullback
can be used to express changes of coordinates, if .#Z = 4.

Remark 3. For an embedding ¢ : d.# — .# we obtain the trace operator ¢. This
operator can be seen as a generalized Dirichlet trace acting differently on forms
of varying order. For an example in R? see Table 3l Other types of traces can be
constructed by combining ¢ with other operators (see Table [4] for the example of
1-forms).

The exterior derivative d has already appeared in several places, e.g. in Stokes’
theorem 7).

Definition 5 (Exterior derivative). The exterior derivative maps p-forms on an n-
dimensional manifold .# to p + 1-forms on the same manifold:

d: FP(M)— FPN ). (47)

A formal definition of d is given by

n
d=" dxi A (48)
i=1

d
8xl~ ’
where the x; are the coordinates on .# . It becomes obvious, that d is a linear oper-
ator. As we have mentioned before, the exterior derivative resembles classical dif-
ferential operators of vector calculus (see Table2)); strictly speaking these operators
can be described by ;1 odo Cp_l

Example 1. Consider a 1-form @ = adx + bdy + cdz. Applying the exterior deriva-
tive we get:
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Table 2 Vector proxies of the exterior derivative

p differential forms vector calculus
0 d’@ Vo

1 d'a curl o

2 d*n divn

b b b
do = (%dxdx—&- %dydx—k %dzdx> + (Q—dxdy—&- a—dyoly—&- a—dzdy>

dx dy dz dx dy dz
dc dc dc

+ (adxdm— 8—ydydz+ &—Zdzdz>
dc  db da dc b da

= (8_y — 8_z) dydz+ (9_1 - 5) dzdx+ (a - Q_y) dxdy.

One recognizes the curl-structure of the result and indeed &, (d®) = curl §;(®).

Theorem 1. The exterior derivative commutes with the pullback:
d(¢*®) = ¢"(d®). (49)

In particular this property holds for changes of coordinates and trace operators. The
former means, that the exterior derivative is independent of the coordinate system
in which it is computed.

Proof. This property can easily be checked for monomials. O

The calculus of differential forms, as treated so far, is a metric-free concept. We will
now add metric information with help of the so-called Hodge operator .

Definition 6 (Hodge operator). The Hodge operator linearly maps p-forms to
(n — p)-forms. It can be described by the way it acts on monomials, e.g., in two-
dimensional Cartesian coordinates:

. 1+—dxidx, —1, (50)
dx) — —dxy — —dxl,

and in three-dimensional Cartesian coordinates:

51
dxis dugdre s dvi, (76 €{(1,2,3),2,3,1,3,1,0). OV

. {1 — dxidx;dxy — 1,
The explicit construction of general Hodge operators is explained in ]. In general,
for any monomial p-form @ there is a n-form ® A *@, which coincides with the
orientation of the manifold and &,(® A *®) = (@, ®). Here (.,.) denotes the scalar
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product, which determines the metric introduced by the Hodge operator. The scalar
product of two vectors u and v can be expressed in terms of differential forms:

(v) = G @) A=GT W) = GG ) AT W) = (). (52)

For a positive definite metric the Hodge operator is self-inverse up to a possible

change of sign:
x® = (—1)P P, (53)

Often the Hodge operator is supplemented with a scaling factor, in applications
typically a material parameter, which is indicated by a subindex, e.g., *.

Table 3 Dirichlet traces from a 3-dimensional manifold to its boundary. Here X € €2 for
interior traces, n(x) denotes the outer unit normal vector to the boundary I" at x € I

p differential forms vector calculus

0 19 = 1 y
o (W®)(x)  lim 2@

1 e n(x) x ((700) (x) x n(x))

2 17 (o1)(x) -n(x)

3 t3f 0

Table 4 Traces for 1-forms/H (curl)-conforming functions (from a 3-dimensional manifold
to its boundary).

trace differential forms vector calculus

o e n(x) x (1) (x) xn(x))
Wo txd'a n(x) x ((yeurl o) (x) x n(x))
e t+ ' (100)(x) -m(x)

v txd* o (Ydiv o) (x)

In order to justify the potential formulation we need the converse of the Poincaré
lemma (LemmalT)).

Lemma 2 (Converse of Poincaré lemma). Let .# C R3 be a contractible domain.
Let @ be a p+ 1-form on # with d@ = 0. Then there exists a p-form &, such that
do = .

Proof. A constructive proof can be found in [|Il|]. O
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We can now translate (26) to an equivalent equation for differential forms. The curl
corresponds to an exterior derivative applied to a 1-form. Since curl A corresponds
to a 2-form, it has to be mapped to a 1-form. This is done by means of the Hodge
operator, while incorporating the material parameters. We arrive at

d*ﬁdAﬂ—*K%A:jS, (54)
where A is a 1-form and jg is a 2-form. The time parameter 7 stands out due to
the fact, that it is not incorporated into the differential form formulation. While this
would be possible by means of a four-dimensional space-time manifold, it would
lead to a space-time boundary value problem. Separate treatment of time allows for
a initial value problem with respect to time.

3 The Low Order Version

The principal idea of DEM is to discretize not only the differential forms themselves,
but also the operators occuring in the differential form representation (2). This is
done in a way that projects the equation to the space spanned by the shape forms
used for approximation. In contrast to Finite Element Methods no weak formulation
is used here. The appearance of discrete operators depends on the corresponding set
of shape forms. In low order DEM classical Whitney forms are used. These make
for a simple structure of the metric-independent operators.

We denote the space of Whitney p-forms of polynomial degree ¥ on a simplex
T, typically a tetrahedron, by Wé’ (T). The polynomial degree is to be understood in
the sense that

Z5(T) c W3 (T),

where ﬁS(T) is the space of all polynomial p-forms of degree % on 7. More-
over 7/15{) (T) contains additional p-forms of polynomial degree ©¥ + 1, so that the
space of corresponding vector proxies resembles Nédélec elements of first kind and
Raviart-Thomas-Nédélec elements respectively. The well-known low order space is
abbreviated with #/'7(T) = #(T).

3.1 Dual Complex

Classical Whitney forms are defined for simplicial complexes. Their degrees of
freedom are given by the values of their integrals over the corresponding sim-
plices. The continuity of Whitney forms across faces is limited to tangential con-
tinuity for 1-forms and normal continuity for 2-forms respectively. Therefore the
Hodge operator applied to a Whitney-1-form @ generally results in a 2-form
x@® without normal continuity across certain faces. Since it is not possible to
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assign a degree of freedom to *® for concerned faces, *® is no proper discrete
differential form on the given complex ]. Thus a topologically dual complex
is introduced [EI]. We will construct a barycentric dual complex, which is always
possible for simplicial primal complexes.

Definition 7 (Barycentric dual complex). Let C be a simplicial complex, S a p-
dimensional simplex and T a tetrahedron, both elements of the complex, with S C T.
Without loss of generality we can assume that S is described by the barycentric

coordinates
p+1

{A: Zl,-: L,A=0,i=p+2,....n+1}.
i=1
We denote the dual element of S by S. Its intersection SN T with the tetrahedron is
for p < n given by the barycentric coordinates

n+1
{A: hi=a,i=1,....p+1; Aj<a, j=p+2,....n+1; Y Li=1}. (55
i=1

We have n — p degrees of freedom for the coordinates, thus the dimension of S is
n — p. The (inner) orientation of S induces an outer orientation for S. We name the
complex composed of all dual elements S the dual complex C.

In general the dual complex is no simplicial one. Its elements may even have irreg-
ularities at the boundaries of the primal tetrahedra, e.g., broken edges are allowed.
A two-dimensional example is sketched in Fig.

Fig. 2 Parts of the dual face,
associated with marked
vertex, in primal triangles ¥

3.2 Derivative and Trace Operators

Since d#P(C) C #P*1(C) we can construct a discrete exterior derivative, that is
exact in the space spanned by Whitney forms. We are looking for an operator, which
maps degrees of freedom of p-forms to d.o.f. of (p + 1)-forms, which resemble the
derived form. Regarding Stokes’ theorem on a (p + 1)-dimensional simplex S

/ do = / @® (56)
S a8
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and recalling, that the d.o.f. of Whitney forms are their integral values over sim-
plices, i.e. co-chains, we recognize the relation of the discrete exterior derivative to
the topology of the complex. In fact the incidence matrix describing the topology
between p- and (p + 1)-simplices can also be used to map the degrees of freedom
for Whitney-p-forms to those of Whitney-(p + 1)-forms in the correct way. Keeping
this relation in mind, the fact that a boundary itself is boundary-free shows, that the
property
dod=0

is also valid for the discrete derivatives. For a set of (p + 1)-dimensional simplices
{Si} and a set of p-dimensional simplices {s;} the entries of the corresponding
incidence matrix are given by

0: s; ¢ 98,
=< 1: s;C dS;, orientations of s;j and S; match, 57
—1: s; CdS;, orientations of s; and S; do not match.

The incidence matrices for the dual complex are given by D" P~ = (—1)P+1(DP)T,

The construction of the discrete Dirichlet trace operator is even more simple.
Whitney forms defined on the boundary complex are themselves traces of those
Whitney forms not vanishing on the boundary and thus have the same d.o.f.’s. There-
fore the discrete trace operator simply eliminates those degrees of freedom which
are not located on the boundary.

While the trace operator corresponds to Dirichlet traces, other traces are assem-
bled from trace-, derivative- and Hodge-operators (see Tables 3] and 4.

3.3 Hodge Operators

Hodge operators are the only metric-dependent operators in DEM. On an n-dimen-
sional manifold they map primal p-forms to dual (n — p)-forms. In addition material
parameters can be incorporated. For the formulation of the quasistatic problem we
will need Hodge operators of varying dimension. The discrete Hodge operators re-
semble mass matrices as in Finite Element Methods [B]:

My = /ij?A*wf’, (58)
C

where Wf’ denotes the Whitney p-form associated with the i-th p-dimensional sim-
plex, v is a material parameter. For simplicity reasons, one can assume parame-
ters to be constant on each cell of the complex. For globally vanishing parameters,
e.g. electric parameters in the magnetostatic case, the whole matrix vanishes. The
integration is performed over the whole complex C. Nevertheless, the shape forms
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used have compact support, which leads to sparse matrices. In fact, low order DEM
is equivalent to FEM making use of Whitney elements?.

3.4 Pairing Matrices

Pairing matrices take on a special position, since they occur in the discretized equa-
tion only. They map degrees of freedom representing primal p-forms to d.o.f.’s
resembling dual p-forms, i.e. degrees of freedom localized on the dual complex.
Therefore quantities associated with the barycentric dual complex can be discretized
on the primal one instead. The pairing matrices for a complex C and its boundary
dC have the general shape:

[Pp}i,-:/wawf“’, i=1,...,Ns_p, j=1,...,N,, (59)
C

[P;’}ij:/zwﬁmwf*”, i=1,....,Ny , j=1,...N, (60)
aC

where N}, is the number of simplices of dimension k in the complex. Note that the
A-product does not resemble a scalar product. Since the integrand does not contain a
Hodge operator, the entries do not depend on the shape of simplices in the complex,
in contrast to those of the Hodge matrix.

The derivation of pairing matrices is related to the construction of the elements
inside the dual complex by chains of primal simplices [@]. We recall, that the relation
between the two complexes is a topological one. Due to this independence from
metrics the entries can be calculated a priori. In low order DEM all non-zero entries
of a single pairing matrix have the same absolute value, e.g. 1—12 for [P!] in three-
dimensional spaces.

3.5 Discrete Equation

We can now assemble a discrete version of (2) using the discretized operators. The
general discrete equation for time step k 4+ 1 is:

(—1)3_"[0"]T[M?I][D"]{Akﬂ} + [MgH{Aw1}

3 Tip2— ©1)
=[P+ IMgHAG = [TV (B "1y, B =

K
AT’
where f3 contains the electric conductivity k and the step size A7 from an im-
plicit Euler scheme for time discretization. For field-dependent permeability (1 an
additional nonlinear iteration is needed for each time step. For our problem we

have p = 1; one can see, that for example the Helmholtz equation (p = 0) has the
same shape. As mentioned before, this discrete formulation is equivalent to a finite

2 Qutside the calculus of differential forms we speak of Whitney elements rather than forms.
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element formulation, which means that FEM actually features pairing matrices and
therefore implicitly defined dual meshes [@].

For the magnetostatic case 3 = 0 the system matrix is singular. Keeping in mind
the discrete exact sequence property

Im(D”~1) = Ker(D"), (62)

we can define a regularization matrix R = c[DP~!][DP~!]T with a scaling factor
¢ > 0. The kernel of this regularization matrix is orthogonal to Ker(D?) and

rank(R) = dim(Ker(D?)).
Therefore we can add it to the system matrix without altering
{B} = [D"){A} (63)

and obtain a regular matrix.

4 Localization of Degrees of Freedom

Common higher order FEM shape functions feature degrees of freedom localized
not only on edges, but also on faces and cells. Although this concept can also be
used for the Discrete Electromagnetism, it does not seem naturaﬁ to locate d.o.f.’s
of p-forms on simplices of dimensions other than p. Several attempts have been
made to avoid this inconsistency [B, IE].

4.1 Small Simplices

An idea proposed by Alain Bossavit is to increase the polynomial degree of Whitney
forms by multiplying them by barycentric coordinate functions. In addition their
corresponding simplices are transformed into sets of so-called small simplices via
the k-map [20].

Definition 8 (k-map). Let S be a cj—dimeysional simplex, k = (ko,...,kq) € Né+1,
Then we can define the map k = (ko, ..., k) component-wise on [0, 1]:

ki(x) = (x+ ki) /(1 + [K]).

The small simplex S, originating from S, is defined by its barycentric coordinates
ki(A:), i=0,...,d, where A; are the barycentric coordinates of S. The corresponding
higher-order form is given by

3 Integration of p-forms over p-manifolds is related to the physical process of measuring a
field.



82 M. Fleck and S. Rjasanow
d _ e
wsx =ws [ A",
i=0

where wg is the low order form associated with S. Orientations are preserved for
simplices and forms.

Fig. 3 Small simplices
originating from a single O

triangle and its subsimplices & f

for |k| = 1. Note that the

upside down triangle is a

hole that does not belong O O

to the complex of small L . M

simplices.

Theorem 2. The spaces spanned by thus modified Whitney forms fulfill the three
requirements for spaces of higher order Whitney forms postulated in [14]:

{(®@eW(T),dd=0} =dw}l (T), 1<p<3, (64)
s (T) = WE(S), ifSisasubsimplex of T, (65)
PUT) Cc WF(T) C QZ{;H(T), (66)

where the first requirement states a local exact sequence property. These forms can
therefore be seen as a realization of Nédélec elements of first kind and Raviart-
Thomas-Nédélec elements respectively [@ .

Proof. W} (T) is spanned by the forms

d
_ _ 7 k;
WS‘,k = W§H}Li s 0= |k|
i=0
Since (63) holds true for lowest order Whitney forms and the vertices of S are a
subset of the vertices of 7, it follows by construction, that “//lf (S) is spanned by
ts{ws|S C S p-dim subsimplex, k; = 0 for all vertices not contained in S}.
IfS ,@ S or k; > 0 for at least one vertex not contained in S, it follows that
IsWsy = 0e 7/57(5)

Since (&6) is fulfilled by the lowest order Whitney forms and the barycentric coordi-
nate functions locally span the space of linear polynomials, its validity for arbitrary
¥ > 0 follows by induction.
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We postpone the proof of the exact sequence property until the end of the
section. O

Degrees of freedom of higher order Whitney forms can be localized on the small
simplices.

However, this approach has some shortcomings. In general the thus constructed
higher order forms are linearly dependent. This can be dealt with by eliminating
superfluous forms, and the small simplices associated with them, at the cost of sym-
metry.

Another point is that, although there exists exactly one (small) simplex for each
shape form, degrees of freedom are not located on these simplices themselves, but
rather on nontrivial chains (linear combinations) of them. In order to use them in
the given theory of DEM, one has to introduce additional transformation matrices,
which translate coefficients of shape forms to their integrals over small simplices
and vice versa.

Table 5 Number of 1-forms corresponding to small simplices on a tetrahedron and dimension
of spaces spanned ]

K| dim(V/Illl) #forms
0 6

1 20 24

2 45 60

3 84 120

For the proof of the exact sequence property we will need an additional lemma:

Lemma 3. For uniform polynomial degree 1 the exterior derivative maps from the
space of modified Whitney p-forms to the space of modified Whitney (p + 1)-forms:

dWP(T) c W)

Proof. This property is known for the usual Whitney forms (¢ = 0). We will prove
it for higher polynomial degree by induction. It is sufficient to do this for the shape
forms. Let w € #/J (T) be a shape form with & > 0. Thenw = A;7 with v € #) | (T),
i.e. the polynomial degree of 7 is @ at most. It is dw = dA;7 + A;d7. Since the state-
ment is valid for ¥ — 1, the second term lies in %/} *1(T). Since the mapping

Vs dAD
does not increase the polynomial degree of v, the first term is also in W§ +1(T),
which in particular contains all (p + 1)-forms of polynomial degree ¥. O

Proof (Exact sequence property). Let @ € #§(T), 1 < p <3, with d® = 0. Since
T is contractible to a point, there exists a (p — 1)-form & € .#7~!(T) with @ = da@.
Let oy € W§ ! (T) be the interpolant of & sharing the same degrees of freedom
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(on nontrivial chains of small simplices). Then @y = daw € #§ (T) according to
the lemma and by construction the degrees of freedom of @ and @y are equal and
therefore @ = @y . O

4.2 Higher-Dimensional Simplices

Degrees of freedom of p-forms on p-simplices are determined by simple integration.
On higher-dimensional simplices this direct approach is not feasible.

In [gE, 23] higher order degrees of freedom are defined for H(curl)- and H (div)-
conforming functions on edges, faces and cells separately. In terms of differential
forms they can be pooled in two types of d.o.f.’s for p-forms & on m-dimensional
simplices S:

JtdaNnxtdv; forh.o. S-based p-shape forms v; ¢ ker(d),m > p,
N(@) =< % (67)
[t At for h.o. S-based p-shape forms v; € ker(d),m > p.

s

Note that the correct trace and Hodge operators depend on the dimension m of S.
The trace for m = 3 equals the identity. The low order d.o.f.’s are included in (6Z))
form=p, *tv; = 1.

These definitions exploit orthogonality of fitting higher order shape forms and do
not require additional geometrical help concepts, like small simplices. However, the
physical meaning of the degrees of freedom is hard to decipher.

5 Higher Order DEM

A hierarchical set of shape functions, which uses the d.o.f. concept described in
Sect. was presented in [@ ]. Whitney elements are included as low order
functions. Higher order forms for simplices are defined by means of barycentric
coordinate functions and Legendre polynomials. In this section we will analyse their
impact on discrete operators, when used as shape forms for DEM.

Legendre Polynomials

For defining the higher order forms, we need several versions of Legendre
polynomials.

Definition 9 (Legendre polynomials). For 0 < i < ¢ the Legendre polynomials
Ii(x) are L,([—1,1])-orthogonal polynomials spanning P? ([—1, 1]). They satisfy the
orthogonality relation

/ WL () dx = 58 (68)
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Legendre polynomials can be evaluated via the recurrence relation:

lo(x) = 1a (69)
li(x) = (70)
(n+ Dl (x) = (2n—|—1) hW(X)x—nl,—1(x), n>1. (71)

Definition 10 (Integrated and scaled Legendre polynomials).
Let /j(x), x € [—1,1], i > 0 be the common Legendre polynomials. We define the
integrated Legendre polynomials:

_ / L1 (E)dE, i>2. (72)
-1

In addition, for a scaling parameter r € (0, 1], we define the scaled Legendre poly-
nomials and the scaled integrated Legendre polynomials by:

Beer) =1 (), xe [-nrl, 73)
L,-S(x, r)= FL; ();C) , X € [—nr]. (74)

In the following we define shape forms, which make use of the different types of
Legendre polynomials as well as barycentric coordinate functions of the tetrahe-
dron, both interpreted as O-forms.

Shape 1-Forms on the Tetrahedron

Edge-based forms
Form=1,...,6 we describe the edges E,, by their vertices E,, = [ey,, €m, ].
For lowest order we have the Whitney forms:

Wy = ey Aoy = Aoy, ey, - (75)
Higher order edge-based forms (resembling gradient fields) are given by:

(plEm = (L§+2(Zem1 - i’€m23i’eml + i’emz))3 0 S l S 1‘9Em - 1 (76)

Face-based forms
Form=1,...,4 we describe the faces F,, by their vertices F,, = [fu,, finy » fns]-
For 0 < i+ j < ¥, — 2 we define the help forms:

i = 1:15+2(7Lfm1 - mez’ifml +1fmz)’
Ui = Ay [} Qg = A A),

where Ar, = mel + ifmz + me3.
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Using these, we define a basis of face-based 1-forms:
Py = 4@).

o = (diy)v; — w(dv;), (77)
_Fp.3 3 3 3 3 _
005 = A, dAs, = Ay, dAg,, )V),

where @5"}’)‘ resemble gradient fields.

Cell-based forms
For 0 <i+ j+k < ¥¢ — 3 we define the help forms:

i1y = L} (A1 — Ao, A1 + Aa),
V=M 502A—(1- ), 1 - A4),
— Al —1).

Using these, we define a basis of cell-based 1-forms:

(p(cljl K d(ﬁiﬁjwk),

_Cjk (dﬁl)v]wk M,(dvj)wk + ﬁiﬁj(dwk), 78)
~C,2 _ - — N - . _
(ng"" (i, 0) (d )VjWk + u,'(de)Wk — u,-vj(dwk),

_%3] %) = ( dl] /ildiz)ﬁjwk,

where @ffjlk) resemble gradient fields.

Shape 2-Forms on the tetrahedron

Face-based forms
Form=1,...,4 we describe the faces F,, by their vertices F,, = [fu,, finy » fns]-
For lowest order we have the Whitney forms:

=2(Afm dAg,y, dA s, + Ay, dg,, g, +Ap, dAys, dAg,,)  (79)
For 0 < i+ j < ¥f, — 2 we define the help forms:
it = L}y (Mg = Ay Afs + Ay )5
v} - 2’fm (Z;Lfm z’Fm 9 iFm ) .

Using these, we define a basis of face-based 2-forms (resembling divergence-free
vector fields):
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_F _
5 —2di;dvy,

Wiy = — (g, ds, — A, dAy,, )dv; = 25d2y, dAg,, . ®0
Cell-based forms
For 0 < i+ j+k < ¥¢ — 3 we define the help forms:
i =L (A — M, A1 + ),
P =502k (1-4),1-A),
Wi = Aq (244 — 1).
Using these, we define a basis of cell-based 2-forms:
VG a = 20dd iy — 2mditgdv;,
1[/1‘;:;+ (i = 2Pt — 2V vy,
Vit = — Padhy = 2adAa)d(9)g) — 20 wpdd )

l/_/(Cd k) = uidede,

l/_/(COZ K = =7;(Aad Ay — Ayd2z)dviy,

l/_/((i)’,%),k) = Wy (/lld/lzd)@ + /1261136111 + 13d11d/12),

_Cc1  _C|I _C,1 .
where Vi in Vorstijn and v, Set(i4) resemble divergence-free vector fields.

Properties

The polynomial degrees ¥ of the shape forms can be chosen for each simplex seper-
ately. For uniform polynomial degree ¥g, = Of, = ¢, VI,m, these forms span
complete polynomial spaces (resembling Nédélec elements of second kind [17]).
However, these do not coincide with the spaces of higher order Whitney forms ac-
cording to [@] (resembling Nédélec elements of first kind and Raviart-Thomas-
Nédélec elements respectively [@]). In order to get a basis for W§ (T) one has to
omit the shape forms of polynomial degree © + 1, which lie in ker(D”).
In order for the d.o.f. to be dual to the shape forms normalization is required:

‘Nts(ﬁ) andNS( ) NS('Z)

= respectively.
Willacs) 1dvill 1, s)

N (@) =
In our case it is sufficient to use a reduced basis on Q \ d€Q by dropping the gra-
dient fields, since they do not contribute to B = dA. One has to keep in mind, that
approximation of the Neumann data, which are discretized using 1-forms as well, in
general depends on gradient fields. Therefore a reduction of the basis should leave
out boundary simplices.
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Discrete Operators

Assuming corresponding ordering of shape forms, due to the localization of degrees
of freedom on simplices of different dimension, the discrete higher order operators
have a distinct block structure best visible in the metric-independent ones.

The forms are chosen in a way, that for a p-shape form @ there is a (p+ 1)-shape
form d@. Then again these forms span the kernel of the proximate derivative oper-
ator. Therefore the exact sequence (€2) is fulfilled. Due to the two versions of N?
those degrees of freedom associated with the aforementioned p-shape forms are pre-
served under the exterior derivative. The appropriate discrete operator is composed
of its low order version and additional zero and identity blocks:

DP

il = | 0
HOl —

0

oo @

0
I, (82)
0

and fulfill [D¢'][DY,)] = 0.

Dirichlet traces of shape forms on tetrahedra are shape forms on triangles (except

for cell-based forms which vanish on the cell boundary). This leads to a simple
shape of the trace operator similar to that of the low order case. Also property (63)
is fulfilled.
On the other hand the structure of higher order pairing matrices becomes rather
complex compared to the low order case. Although entries can be calculated in
advance, there is quite a variety of possible entries due to a lack of symmetry in
the set of trial forms. For example triangle-based forms have a distinguished vertex
and do not neccessarily depend on the ordering of the remaining vertices. Therefore
in matrix blocks associated with shape forms, based upon simplices of different
dimension, the simplices’ relative position as well as their relative orientation have
to be taken into account. One can assemble the pairing matrices in a simple but not
very efficient way by using numerical integration.

As in the low order case discrete Hodge operators resemble FEM mass matrices.

6 Nonlinear Materials

Applications often involve ferromagnetic materials, whose magnetic permeabilities
vary with the magnetic field. Since this renders our equation nonlinear, an additional
iteration is required during each time step. Also, the material parameters are gener-
ally available only as a rather small set of data often suffering from measurement
errors. It is therefore helpful to reduce noise by smoothing or to use schemes that en-
force physical properties of the B-H curves, e.g. monotonicity. However, since the
parameters have to be recalculated in each iteration step, efficient approximation
methods are required.

The simplified model, we use here, is isotropic and neglects hysteresis. The mea-
sured data reflects the relation |H|(|B|) = |B|/1(|B]). The parameters required for
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the nonlinear iteration are v(|B|) = 1/u(|B|) and for the Jacobian of the system
matrix [H|'(|B|).

Linear interpolation of the corresponding B-H curve is the most simple way of
approximating magnetic permeability. It is often used due to its efficiency and good
results in noncritical parts of the material curve. Also, monotonicity of the data
is preserved. In the middle part densely distributed measuring points are recom-
mended. Anyway, in order to use Newton iteration schemes for dealing with the
nonlinearity a C'-approximation is needed.

More evolved approximation methods are usually based on higher order splines.
A general framework for shape-preserving interpolation and approximation is pre-
sented in [[10]. Specialized techniques for interpolation [12] or approximation [21]
of B-H curves usually feature preservation of monotonicity. An approach which
aims at the preservation of additional physical properties was presented in [IE].

5000 T T T T

T T T
IHI(1BI) ——
4500 |
4000 |
3500 |- R
3000 |- .

2500 —

IHI (A/m)

2000 _

1500 —

1000 - y

500 —

0 1 1 1 1 1 1 1 1
0 02 04 06 08 1 1.2 1.4 1.6

IBI (Vs/m?)

Fig. 4 BH curve for steel interpolated with cubic splines

7 Numerical Results

We illustrate the convergence behaviour of DEM with the help of numerical exam-
ples. We start by a comparison of the use of V/OP - and 7/11’ -forms in magnetostatics
on a cube [—0.5,0.5]* composed of linear material. The experimental rate of con-
vergence is given by

o logllB—By|| —log|B— By, |
logh; —loghy
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-0.25
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Fig. 5 Magnetoquasistatic example on a hollow cylinder made of nonlinear material. The
upper parts of the images show the field of magnetic induction B, the lower parts show its
magnitude. Top: after 50 timesteps (10s); Bottom: after 150 timesteps (30s).

where /; denotes the grid size at the /-th refinement step. We use a uniform refine-
ment with h; = 2h;, 1. Due to the non-uniqueness of A we need the regularization
mentioned in Sect. As can be seen in Table[6] the rate of convergence coincides
with that of an FEM, which makes use of the corresponding shape functions. The
apparent loss of one order is due to the fact that we examine dA (curl A) instead
of A.

Another numerical experiment has been performed for the magnetoquasistatic
equation (34). Time discretization has been realized by an implicit Euler scheme
with time step size 7 = 0.2s for the time interval [0s, 35s]. Fig.Blillustrates the evo-
lution of a magnetic field, approximated with #,"-forms, in a hollow steel cylinder
(D?(0,1) x [—5,5] with cavity D?(0,0.5) x [—5,5]) under influence of a direct cur-
rent in the center. Since we require a trivial topology, the cavity is included in the
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computational domain. The simplicial complex describing the cylinder consists of
126123 tetrahedra. We have to implement a localized version of the regularization,
we used before.

Measurements of the magnetic permeability were taken from T.E.A.M. ],
problem 13, and are interpolated by cubic splines. Inside the cavity, the permeabil-
ity is that of air: u = 1.2566375 - 10~%V's/Am. For the scaling of the problem we
choose the characteristic values By = 1Vs/m?, L = 10~'m and . = 1075Vs/Am.
We perform Newton iterations until an accuracy of 103 with respect to the residual
norm is reached. The number of steps required varies over the computation.

Table 6 Absolute Lp-errors and orders of convergence for the B-field (magnetostatic
example)

# tetrahedra 1% = 0: abs. Ly-error  eoc ¥ = 1: abs. Ly-error  eoc
12 0.059508 - 0.046127 -

96 0.026550 1.16 0.012083 1.93
768 0.011509 1.21 0.002815 2.10
6144 0.005558 1.05 0.000665 2.08
49152 0.002779 1.00 0.000160 2.06
393216 0.001397 0.99 0.000039 2.04

8 Conclusions

As we have seen, the calculus of differential forms offers a different angle of view
to known problems. While being equivalent to Finite Element Methods the Discrete
Electromagnetism reveals some of their hidden details, e.g. the implicit use of dual
meshes.

The d.o.f. used in higher order FEM methods also work well for DEM and can
be formulated in a more general way. Degrees of freedom located on simplices of
appropriate dimension may also be used, but increase complexity significantly.

From the viewpoint of application one can observe that the DEM for magne-
toquasistatics makes use of exterior derivatives and Hodge operators of different
degrees. One can imagine to expand a correspondent code to a toolset which is also
able to treat more general second-order PDE’s, like e.g. electrostatic problems.
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Additive Schwarz Methods for the /1p Version of
the Boundary Element Method in R?

Florian Leydecker and Ernst P. Stephan

Abstract. For the Galerkin matrices of the hypersingular and weakly singular
first kind integral equations on plane surfaces we present preconditioners obtained
by additive Schwarz methods. When those integral equations are solved numeri-
cally by the Galerkin boundary element method the resulting matrices become ill-
conditioned. Hence, for an efficient solution procedure appropriate preconditioners
are necessary to reduce the number of CG-iterations. We consider the ip version of
the boundary element method and show how to decompose the boundary element
spaces such that the resulting preconditioned Galerkin matrices have in the worst
case condition numbers which are only polylogarithmically growing with respect to
the discretization parameters, i.e. the mesh size 4 and the polynomial degree p.

1 Introduction

In this article we review additive Schwarz methods for first kind integral equations
on plane surfaces in R. We demonstrate with the benchmarks of Dirichlet and Neu-
mann screen problems how to perform the hp version of the boundary element
method and how to precondition the corresponding Galerkin matrices by suitable
decompositions of the ansatz spaces with the tool of the additive Schwarz operator.
For the & version, where accuracy of the Galerkin solution is achieved by reduc-
ing the mesh size, suitable additive Schwarz methods give preconditioned stiffness
matrices with bounded condition numbers; whereas in the p version where accu-
racy is achieved by increasing the polynomial degree the use of suitable Schwarz
preconditioners leads to only polylogarithmically growing condition numbers.
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For the hypersingular integral equation resulting from the Neumann screen prob-
lem we distinguish between rectangular and triangular meshes. For rectangular
meshes we describe a substructuring technique originally derived for the & version
BEM in [EI] and for the hp version in [B]. For triangular meshes as originally ana-
lyzed in [9] we present an additive Schwarz method for the p version BEM where
the boundary element space is decomposed into a global wire basket space (consist-
ing of nodal and side basis functions) and into a sum of local spaces given by the
bubble functions in the triangles. The p version of the Galerkin method on the tri-
angular mesh is done by using special low energy basis functions [@] together with
suitable polynomial extensions of vertex and edge functions into triangles (1,31

For the weakly singular integral equation with the single layer potential resulting
from the Dirichlet screen problem the p version of the Galerkin method is per-
formed by use of affine images of Legendre polynomials as boundary elements on
a uniform mesh. We present a splitting (introduced by HEUER in [@]) of the ansatz
space (where the latter consists of piecewise polynomials of degree p on a mesh of
size h) by introducing a coarse mesh of size H > h. When subtracting the piece-
wise constant functions on the coarse mesh this gives local subspaces of piecewise
polynomials living only on elements of size /4. This decomposition yields an ad-
ditive Schwarz preconditioner which bounds the spectral condition number of the
stiffness matrix by ¢'(log Z p)>2.

The problems under consideration are: the Dirichlet and the Neumann screen
problems of the Laplacian in R*\T", where I is a planar surface piece with polygo-
nal boundary. That is, given g or hon I" find u € H (R3\T') satisfying

Au =0 inQ:=R3\T, u= 0@ ") asr:=x|— e,
0

u—=g onl (Dirichlet) or a—” — h onI (Neumann).
n

The above problems can be converted into first kind integral equations on the screen
I' which are amenable for numerical solution procedures such as the Galerkin
boundary element method. Since for these first kind integral equations the Galerkin
stiffness matrices are ill-conditioned one needs good preconditioners for fast nu-
merical simulations. In order to derive bounds for the additive Schwarz precondi-
tioner one needs besides the mapping properties of the integral operator in fractional
Sobolev spaces a detailed analysis of these norms.

As shown in [[19] u solves the Dirichlet screen problem if and only if ¢ := [%} -

solves | |
Vo= g [00 dS = al) (xeT). M)
r

Furthermore there holds, see [IE], u solves the Neumann screen problem if and
only if ¢ := [u]- solves

1 0 0 1
Do (x) -‘—m—mr/ﬂﬁa—@m"%‘h()‘) (xel). @)
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The above integral operators
DAY s H V), v A= (VA) - VAT

are continuous mappings and lead to positive definite bilinear forms, with the in-

terpolation space H'/2(I") = H(;gz(l" ) = [L2(T"), H)(I')], ,, and the trace space

12
H'/2(I") with the norms
2 r o dt 71/2
”V”ﬁl/z(r) = [ K(t,v) Pl Ywe H/~(T), 3)
0
K(v? = int (1ol + 2l
and
v - inf ( w ) Q=RA\T.
IVl g2y . Wlla (o) \

In concise form we rewrite the above integral equations (1)) and @) as
Au= fonl 4)

where A: H%/?(I") — H~%/*(I") with oo = 1 when A =D and ot = —1 when A =V.
The boundary element Galerkin method for the above integral equations is now
formulated as: Find uy € Xy C H*/*(I") such that

a(uy,y) = (Auy,y) = (f,y¥) Yy eXy. (5)

It is well-known that the Galerkin matrices of the above first-kind integral equations
are ill-conditioned. When Xy = span{y,..., Wy} is the boundary element space of
an hp-version on a quasi-uniform mesh, then the stiffness matrix Ay := ((Ay;, ;) ;;
has a spectral condtion number x depending on the parameters of mesh size 4 and
polynomial degree p like k(Ay) = O(h~|*Ip?ely,

As the above integral operators V and D are building blocks in the symmetric
finite element/boundary element coupling one can obtain also efficient precondi-
tioners for the FE/BE coupling by using the additive Schwarz strategy, as described
below, for both the integral operators on the coupling interface and the differential
operators in the FEM-domain (see e.g. (5, ]). The additive Schwarz method con-
sidered here was originally introduced for integral equations on curves in a series
of papers by TRAN and STEPHAN [EL , , ,, ]. For the use of multiplica-
tive Schwarz methods to obtain preconditioners for first kind integral equations see

13,014, 1.
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2 Additive Schwarz Method — General Setting

In order to find efficient preconditioners for the Galerkin matrices in (3 we use the
framework of the additive Schwarz method. It can be shortly described as follows.

Given a subspace decomposition Xy = span {HyUH; U---UH, } and projections
P; : Xy — Hj which are defined with the help of bilinear forms

bj(Pi¢,w)=a(¢,y) VyecH,, (6)

then the additive Schwarz method for the Galerkin scheme (3) consists in solving,
by an iterative method, the equation

P¢N::(P0+"'+Pn)¢N:gN7 (7)
where the right-hand side gy is given by gy = X}_ g; with g; being solutions of
bj(gj,wj) = (f,w;)  forallw; € Hj,

see [@].

Note that (7)) is the preconditioned form of the equation (3). Here the additive
Schwarz operator P is given in matrix form as P = BAy with the preconditioner B
resulting from the specific subspace decomposition. Of course, the quality of the
preconditioner is reflected by the condition number of the preconditioned system.
To estimate this condition number the following estimates are commonly used [Iﬂ].

j=0 j=0
Vo3Ip = 0;: a(9,0)>cd bi(9;,9)) = Amin(P) >c,
Jj=0 j=0

and one is interested on the dependence of the bounds C, ¢ on the discretisation
parameters.

3 Additive Schwarz Method for the /1p-Version BEM for the
Hypersingular Integral Equation on Rectangular Meshes

Now we consider the hypersingular integral equation (). First we decompose the
screen I' into patches I'; which are further decomposed into quasi-uniformrectangu-
. = = = I = . L
lar pieces I';, I := Ule I, TI;:=U.,Tj. This induces a locally quasi-uniform,
non-overlapping decomposition of the boundary element space of continuous piece-

wise polynomials vanishing on the boundary ¥ of the screen I", namely

Xy = S},(I) = {ve C/(): v, € By(Tj).v=0 o}
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as follows. We have the building blocks

e a coarse mesh of shape regular, non-uniform subdomains (triangles/quadrilaterals)
I of diameter H;,

o a fine mesh of shape regular quadrilaterals I'}; of diameter /; which are uniform
on subdomains I},

e a locally quasi-uniform p-distribution on the elements where p; denotes the
maximal polynomial degree on I7;.

In order to obtain an efficient substructuring one has to consider also a splitting of
the ansatz functions in piecewise linear functions and polynomials of higher poly-
nomial degrees. If we use the standard basis functions consisting of antiderivatives
of Legendre polynomials then there is a strong coupling between side and interior
functions. This can be avoided by using the so-called discretely harmonic basis func-
tions, see [Ia], where a locally quasi-uniform hp-version of the boundary element
method for the hypersingular integral equation is analyzed. In [B] the following
splitting is used

e nodal basis functions: tensor products of the pth degree polynomial ¢y with
@o(—1)=0and @y(1) = 1 such that

”%”LZ(—I,I) = min ||‘I/||L2(—1,1)v ®)
y:degy=p
e side basis functions: tensor products of arbitrary polynomials along sides vanish-
ing at the end points and ¢ (perpendicular to the rectangular sides),
e interior basis functions: tensor product polynomials that vanish at sides and
nodes.

Altogether this defines a decomposition of the ip-ansatz space in

e acoarse level of bilinear functions on subdomains I'; (then interpolation to piece-
wise bilinears on the fine mesh consisting of subsubdomains I';),
o afine level of piecewise bilinears on the fine mesh consisting of

— a subspace of functions on the coarse wire basket %, the boundaries of sub-
domains I},
— subspaces of functions on subsubdomains Ij;,

e alevel of high degree polynomials consisting of

— asubspace of functions on the fine wire basket W, the boundary of the I';;’s,
— subspaces of interior functions on elements Ij;.

Note that the wire basket consists of all basis functions which are associated to the
nodes and the edges of the mesh.

This splitting of the boundary element space induces a splitting of the Galerkin
matrix for the hypersingular operators D into various sub-blocks which corresponds
to the additive Schwarz operator. We can put it into the abstract framework of Sect.
if we introduce bilinear forms b;(,-) as follows:
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e oncoarselevel: b;(-,-) = (D-,") ;2 (),
o on fine level:

— on coarse wire basket #: bj(+,+) = () 2 )
— on subdomains I'j: b;(-,-) = (D-,-)Lz(m

e on high degrees level:

~ on fine wire basket W: b;(-,-) = (-,-) 12w
— onelements I};: b;(-,) = (D-,-)Lz(rji)

Since the operator D defines a positive definite and continuous bilinear form
(D+,+)2(r) on the screen I', where the L?-inner product is understood as duality

between H'/2(I") and H~'/2(I"), the above subspace splitting corresponds to a do-
main decomposition in A 1/ 2(F ). Making use of the definition of the norm (@) one
can show that the above subspace decomposition fits into the abstract framework of
Sect. 2 yielding for the corresponding additive Schwarz operator a condition num-
ber x(P) which grows only polylogarithmically with respect to the discretization
parameters H;, hj and p;.

Theorem 1 ([6]). k(P) < Cmax;(1+log H,’I—f’)z with a constant C, independent of
Hj, hj, Pj-

We emphasize that the boundary element method produces stiffness matrices which
are in general fully occupied which means that even functions with disjoint supports
are coupled via the integral operator. Therefore, when performing a domain decom-
position to create a preconditioner, one not only decouples adjacent subdomains but
also neglects the coupling of functions in subdomains which are not adjacent. The
latter coupling is not present in the finite element method. However, this coupling
is always present in the boundary element method, and therefore the theoretical
bounds for the extremum eigenvalues are most often just asymptotically obtained
from the experimental results and are not obvious as in the finite element method.

The numerical experiments in l6] are carried out by computing the entries of
the stiffness matrices by analytical recurrence formulas, see MAISCHAK (11]. The
condition numbers are computed by reducing the matrices to tridiagonal form and
by calculating the minimum and maximum eigenvalues via the QR-algorithm. For
this we use standard LAPACK routines.

For our model problem we choose I” to be the square plate (—1/2,1/2)% x {0}
and we use uniform meshes of squares of size 4. For the polynomial degree dis-
tribution in Table [I] we consider a uniform method (for a locally uniform and a
non-uniform method, see [Ia]). For the uniform method the same polynomial degree
is used everywhere.

Table [Tl presents the number of iterations of the conjugate gradient method which
are necessary to reduce the initial residual by a factor of 107°. The results demon-
strate the efficiency of the additive Schwarz preconditioner as the iteration numbers
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Table 1 Iteration numbers for the hypersingular integral equation

1/h p N CG(SB) CG(DH) PCG 1/h p N CG(SB) CG(DH) PCG
22 9 3 3 3 3 2 25 6 6 6
4 2 49 10 10 10 3 3 64 11 10 9
6 2 121 25 16 12 3 4 121 40 27 10
8 2 225 40 20 13 3 5 19 67 43 11
10 2 361 49 24 13 3 6280 118 65 12
12 2 529 56 27 13 3 7 400 161 89 13
14 2 729 58 29 13
16 2 961 64 32 13

in columns PCG are substantially reduced. It appears that the iteration numbers
depend only slightly on the ratio 1/A and on p. This all holds for the uniform /-
and p-versions. We use the basis functions as introduced directly after (8). For our
implementation we use antidervatives of Legendre polynomials on the sides that
vanish at the endpoints of the sides. The basis functions given above are specifically
chosen to ensure the efficiency of our preconditioner. In a standard /#p-boundary el-
ement method, where the convergence does not depend on the basis functions (only
on the approximation space), one would use simpler basis functions. These basis
functions are referred to as the standard basis functions (SB). They differ from the
basis functions above (used in the preconditioned conjugate gradient method PCG)
in replacing the (p(‘)7 components by affine functions. That means, on the reference
interval (—1,1), we use for the standard basis (SB) the affine functions @ (x) and
@} (—x) instead of the polynomials ¢} (x) and @} (—x) of full degree. The corre-
sponding results in Table[Tl are indicated by (SB).

As Table[Ilshows discretely harmonic polynomials (DH) already reduce the iter-
ation numbers significantly compared to the case of standard basis functions (SB)
where antiderivatives of Legendre polynomials are used as edge functions and their
tensor products as bubble functions. In Fig. [l we display examples of discretely
harmonic polynomials (originally introduced by PAVARINO and WIDLUND [IE]) of
degree 8 for vertex, edge and interior of the rectangles. They are tensor products of
the following functions:

e nodal components ¢y € P,(—1,1) as in (8):
||‘P0||L2(—1,1) = H}P}HH(PHLZ(—LU’ (1) =1, (1) =0.

e inner components @; € IP’?,(—I, DG@=1,...,p—1):

1 1
/ ®! () (x) dx = 7 / O (x)v(x)dx W e PY(~1,1)
21

i
—1
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e edge components ¢; € Pp(—1,1) i=1,...,p— 1) @i(—1) =0, ¢;(1) =1):

)L(P) !

1
Jolew@av+ 2= [atovax=0 wep),
-1

05

//

7777

e ,II';‘\~
RN AN
!!!.'"‘Q“v‘-w""lil"“i."\\,
N
NN

Fig. 1 Discretely harmonic basis functions (nodal, edge, interior) for p = 8.

4 Additive Schwarz Method for the p-Version BEM for the
Hypersingular Integral Equation on Triangles

Let us consider on the screen I a quasi-uniform mesh of shape-regular triangles I,
i=1,...,n. Commonly in the p-version one uses piecewise polynomials on triangles
as follows. Let 7 = {(x,y) : 0 <y < 1—x,0 <x < 1} denote the reference triangle
given in Fig.[2land let .%, be the antiderivatives of the Legendre polynomials L,

1—x _1—|—x

fo(x):T, 2 (x) 7 xe[-1,1]
Hfa) = L2 1 )ay
~1

Then standard basis functions on the reference triangle for the p-version are

Poo(x,y) =1—x—y in lower left corner
dro(x,y) =x in lower right corner
do1(x,y) =y in upper left corner
Ko (x,y) = Zi(x) =y Zi(x), 2<k<p on lower edge

o (x,y) = Z(y) —xZi(y), 2<1<p on left edge

O (6,y) = Zipi(x)y, 1<k<p—1 on right edge
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with the transformed antiderivatives
Zi(x) = L(2x—1), Zi(x) = Z(x)/(1 —x),k>2, x€[0,1].

As in the case of rectangles also on triangles there is a strong coupling between
vertex/side functions and interior functions. To reduce this coupling one uses again
low energy functions and polynomial extensions from the triangle sides into the
interior of the triangle. On the interval [0, 1] the low energy functions of degree p
are defined as ¢ € P,(0, 1) with ¢(0) =1, ¢o(1) =0 and

90ll2(0,1) = o %})1%1 120,10, 9(0)=1,¢(1)=0.

In the following we describe the construction of the basis functions for the triangles.
An essential tool are polynomial extension operators from one side of a triangle into
its interior. To construct vertex and edge basis functions the extension operators have
to have the property to preserve zeros in the vertices.

y
(0,1)

b
L

(x,y)

L

0,00 x x+y (1,0)

Fig. 2 The reference triangle T

For f € Py (I) we define extension operators (see also , , ]) from I; by (cf.
Fig.2)

Bl f, /f it (0) =0,

E3f(x,y) : %H/%dz, if £(1) =

x+y
E'f(x,y) i= x(l_yx_y) / t({(i)t) dr, if £(0) = f(1) =0.

X
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.25 0,
y 0,0 0,0 x

Fig. 3 Low energy basis functions (nodal, edge, interior) for p = 4.

All these extensions are polynomials of degree p on T and there holds E 11 f=fon
Il,Ellf:OonI3;E21f:fon 11,E2'f:00n12; Elf:fonll,E'f:Oonlz
and I5.

Analogously one can define extension operators for the other edges of the refer-
ence triangle.

For the construction of a vertex function we perform the following steps (here for
the vertex V; = (0,0)). First we use the above defined low energy functions and set
uly, = ulr, = ¢o and u|;, = 0 and extend it into the interior of 7', that is u; := Ezl 0o,
g i=uilp, Uy = E3(g2— @), u := u; — uy. The other vertex functions are defined
analogously.

For the construction of edge basis functions we extend the antiderivatives of Leg-
endre polynomials by E'. As interior (bubble) functions we use as above

L (26— 1) 2y 1)
1—x 1—y

B (x,y) = (I-x—y), 1<k2<Lk+I<p.
An example of such low energy basis functions created by the above extension pro-
cedure is plotted for p = 4 in Fig.[3l

Finally we modify the space of wire basket functions to contain the constant
function. We redefine the vertex and edge functions as follows. Let u € P,(T) be
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decomposed as u = 21‘3:1 iy, + Z?:] iif, + iir. This splitting defines an interpolation
operator IV from IP,(T') onto the space of wire basket functions by

3 3
= Zﬁv[ + Zﬁ]
Py pay

As the vertex and edge functions do not contain the constants a further interpolation
operator is needed, namely

faT u

oV

Note that, I maps a constant function onto itself. By applying this map to the
edge and vertex functions (defined above with the specific extension operators) we
obtain a new basis where uy, = I" iy, and u;, = I"ii;,, i = 1...3, whereas the bubble
functions are not changed.

With these special basis functions we perform in [@] on a triangular mesh a sub-
space decomposition of the p-version boundary element space S5 (I") = {u;ul;; €
P,(I7)} where the screen I is the union of triangles I;. Our decomposition is

u=1"u+Zay, where Z :=1—1"1anday

SP(I')=Hy+Hy +---+H, )

with the space of wire basket functions Hy, i.e. all basis functions which are associ-
ated to the nodes and the edges of the mesh, and the space H; of interior functions
onT; (j=1,...,n),1ie. functions that are zero on all edges (triangle sides).

For the interior spaces Hy, ..., H, wesetb(v,w) := (Dv,w) 2y Vv, wEH;}, j=
1,...,n. For the wire basket space Hy we take by(v,w) := (Dv, W>L2(r) ,»,w € Hy or
bo(v,w) := dw (v,w),v,w € Hy where the L*-bilinear form dy is defined as

n
aw (v,w) := (1+1logp)? D Cig%(v —CisW = Ci) 2 (wy)-
=16
Using these bilinear forms we prove in (9] the following theorem.
Theorem 2 ([@]) With the splitting u = uw + Y, ur; € SH(I") where uw € Hy and

ur; € H; there exist constants Cy, Cy independent of h, p and u such that

n
Co(1+logp)~ <b0 uw  uw ) 2 (Dur;, ur;) 2 )>< (Du,u) 21

n
<G (bo uw  uw) 2 Dur;,ur;) 2 ))

In terms of Sect.2lthe additive Schwarz operator is defined by the subspace splitting
(@ together with the projections P; : Sy (I') — H;(j =0,...,n) defined for v € S/(I")
by bj(PjV, (p) = <DV7 (P>L2(F) Yo € H;.
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Thus Theorem 2] implies for the minimum and the maximal eigenvalues of the
additive Schwarz operator Py that

Aamin(Pas) > Co(1+10gp) ™, Amar(Pas) < Cy
yielding for its condition number with a constant C > 0, independent of / and p,

Amax(Pas) _
mem (PAS)

The main tool of the proof of Theorem P] are the special polynomial extension op-
erators Ell, E, etc., introduced above. Concerning these operators there hold the
following bounds:

K(Pas) = <C(1+logp)*.

Theorem 3 ([3]). For f € P,(I) with f(0) = O there holds

IEL (D g2y < € (1 +1ogp) 21 f1l 2)- (10)

For f € P,(I) with f(1) =0 there holds

1E3(f )HHl/Z (Th) = <c(l ‘Hng)l/z ||f||L2 (1D

For f € P,(I) with f(0) = f(1) = 0 there holds

1E (F) vy < € (1 +10gp) 2|l 20 (12)
The constant C above is independent of p and f.
Application of these bounds implies the following extension theorem.

Theorem 4 ([B]). Let T be a triangle and let 7y be one of its sides or the union of
two. Then, for a given continuous function f on dT which is a polynomial of degree
up to p on each of the sides and which vanishes on Yy, there exists an extension U on
T such that U is a polynomial of total degree up to p, U = f on 0T and

Ul g2z < C(1+10gp) 1 fll 207 (13)
Here, the constant C > 0 is independent of f and p.

Further ingredients of the proof of Theorem[2are the use of special norms on trian-
gles already introduced in]. On the reference triangle 7', for u = 0 on edge I; we
take

2y 3= 2y + 172

v(x) —v)I?
= ds,ds,.
|V|H1/2 T/T/ |x_y|3 x oy

Ul

where
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When u = 0 on the edges I; and I; then

2 . 2 —1/2 12 —1/2 12
Vb2 ) 3= 15y + 02l + oyl

where p;, p; denote the distance to I;, I}, respectively. Furthermore there holds the
norm equivalence

(DVv,v) 2y = ||V||2~1 2y — |V|21 2y T M *
V) L2(T) a'2(r) HY2(I) / dist(x,dI)

As amodel problem we choose the scaled domain I = (—1/2, 1/2)?, take a uniform
mesh consisting of 8 right-angled triangles and perform the Galerkin scheme (3))
with the right hand side # = 1 in (2)). The uniform polynomial degrees are increased
from 1 to 6.

In Fig. @ the condition numbers of the Galerkin matrix with preconditioner are
plotted. Here we consider only the preconditioner using the modified L2-bilinear
form 4y for the wire basket space. This is the practically relevant case and the other
preconditioner (using the energy bilinear form) behaves analogously. In the plot we
also give the curve of (1 +1logp)*, and the numerical results behave similarly in the
given range of p. Exact numbers are listed in Table [2] together with the condition
numbers of the un-preconditioned stiffness matrix. We also give the iteration num-
bers of the conjugate gradient method that are needed to reduce the /;-norm of the
initial residuals of the preconditioned/un-preconditioned linear systems by a factor
of 1078, The zero vector is taken as initial guess. As expected the iteration num-
bers increase only moderately when one of the preconditioners is used and grow
substantially without preconditioner.

In Fig.[5lwe present from [@] condition numbers of the preconditioned matrix for
the A-version using uniform meshes and different polynomial degrees. The results
confirm the asymptotic independence of the condition numbers on /.

Table 2 Condition numbers and iteration numbers for the p-version without and with pre-
conditioning (using the L2- and the energy bilinear form) [IQ]

DOF cond(w/o) niter cond(pre, L?) niter cond(pre, H /2y niter

p
1 1 0.100E+01 1 0.100E+01 1 0.100E+01 1
2 9 0.781E+01 6 0.561E+01 7 0.100E+01 1
3 25 0.734E+02 29 0.443E+02 18 0.547E+01 11
4 49 0.739E+03 100 0.745E+02 34 0.796E+01 17
5 81 0.102E+05 315 0.112E+03 44 0.103E+02 22
6 121 O0.189E+06 993 0.150E+03 56 0.124E+02 27
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Fig. 4 Condition number of the preconditioned Galerkin matrix, p-version

200 b

condition number
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X

100 - b

60 —

number of unknowns

Fig. 5 Condition number of the preconditioned Galerkin matrix, 4-version

5 Additive Schwarz Method for the /1p-Version BEM for the
Weakly Integral Equation

Now we consider the first kind integral equation (). For simplicity we introduce
a quasi-uniform mesh as indicated in Fig. [6] and take polynomials of degree p on
the subsquares I'; where r= U§:1fj~ The boundary element space of globally dis-
continuous polynomials Xy := 5271,(1“) = {¢ € L*(I); Olr; € Pp(I3)} is further
decomposed via the patches G; with I" = U} | G; as
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Fig. 6 Mesh for the weakly singular operator

Xy = span {S%’O(F)@Hl@"'@Hn} (14)
where
H; = {¢ € Xy \ Ho; supp(¢) C Gu/‘f’ =0}, Hp:= S%,o(r)-
G;

For the corresponding additive Schwarz operator there holds the following result by
HEUER [2] where A o(I") is the space of constants on the patches.

Theorem 5 (Heuer, 2001). For the condition number of the additive Schwarz oper-
ator belonging to the subspace decomposition (I4) of the boundary element space
of the single layer potential there holds

x(P) SC(1+log%(p+l))2

where the constant C is independent of H, h and p.

The proof in [@] uses the following building blocks. Here
a(9,0) = (Vo,d)r

is equivalent to || ¢ ||% Thus giving in terms of Sect. 2lbounds for the minimal

g-1/2 (ry’
and maximal eigenvalues of P via the inequalities

161312 <cz||¢|c 1312, (016 €A72(G)).

2 101,12 126,y < N1y (0 €HTVAID)).
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Furthermore the following relations are used

and

HOPG) = (A2G) = (Hy(G)) (0<s<1/2),

¢(x)

v\ L .
dist (x.9G)) 219l

12(G)) (1/2— Is])

1013, = 19136, + \

For the piecewise polynomial ¢ there holds

Thus setting € :=

c Cc. _
||¢||1:1—]/2(G_,-) < ||¢||1-”1—1/2+€(G_,) < E||¢||H—1/2+E<Gj) < Eh £P28||¢||H—1/2(Gj)-

og -

101l g-1/2(6,) < o(1 +log = )||¢||H 12(G

which gives the assertion.

Remark 1. For the pure h-version we also refer to [@] where a two-level method
has been investigated. There, a bound &((H /h)?) for the spectral condition num-
ber of the additive Schwarz operator has been proved. Taking p = 0 the above re-
sult by Heuer gives here an improved bound for the spectral condition number like
O(logH /h)>.
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Fast Boundary Element Methods for Industrial
Applications in Magnetostatics

Zoran Andjelic, Giinther Of, Olaf Steinbach, and Peter Urthaler

Abstract. For the solution of magnetostatic field problems with industrial appli-
cations we consider several boundary integral formulations for a scalar potential
ansatz. The presented fast boundary element methods are capable to deal with sim-
ply and multiple connected domains, large jumps in the magnetic permeabilities,
and real-world examples. We compare the formulations on the basis of several nu-
merical examples taking into account accuracy, efficiency, and robustness.

1 Introduction

One of the challenging problems in engineering and industry is the efficient, accu-
rate, and robust numerical simulation of magnetostatic field problems. This covers
a robust handling of complex real-world single or multiple connected structures
with geometrical singularities at corners and edges, the treatment of small gaps and
jumping material parameters, nonlinearities, and the coupling with other physical
fields.

The magnetostatic field equations are considered as a model problem, where
some magnetic material is placed within a bounded domain, and where a prescribed
source of magnetisation (current carrying conductor or permanent magnet) is ap-
plied in the surrounding unbounded air domain. Compared to finite element meth-
ods, see, e.g., [@, , , @, ], there are several boundary element methods around,
see for example [E, , , , , , , , @], for the numerical solution in par-
ticular for linear magnetostatics in unbounded domains. This paper aims to present
a unified approach for the solution of magnetostatic field problems by using a scalar
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potential and Galerkin boundary element methods for the discretization of differ-
ent related boundary integral equations. In fact, we will consider several direct ap-
proaches which result either in first or second kind boundary integral equations.
While on the continuous level all boundary integral formulations are equivalent to
each other, this does not remain true in the discrete case. By comparison we will rate
the different boundary element approaches with respect to their accuracy, efficiency,
and robustness to deal with multiple connected computational domains, complicated
structures with small gaps, and large jumps in the magnetic permeablity.

This paper is organized as follows: In Sect. 2} we derive the transmission prob-
lem of a scalar potential ansatz for the linear magnetostatic field equations, and
we present a choice of four boundary integral formulations to solve this transmis-
sion problem. Based on the interior and exterior representation formulae and related
boundary integral equations, the Steklov—Poincaré operator interface equation is de-
rived to determine the unknown scalar magnetostatic potential on the interface. A
linear combination of the interior and exterior representation formulae results in a
representation of the scalar potential by the single layer potential. The related sec-
ond kind boundary integral equation is based on the adjoint double layer integral
operator. Another linear combination of the interior and exterior boundary integral
equations results in a second kind boundary integral equation with the double layer
integral operator. We present a direct and an indirect approach to solve the involved
auxiliary problem to include the prescribed current density. The unique solvability
and the equivalence of all boundary integral equations on the continuous level are
highlighted and some modifications are described for the particular case of a simply
connected domain.

In Sect. Bl we describe the boundary element discretization of all considered
formulations in detail. We use Galerkin variational formulations and data—sparse
approximations of the boundary element matrices implemented by the fast multipole
method [IE IE]. In addition, we explain the evaluation of the magnetic field for the
presented formulations.

Finally, all considered approaches are evaluated for several numerical examples
in Sect.[d Starting with two academic examples, a sphere and a cube, to check for
the asymptotic convergence behaviour, a simply connected and a multiple connected
domain are considered for the interior point evaluation. An example of industrial
interest, a controllable reactor, shows the same effects, which were observed in the
previous examples, but to extremer extent. Finally, we give some conclusions in
Sect.

2 Boundary Integral Formulations for Transmission Problems

In this section we present several boundary integral equations to solve the linear
magnetostatic field equations based on a scalar potential ansatz. While one formu-
lation is motivated by a domain decomposition framework, the others are based
on global representions of the solution by boundary potentials. Although, at a first
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glance, the latter can be considered as indirect approaches, we derive these formula-
tions based on a direct approach for both the interior and exterior subproblem, see,

e.g., ].

2.1 Model Problem

As a model problem, we consider the magnetostatic field equations
curl H(x) = j(x), divB(x)=0, B(x)=pu(x)H(x) forxecR? (1)

where j is a prescribed current density; B and H denote the magnetic flux density
and the magnetic field intensity, respectively. For simplicity in the presentation, we
consider just one magnetic material occupying a bounded Lipschitz domain Q C R3
and surrounded by the unbounded air domain Q¢ := R\ Q. In particular, we assume
a piecewise constant magnetic permeability

p(x) =t = popty forxe€ Q, px)=po forxeQ 0<po<p,

with a relative permeability W, and U is the permeability of vacuum. In addition,
the transmission conditions

[B(x) -1y |xelr = 0, [H(x)xn, |xelr = 0 (2)

have to be satisfied where n, denotes the exterior normal vector for x € I’ = 9Q
almost everywhere.

We apply a scalar potential ansatz to solve the magnetostatic field equations (T)).
The magnetic field H is splitted into a particular solution H; and a potential field to
obtain the representations

H(x) =H;(x) ~Vo(x), B(x)=p()MH;(x) - Ve(x)] forxeR’. (3)

We assume that the support V of the current j is located somewhere in the exterior
domain €. A particular solution is then given by the Biot—Savart integral

=y an PEE

o l £ 1 o _
Hj(x):curlx/a ‘](y)y|dy /j(y)x 7Y 4y forxeR3. (4)
|4 |4

By construction there holds
curlH;(x) = j(x), divH;(x)=0 forxecR’.
The remaining vector field Hy := H — Hj; satisfies

curlHo(x) =0, divB(x) =0, B(x)=u(x)[Ho(x) +H;(x)] forxcR3 (5)
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which can be represented by the scalar potential
H(x) = —Vo(x) forxe R
The homogeneous problem (3) is then converted to the potential equation
—div[u(x)Ve(x)] =0 forxe R

Thus, the local restrictions @) = ¢ and @y = @|q¢ are solutions of the local partial
differential equations

—A@(x) =0 forxeQ, —A@y(x)=0 forxeQ° (6)

satisfying the radiation condition
1
%(x)zﬁ(ﬂ) as x| — oo Q)
X

and the transmission boundary condition

01(x) =@p(x) forxerl. (8)
From the continuity (2) of the normal component of the magnetic flux B we con-

clude a second transmission boundary condition, i.e.,

J d
ng—mc(Pl(X)—I«loa—m(po(x):(u]—HO)Hj(x).nx forxeT. )

2.2 Steklov-Poincaré Operator Interface Equation

We briefly describe the representation formulae and the related boundary integral
equations of the exterior and of the interior Laplace equation (@)). For the mapping
properties of the involved boundary integral operators, see, e.g., [IE, , ].
Finally, we derive a Steklov—Poincaré operator interface equation to solve the con-
sidered transmission problem.

2.2.1 Interior Steklov—Poincaré Operator

In a direct approach, the solution of the interior Laplace equation in (@) is given by
the representation formula

1 1 1 d 1
¢1(x) = E{/Htl(y)dsy_alja_nyh—_y'(pl(y)dsy forxe Q2 (10)

where #; denotes the interior conormal derivative

1 (x) == Qlai)rzri)xnx Vi1 (%) foralmostallxeTI.
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When considering the limit x — I" of the representation formula (I0), we obtain the
weakly singular boundary integral equation

(V) (x) = (oI +K)pi(x) forxel, (11)
where forx € I | |
Vit =— [ ——=t(y)ds, 12
Vi) = gz [ ey s (12)
r
is the single layer boundary integral operator and

1 d 1
(Ko = ;- r/ T Ty P 0, (13)

is the double layer integral operator. In addition we have, due to the jump relation
of the double layer potential, the solid angle

o(x):=1 ! / ds,y.

= m —
£—0 41E?
yeQ:|y—x|=¢

Since the single layer potential V in (T} is invertible, the interior Steklov—Poincaré
operator S defines a unique Dirichlet to Neumann map by

1(x) =V (eI +K)pi(x) =: (S1¢)(x) forxeTl. (14)

When considering the interior conormal derivative of the representation formula
(1I0), we end up with the hypersingular boundary integral equation

t1(x) = (D@y)(x) + (6l +K')ty (x) forxe T, (15)

where in addition to the adjoint double layer integral operator
(K't)(x) 1/‘9 L o()ds, forxel (16)
X)=— [ =—7—— s X ,
! 4m 8nx|x—y|(p1y y
r
we use the hypersingular boundary integral operator
1 d Jd 1
D =——— [ =———v(y)dsy, forxerl.
(Dv)() 41 In, / dny |x —y| v(y)dsy forx
r

Plugging the Dirichlet to Neumann map (I4) into the hypersingular boundary in-
tegral equation (I3) admits an alternative representation of the interior Steklov—
Poincaré operator

Sy =V Y (cI+K)=D+ (cI+K)V (oI +K) (17)
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which results in a symmetric approximation of the self-adjoint operator S; after a
suitable boundary element discretization, see Sect. 3.1l
2.2.2 Exterior Steklov—Poincaré Operator

Similar to the interior problem, the solution ¢ of the exterior Laplace equation in
(@) is given by the representation formula

1 1 1 0 1
= - I — [ = f Q°
@o(x) 4771,/ |x_y|to(y)dsy+4ﬂl/ o \x—y|¢0(y)dsy orxc (18)

where 1y denotes the exterior conormal derivative

fo(x) := chiar;lﬁxnx -Vz@o(%) foralmostallxeT .

The corresponding boundary integral equation reads as
(Vig)(x) = ((c — DI+ K)@po(x) forxeTl, (19)
and therefore the related exterior Dirichlet to Neumann map is given by
to(x) ==V (1= 0)—K)po(x) =: —(Sogo)(x) forxeTl. (20)

Again, the conormal derivative of the representation formula (I8) results in a hyper-
singular boundary integral equation

1o(x) = —(D@1)(x)+ (1 —0)[— K')tg(x) forxeT. (1)
Thus, the exterior Steklov—Poincaré operator Sy admits an alternative representation

So=V (1 -0)-K)=D+((1-0)I-K)V'((1-0)I-K). (22)

2.2.3 Steklov—Poincaré Operator Interface Equation

The interior and exterior Dirichlet to Neumann maps (I4) and (20), respectively, cor-
respond to the computation of the conormal derivative of solutions of the interior and
exterior Dirichlet boundary value problems of the partial differential equations (G))
taking into account the radiation condition (7). To satisfy the Dirichlet transmission
condition (8), we set ¢(x) = @;(x) = @y(x) for x € I'. Utilizing both Dirichlet to
Neumann maps, the remaining Neumann transmission condition (9) is rewritten as
a boundary integral equation to find the scalar potential ¢ € H'/ 2(I'") such that

w1 (S19)(x) + to(So@) (x) = (w1 — po) Hj(x)-ny ~ forxeT. (23)
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This equation is called Steklov—Poincaré operator interface equation in the context
of domain decomposition methods [@] Note that this concept is applicable to the
case of more than one magnetic material by assigning a subdomain to each magnetic
material.

2.3 Single Layer Potential Formulation

Based on the partial differential equations (@), we can summarize the representation
formulae (I0) and (I8) as well as the boundary integral equations (L)) and (I9) for
xeR3 as

1 1 1 0 1
o(x)@i(x) = E/Htl(y)dsy_E/a_nym(pl(y)dsy’ (24)
r r

1 1 1 d 1
(I—0o(x)p(x) = _Er/|x——y|t0(y)dsy+ﬂr/<9—nym(po(y)dsy' (25)

For x € I', the two equations correspond to the boundary integral equations (1)
and (I9). Forx € Q, i.e., o(x) = 1, equation (29 is the interior representation for-
mula (I0) and 23) holds true due to Green’s formula. On the other hand, equation
(23) is the exterior representation formula (I8) for x € Q°¢, i.e., 6(x) = 0, while 24)
holds true.

Next we want to find a global representation of ¢ in R? by just a single boundary
potential. Taking into account the continuity ¢; = @ on I'", the sum of (24) and (23)
results in the representation

1 1 3
x) = EF/H[“ (y) — ds, 47r |x— dsy forallx e R° (26)

with w := t; —t. Using the Neumann transmission condition (), we get an alterna-
tive representation for this density function based on #; and Hj,

w(x) = .Ll1‘u ‘uo[ H;(x) -n,—1n(x)] forxerl. (27)
0

Note that w is not only a density function within an indirect approach but also the
jump of the interior and exterior fluxes #; and ¢y within a direct approach.

To derive a boundary integral equation for the computation of w, we take the sum
of the interior and exterior hypersingular boundary integral equations (I3) and 1),

1) = (514K () + (D) (),

o(x) = (51— KYole) ~ (Do) ),
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where we used o = 1/2 for almost all x € I', to end up with

1
3 (t1 +10)(x) = K'(t1 —10)(x) =0 for almost allx € I"
taking into account ¢p = @; on I". After substituting w = t; — ty and, by using @7),

Ho w —W:2Hj'nx—“1+‘uow,

Uy — Ho Hi— Ho

H+ty=2H—w=2 Hj'nx_
the unknown function w can be determined from the boundary integral equation

1
3 (14 to)w(x) + (11 — po) (K'w) (x) = (11 — o) Hj (x) - (28)
for almostall x € I'.

Note that this formulation, which was derived as a direct approach, coincides
with an indirect single layer potential ansatz

1 1
o(x) = Er/h——ﬂW(y)dsy forx € R3\T,

as we will explain next. This indirect ansatz defines a solution of the partial differ-
ential equations (&) and guarantees the continuity (8)) of the potential ¢. The interior
and exterior conormal derivatives of ¢ read as

1 1
2 u(x) = 30+ (K)o (x) = () + (K)o

for almost all x € I". Thus, the jump condition (@) results in the boundary integral
equation (28). Summarizing, the presented approach can be derived as a direct for-
mulation or starting from an indirect ansatz. In both cases, the unknown density
functions ¢ and w, respectively, allow some physical interpretation. However, the
boundary integral equation (Z8) has to be seen in a weak sense, i.e., w € H -V 2(F )
is a solution of the boundary integral equation (Z8) in H~'/2(I"). This may result in
a more complicated numerical realization. Hence we are interested in an alternative
formulation of a second kind boundary integral equation in H'/2 ().

2.4 Double Layer Potential Formulation

The intension of this section is to derive a second kind boundary integral equation
which is based on a double layer potential ansatz. First we multiply (24) by tt; and
23) by uo. Second we we sum up the results and we get, due to ¢ = @y = ¢@; on I,
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(16 (x) + to(1 — o(x))] @ (x)

1 1 1
= /|x y|[ll1t1() Hoto(y)]dsy — (11 — 4—/ nyﬂ o (y)dsy

for x € R3, and by using the transmission condition (@)
1105) + 01— 0 C]000) + (11— o) = [ 2L p(r)a
H10(x) + Ho X))1¢(x) + (K1 — Ho 4”1— 8ny|x—y|(Py Sy
= (1~ o) 5 [ Hi0) my 29)
= (M1 — Ho 4751_ lx_y| j\y) -nyasy

follows for x € R3.

Since we would like to use only double layer potentials for the representation
of the scalar potential ¢, we may consider the interior Neumann boundary value
problem

—Apj(x) =0, forxeQ, aicpj(x):Hj(x)onx forxerl, (30)
Ny

where we have the representation formula

d
X);(x 477:/|x y| ) nydsy = 47‘[/8;1, |x —

Recall that o(x) = 1 for x € Q, and o(x) = 0 for x € Q¢. Note that any additive
constant in ¢@; is eliminated due to the kernel properties of the double layer potential
and does not effect the final formulation. In particular we have

1 1 1 19 1
- / Ty 0 mdsy = o(x)e,(0) + - / Iy P0G

for x € R3. Substituting 3I)) into (2Z9), we get for x € R3

1
3 ——@;(y)dsy forxecR3

o (y)dsy

[um(x)—&-#o(l—G(x))](P(x)+(“1_“0)$/ainy|x—y|
r

1 0 1
= (1= Ho)o (x); () + (11 = Ho) 7 — F/ an, H‘Pj(y)dsy,

and by introducing
vi=(th — o) (9 — ;)
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we obtain

00+ (1 = 0] () + 3 [ =Ty = (1 = o) () )
r

(32)
for x € R3. In particular for almost all x € I" we conclude
1 1 J 1 1
Z — | y(V)ds, = (s — (x).
2w+mww+h/&Mwﬁﬂw@ (11— o) (%)
By using
=0;+ %
o= Uy — Ho
we finally obtain the boundary integral equation
1wy + o B
3 ﬁv(x) + (Kv)(x) = —po@j(x) foralmostallxeT. (33)
1— Ho

The same boundary integral equation can be derived from the indirect double layer
potential ansatz

M(pj()c) forxe Q,

11 d 1
=——— [ ———v(y)d
%) W 477.'r/ any |x—y|v(y) S+

11 d 1
=——— [ ———v(y)d f Q°
o (x) m 47t1_/<9ny |x_y|v(y) Sy orx € Q°,

where v is an unknown density function, and ¢; is a solution of the auxiliary bound-
ary value problem (30). Both ¢; and ¢y are solutions of the partial differential equa-
tions (&). ¢; is chosen such that the Neumann transmission condition (@) is satisfied
implicitly, as there holds

d
fut1 = Hoto = Dv+ (1 — po) 5=~ @j = Dv= (1 — po)H; -my - on T’
X
by definition. Thus, it remains to satisfy the Dirichlet transmission condition (8)),
i.e., for almost all x € I" we have, by taking into account the jump relations of the
double layer potential,
0 = pop [@1(x) — @o(x)]
1 1
= (ST +K)v(x) = to | (=51 +K)v(x) = (11 — Ho)9;(x)
1
= 5 (1 + Ho)v(x) + (H1 — Ho) (Kv) (x) + Ho (11 — Ho) 9 (x),

which is equivalent to the boundary integral equation (33).
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Recall, that ¢; can be determined when considering (31)) for x € I" which results
in the boundary integral equation

%(Pj(x) + (K@j)(x) = (V(H;-n))(x) foralmostallxeI .

Alternatively, we can define ¢; by the indirect single layer potential ansatz
()*—1 /—l ) fy (34)
oi(x wi(y)ds, forxe Q
/ 4r / |x—y| Iy

where the related density function w; is determined from the boundary integral
equation
(cI+K"wj(x) =Hj(x)-n, forxerl.

As for the direct formulation, the quantity v is determined from (33 but we use @;
for the right hand side.

2.5 Equivalence and Unique Solvability of the Boundary Integral
Equations

In the previous subsections, we have presented several boundary integral formula-
tions to solve the transmission problem (&)—() which admits a unique solution. All
presented formulations represent this solution and must be equivalent. In particular,
there holds , Theorem 3.1]

0(x) = (Vw)(x) = —ui(%zﬂqv(x) foralmostallxe I, (35)
0

where @ is the solution of the Steklov—Poincaré operator interface equation 23)), w
is the solution of the the single layer integral operator equation (28), and v is the
solution of the double layer integral operator formulation (33). Note that the first
equation corresponds to the single layer potential representation (26). The other
equality is a direct consequence of the boundary integral equation (32) and of the
equality v = (i1 — Ho) (¢ — ;).

The unique solvability of the single and double layer integral operator equations
@8) and 33) in H'/3(I") and in H'/?(I"), respectively, can be concluded from
contraction properties of the involved double layer potentials (1, Theorem 3.2]. The
unique solvability of the Steklov—Poincaré operator interface equation (23) can be
deduced by the Lemma of Lax—Milgram from the ellipticity of ;S + uoSo, see,
e.g., , Theorem 3.3].

2.6 Evaluation of the Magnetic Field

The magnetic field H is the quantity of interest and can be computed by using the
representation (3), i.e.,
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H(x) =H;(x) - Vo(x) forxeR, (36)

based on the different formulations presented to determine the scalar potential ¢ as
the solution of the transmission problem (@)—(Z).

A special situation is given in the particular case of a simply connected domain
€. In this case, it is well known that

H(x)=H;x)— V@i (x) > 0 forxeQ asp — oo
In particular for large u; there holds
Voi(x) ~Hj(x) forxe Q.

For small relative errors of the numerical approximation of V¢; we observe large
relative errors for the approximation of H, see Sect. .1l Therefore we are interested
in an alternative approach to compute the magnetic field in €2 more robustly.

We consider the more general case that there exists a simply connected do-
main €2, such that  C €2 and suppj N €2, = 0. Since €2 is simply connected and
curlH;(x) = 0 for x € £, H; can be represented as a gradient field in Q. In partic-
ular, there holds

H;(x) =Veg;(x) forxe Q, 37

where @; is a solution of the Neumann boundary value problem (30).

Many approaches which are based on boundary integral equations are restricted
to the case of a simply connected domain. However, the presented formulations
overcome this restriction. The potential ¢; can be defined in any case, but its gradi-
ent coincides with H; only in the case of a simply connected domain €.

Next, we will utilize the relation (37) to setup more robust evaluations of H in
the case of a simply connected domain.

2.6.1 Steklov—Poincaré Operator Interface Equation

In general, the magnetic field H is evaluated by (38)) using the interior representation
formula (I0) and the exterior representation formula (I8), respectively. For the rep-
resentation formulae, we need to have the complete Cauchy data. Thus, we compute
the Neumann datum

d
e or(x) = (Srer)(x) forxel
X
locally for k = 0, 1 after solving the global problem @3]
In the case of a simply connected domain €2, we additionally solve the auxil-
iary Neumann boundary value problem (30) by considering the Steklov—Poincaré
operator equation

(S19j)(x) =Hj(x)-n, forxel. (38)
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Finally the excitation field H; can be evaluated as the gradient of a representation
formula for @;(x), x € . The projection of H to the same spaces as Hj provides a
more accurate evaluation of H in €2, for the discrete approximation, see, e.g. [IE],
and Sect.[41

2.6.2 Single Layer Potential Formulation

In general, the magnetic field is evaluated by
H(x) = H; (x) - Vo (x) = H,(x) — =V /;w( )ds, forxeR3
= Hj Qlx) =H; 4”x|x_y|yy :
r

In the case of a simply connected domain, the excitation field H; = Vg; is repre-
sented by an indirect single layer potential ansatz, see (34). After determining the
solution of the boundary integral equation

%wj(x) + (K'wj)(x) =Hj(x)-n, forxeTl, (39)

the evaluation reads

1 1
H(x) = EVXI/H(WJ‘(})) —w(y))ds, forxe Q.

2.6.3 Double Layer Potential Formulation

For the evaluation of the magnetic field H, we get from the general relation (32)
11 d 1
H(x) =H;(x) + ——V / 2 ()
(x) ](x) + o 47 xr any |x_y|V(Y) Sy

forx € Q¢ (0 =0) and

e 1 J 1 Hi—Hog
H() = Hj() + -V, r/ T ey "0 = F Vi)

for x € Q (0 = 1). For the evaluation of V¢;, one has to distinguish between the
direct and the indirect approach for the solution of the local Neumann problem (30).

In the case of a simply connected domain, we apply relation (37) to get a repre-
sentation

Uo 1 1 / d 1
Hx)=—H;x)+ ——V, | — ——v(y)ds, forxe Q,
( ) U ]( ) i Ar J any |X—y| (y) y

which is more stable for large (11 in the discretized version, see Sect. 411
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3 Boundary Element Methods

In this section, we describe boundary element discretizations of the presented
boundary integral formulations. The resulting discrete systems and the related ap-
proximate computations of the magnetic field H are used in the numerical examples
presented in Sect. [l In all cases, we use Galerkin variational formulations to solve
the boundary integral equations under consideration. For more details on boundary
element methods see, e.g., [@, , @].

In general, we consider admissible triangulations of the boundary I' = dQ with
N plane triangles and M nodes. We use lowest order elements for the discrete ansatz
spaces, i.e.,

S = span (Y}, € HV(T)

of piecewise constant basis functions l//? for the fluxes, which are one on a single
element 7, and zero else, and

SHI) = span{y, }i_, € H'()

of piecewise linear and continuous hat functions v}, for the potentials. In particular,
th € S)(I") and uy, € S}(I") are linear combinations of the basis functions, i.e.,

tn Y (%)

M

N
th(x) = kz tkWI?(x)a up(x) =
=1

m=1

The coefficients #; and u,, define vectors t € RV and u € RM. Thus, we identify the
functions #;, and u;, with the related vectors ¢ and u, respectively.

We use the fast multipole method [@] for a data—sparse approximation of the oc-
curring boundary element matrices and for a fast evaluation of all boundary integral
operators. For details, see [@] and the references therein. The computation of all
matrix entries is based on the 7—point cubature rule for triangles [Iﬁ; and analytic
evaluations of the boundary integral operators as presented in [29]. The evaluation of
the boundary integral operators for the computation of the magnetic field H is based
on the analytic formulae only. In particular, the gradient of the single layer potential
is computed analytically as well as the gradient of the double layer potential after
integration by parts, see, e.g., [@ p- 135],

1 0 1 1 1
valf a—nymu(y)dsy = EI[ (curlr’yu(y) X me) dSy (40)

for x € QU Q°, where the surface curl is defined by

curlr yu(y) := n(y) x Vii(y)

for a suitable extension i@ of the function u into a three—dimensional neighborhood
of I'.
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3.1 Steklov-Poincaré Operator Interface Equation

According to the Steklov—Poincaré operator interface equation (23), we solve the
global system of linear equations

(.ulgl,h“".u()g(),h)ﬂz (11— o) f1, 41

where
fl= /(Hj(x) n)yi(x)ds, fork=1,....M
r
Due to the involved inverse single layer potential operator, a direct discretization of
the Steklov—Poincaré operators Sy and Sy is not possible in general. But the approx-
imations

~ 1 1
S]Jl = Dh+(2Mh +Kh )V (th+Kh)
~ 1 1
Son = Dh+(§MhT K, )V, (th—Kh)

preserve the optimal order of convergence, see e.g. 133]. The Galerkin matrices are
given by

Dh[ ]:<DW}’}7WI‘}1> Kh[kvn]:<KWr}’W£>F7

Mh[ ] <Wn7Wk>F7 Vh[k,f] = <VW?7WI?>F

form,n=1,...,M and k,/ = 1,...,N. Possible difficulties in the evaluation of the
hypersingular operator D can be overcome by using integration by parts. In particu-
lar, there holds

curl -curl
(Du,v)r // urlru(y) -cu rv(x)dsydsx,
Tan Ix ¥l

i.e., a matrix times vector product Dju is realized by three matrix times vector prod-
ucts of Vj,. Thus the matrix Dy, is never assembled.

The inversion of the matrix V}, and the solving of the linear system (1) are im-
plemented by the preconditioned CG method. We use an artificial multilevel pre-
conditioner [32] as preconditioner for V},, and the technique of operators of opposite
order [35] for the global system ().

For the evaluation of the magnetic field, we first determine the approximate Neu-
mann data #; ;, and #o ;, from

1 1
Vit = (EMh +Kp)@, and Vi, = (EMh —Kp)o.
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Thus, an approximation H of the magnetic field H is computed by the discrete ver-
sion of the representation formulae (I0) and (I8), i.e.,

~ Jd 1 .

H(x) = ly [ 1  x € QF,
(x) / I t() ]’l dsy TE / any |X _ y| (P]’l (Y)dsy S

~ 1

H(x) = v)d V d Q.
()C) / l tl h s\ + / any |x y| (ph( ) S}” xXe

In the case of a simply connected domain (2, we evaluate

- d
() =,V F/ )~ = 2, F/ o ey (080~ )

for x € £ where we use additional approximations ¢; , and #; ;, to represent the field
H; which results in better results in our numerical examples, see [|j)] and Sect. 411
For this purpose, we compute an approximation of the potential ¢; of the auxiliary
Neumann boundary value problem (38) by solving

(Sta+bb e, =f' (42)
where fork=1,....M
A= (@) n) v wds, b= [l @ds.
r r

The rank one term bb ' corresponds to an orthogonalization to the constant homo-
geneous solutions, which is used to define a unique solution 9}., see, e.g., [@] for

details. ¢, corresponds to the solution of the linear system

1
Vit = (EMh +Kh)9j~

Both systems of linear equations are solved by the conjugate gradient method and
the previously described preconditioning techniques.
In any case, we use the linear combination, see e.g. [IE],

H(x) = H; (%) — (ton %)k + Vron(5r)) (43)

on the transmission interface I" to evaluate the magnetic field in the centers &y of the
triangles 7, with normal direction 7. The tangential derivative V@ is given by

Vrg(x) =Vo(x)— (ne-Vo(x))ny =ny x (Vo(x) xny) forxel (44)

in the case that all derivatives and the exterior normal derivative are well defined.
In particular, we have to exclude that x is a geometric corner point or lies on a
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geometric edge. The use of linear combination (43)), which also holds true for the
continuous case, avoids evaluations of boundary integral operators to compute the
solution on the interfaces and is one of the advantages of such direct methods.

3.2 Single Layer Potential Formulation

Based on the boundary integral equation (28), we compute a piecewise constant
approximation wy, € SO(I") from the system of linear equations,

<1H1+!~l0

M,+K, 0
2 1y — o > =1

where fork,{ =1,... N

Wkt = [,
Kilkt) = [P0y W,
r

7= [E0nvl s,

r

The linear system is solved by the GMRES method with a simple diagonal precon-
ditioning, which is sufficient to get reasonable iteration numbers.

For the evaluation of the magnetic field, we use the ideas as presented in
Sect. In general, the approximation H of the magnetic field H is computed
by

H(x) = / T (y)ds, forxcR3\T. (45)

Next, we consider the approximate evaluation of H on the interface I". If the tan-
gential and the normal derivative of the single layer potential operator as well as the
normal direction are well defined, the gradient of the single layer potential can be
defined by the splitting (@4)). In the case of a smooth boundary and a smooth den-
sity function, the gradient of the single layer potential has the same jump terms as
its normal derivative, see, e.g., [Ia]. Therefore, we have to restrict the evaluation to
the interior of any element 7, for £ = 1,...,N. Thus, we evaluate the approximate
magnetic field H by

~ 1
H(x) = Hj(x) — —wp(x / P ds‘ for almost allx € I (46)
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from the interior and by

~ 1
H(x) = H;(x) + Swi(x) / . (y)ds, forallmostallxe " (47)

from the exterior.

In the case of a simply connected domain, we use, as described in Sect.
an indirect single layer approach to represent the excitation field H;. We solve the
system of linear equations

1~ ~
(EMh-FK;/rFQQT) w;=f (48)

to compute an approximation w; j, € 52(1" ) of the density function w; according to
the boundary integral equation (39). The constraint

/wj(x)dsx =0

r

is used to define a unique solution of the auxiliary Neumann boundary value prob-
lem (30). This constraint corresponds to the rank one term aa' with coefficients

ak:/l//,?(x)dsx fork=1,...,N.

Again, the system (8) is solved by a diagonal preconditioned GMRES method.
Finally, the approximation H of the magnetic field is computed by

1 1
— EVXI/H(WL}[()})_W]]()}))CZS)) forx e Q

and by @3) for x € Q°. On the interface I', we have to take into account the jump
terms according to (46) and 7)), respectively.

3.3 Direct Double Layer Potential Formulation

First, we determine an approximate solution @;; € § },(F ) of the interior Neumann
boundary value problem (30), in particular of the boundary integral equation (1))
For this we solve the system of linear equations

1 ~
(th—FKh—beT)g = th
where formn=1,... M,/=1,....N

] / VIOV (s R = [ (K (a@ds.
r
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Vil = (D@0, ba= [ W
r

r

The rank one term bb ' is used to fix the solution which is orthogonal to the constant
homogeneous solutions. Again, the linear system is solved by the GMRES method
with diagonal preconditioning. g € RM is the vector of the L, projection g, € 52(1" )
defined by B

/gh x) Ty (x dsx—/( i(x) - ny)TH(x)ds,  forall ThGSQ(I‘).

Next, we compute a piecewise linear and continuous approximation v, € S }l(I" ) of
the density function v of the boundary integral equation (33)) from the system of
linear equations

1ty + o - > ~
M +K = — UM . 49
(2“1 o h HoMy @ , (49)

which is again solved by a GMRES method with diagonal preconditioning.
Now we are in the position to compute the magnetic field H based on the approx-
imations as considered in Sect.[2.6.3] H is evaluated by

H(x) = Hj(x) + —

——Vx/——v dsy, forxe Q°. 50
o 47 J Qny |x—y| h()’) y (50)

For x € Q, we distinguish between

A= Mmms L Ly, (2]
H() = P+ Vs r/ T ey O (51)

in the case of a simply connected domain £2, and else

H(x) = H;(x) + :

——v, [ = d
R ey )

w—to [ 1 / 1 1 / J 1
- V[ sy — —V [ L ()ds,
‘u.l 4” J |x_y|gh(y) y 4” J any ‘x_y|(p]h(y) y

using the representation formula for ¢;. On the interface I", we have to take into
account jump terms, see, e.g., le]. Again, we restrict the evaluation points to the
interior of each element 7y. Therefore, we can compute the approximate magnetic
field H on the interface I" from the exterior by

1 1 1 r
H(x) =H;(x )+‘u——Vrvh( )+‘u—4—/curlr,yvh(y) x V, ds, (52)
r

02 04rm

1
lx =l
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for almost all x € I". For the interior trace we evaluate

ds, (53)

~ o 11 1 1/ 1
H(x)=—H;(x) — —=Vrv,(x)+ —— [ curlp,v X Vy——
)= rBe) = 23V + g om0 Ve

for almost all x € I'" in the case of a simply connected domain €2, and else

~ 11

1 1
H(x) =H;(x) — —=Vrvu(x) + ——/curlriyvh(y) x Vi ds,
M 4r /

1
w2 |x— ]

1
el E T L/| () + 3 Vr9i(x) — V(Ky) ()
for almostall x € I'.

3.4 Indirect Double Layer Potential Formulation

In contrast to the direct version, we now find a representation of ¢; by using the
indirect single layer potential. Therefore, we compute an approximation w; ; from
the linear system (@8) as in the case of the single layer potential formulation.
Accordingly, the approximation v;, € S}, (I') is determined from the system of
linear equations
( 1+ po =
2 —Ho

instead of from the system (49).

For the evaluation of the magnetic field, we follow the lines of the direct double
layer potential formulation. We use (30) for x € Q¢ and (31) for x € Q in the case
of a simply connected domain. For a multiple connected domain, the evaluation for
€ reads as

11 J 1 uo 1
H(x)=H; ——vx/—— d / y)d
(x) ](X)+Hl 47[ / any |.X—y|Vh(y) S ] | w]]’l sy

For the interior trace in the case of a simply connected domain and for the exterior
trace, the approximate gradient field H(x) for almost all x € " is computed by (33)
and (32), respectively. Just for the case of a multiple connected domain, the interior
trace changes to

HitHo +K> — oV, (54)

~ 11 1
H(x) = ()~ -3V + ——/curlr,yu( )% Vi
1
Mi—Ho [ 1
_7/.11 ij’h /‘ W]h dSy

for almostall x € I'".
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4 Numerical Examples

In this section, we compare and discuss the presented single layer potential formu-
lation (SL) of Sect. the indirect version of the double layer potential formu-
lation (IDL) of Sect. 3.4, the direct version of the double layer potential formula-
tion (DL) of Sect.[3.3] and the Steklov—Poincaré operator interface formulation (SP)
of Sect. 3.1l for several test examples. We try to elaborate the advantages and the
drawbacks of the discussed approaches. For the details of the computations, see
Sect. @ In all examples, we consider o = 47- 10~ and u; = uou, with different
values of the relative permeability ;.

4.1 Sphere

To show the effect of the modified evaluation methods in the case of simply con-
nected domains, as presented in Sect. we start with a numerical example where
Q is a sphere of diameter 1073, and where the analytic solution is known. The
excuatlon field is glven as H (0,0, 17 , which results in the magnetic field

=(0,0,51/(i;+2)) ", see [@] In Fig. III, the relative L, (I") errors of the approx-
imate solutions H of the magnetic field H are given for several values of L., and for
an approximation of the sphere by 288 plane triangles. Since the sphere is simply
connected, approximation problems appear for a higher relative permeability u,. To
investigate this behavior we consider values u, = 5-10° for s € {0,1,...,13}. This
problem has been discussed in Sect. We observe the same effects also for finer
meshes. We compare the straightforward evaluations with their modified versions,
which were presented in Sect.[2.6.1] to to overcome these problems.

yHH A
e DL |
»—a DL re. eval. 4
+— SL 1

+—+ SLre. eval.
»—x SP

le+02 -

le+01 — SPre.eval. —
E v IDL E
A—AIDLre. e.

Lo [ Lo Lo Lo [
le+02 le+04 le+06 1e+08 le+10 le+12
Relative Permeability

Fig. 1 Ly-error of the magnetic field plotted versus the relative permeability for all
formulations
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Almost instantly, the errors for most approaches without the modified evaluation
increases dramatically for increasing . The only exception seems to be the direct
double layer formulation (DL), which stays accurate up to a relative permeability
of 5-10°. However, the accuracy decreases dramatically for higher permeabilities.
The rewritten evaluations certainly improve the accuracy for all approaches. For the
single layer potential ansatz (SL) and for the Steklov—Poincaré operator formulation
(SP) the rewritten evaluation is feasible up to a relative permeability of about 5 - 10°.
For higher permeabilities the error of the evaluation increases again. However, the
accuracy of the rewritten evaluation of the indirect (IDL) and of the direct double
layer potential formulation (DL) seems to be stable even up to the maximal com-
puted u, = 5-10'. When using the rewritten evaluation, there seems to be little
difference between the two double layer potential approaches. This is however due
to the absence of edges and corners, which will be considered in Sect. for the
particular case when £ is a cube.

Comparing the accuracy of the four methods in the stable region, the Steklov—
Poincaré operator formulation gives better results than the two double layer potential
formulations which in turn are more accurate than the single layer potential formu-
lation. From here on, we always use the modified evaluations in the case of a simply
connected domain.

4.2 Cube

As an academic example with corner and edges, the cube Q = (0, 1)3 is chosen
and the initial mesh (level 0) of 24 triangles is refined uniformly several times. The
excitation field is induced by a conductor loop with the center at (0.5, 0.5,0.5)" and
a radius of one. We use

~  ~DL ~DL 1 r 1
I — By /B v, where iy = o~ [w(v) [ —=w()ds,ds.,
Am e =l
r r

as an error indicator for the approximation H, on the Lth refinement level. This
error indicator approximates the relative H '/ 2(I") error, as the single layer bound-
ary integral operator V induces an equivalent norm. The solution of the considered

transmission problem is not known analytically. Therefore, the approximation ﬁ?L
of the direct double layer potential approach at the refinement level seven is chosen
as reference solution, as this approach seems to be the most accurate one for this ex-
ample. Thus the order of convergence at level six of the direct double layer potential
formulation is too high and not reliable. In Tables [Il and 2] the single layer poten-
tial ansatz (SL) is compared with the Steklov—Poincaré operator formulation (SP),
the indirect (IDL) and the direct (DL) double layer potential formulations and for
W = 5000 and u, = 5, respectively.

The single layer potential formulation (SL) shows the largest errors and the low-
est experimental order of convergence (eoc) of all approaches. The indirect double
layer approach (IDL) also seems to have a lower convergence order for u, =5,
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Table 1 Approximate H 172 (I") error and convergence order for the cube and u, = 50000

SL eoc IDL eoc DL eoc SP eoc
6.37e-01 2.02e-01 0.93 1.27e-01 1.06 1.51e-01 0.82
2.69e-01 0.60 1.15e-01 0.82 6.80e-02 0.90 7.94e-02 0.93
1.79e-01 0.59 6.60e-02 0.80 3.86e-02 0.82 4.64e-02 0.77
1.20e-01 0.58 3.83e-02 0.79 2.18e-02 0.82 2.71e-02 0.78
8.38e-02 0.51 2.16e-02 0.83 1.14e-02 0.93 1.50e-02 0.85
5.27e-02 0.67 1.12e-02 0.94 4.80e-03 1.25 7.24e-03 1.05

oL AW O~

Table 2 Approximate H 172 (I") error and convergence order for the cube and u, = 5

SL eoc IDL eoc DL eoc SP eoc
5.23e-01 2.58e-01 1.66e-01 1.58e-01

3.06e-01 0.77 1.31e-01 0.98 7.35¢-02 1.18 8.97e-02 0.82
1.91e-01 0.68 7.06e-02 0.89 3.25e¢-02 1.18 3.50e-02 1.36
1.22e-01 0.64 3.99¢-02 0.82 1.62e-02 1.00 1.78e-02 0.98
8.02e-02 0.61 2.33e-02 0.78 8.42e-03 0.94 9.67e-03 0.88
5.28e-02 0.60 1.36e-02 0.77 4.16e-03 1.02 5.09¢-03 0.93
3.47e-02 0.60 7.84e-03 0.80 1.67e-03 1.32 2.35e-03 1.11

AU AW — O~

whereas for t, = 50000 the convergence order seems to be comparable to the direct
double layer potential formulation and to the Steklov—Poincaré operator formula-
tion (SP), but nevertheless its errors are larger. In general, density functions of in-
direct approaches show a lower regularity than the quantities of direct approaches,
see, e.g., [ﬁ Iﬂ]. In such a case, the convergence order of the approximation is re-
duced. The direct double layer potential formulation (DL) seems to have the highest
order of convergence for both permeabilities, however the Steklov—Poincaré opera-
tor formulation gives comparable results. For none of the formulations the optimal
order of convergence is obtained, as the solution of the transmission problem does
not provide the necessary regularity due to the reentrant corners with respect to the
exterior domain, see again [27)].

In the case of w, = 50000 and the single layer potential ansatz, the accuracy of
the fast multipole method and thus the computational times had to be increased
dramatically to reach the shown convergence rates. For the other approaches, such
an additional adjustment of the parameters of the fast multipole method was not
necessary. It was observed that the result of the single layer ansatz was very sensi-
tive especially at corners. The behavior of the method at corners and edges will be
discussed in more details in Sect.[£.3]

4.3 Ring

As a multi—connected domain, a three—dimensional ring with a square as cross sec-
tion, as depicted in Fig.[2l is considered. The radius of the ring is 0.1 and the length
and height of the cross section are 0.05. Again, a relative permeability u, = 50000
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is considered. The excitation field is created by a conductor loop with radius 0.1 and
an induced current of S00A. The ring is approximated by several surface meshes of
560, 2024, 8096, 32384, and 128832 plane triangles.

Excitation coil

m

Crosssection

Fig. 2 2D projection of the ring and dotted line of evaluation points

Again, we consider all four presented methods. First, we compare the evaluated
magnetic field H on the surface for the mesh of 2024 triangles. In Fig. [ and E
the approximate magnetic field H on the interior of the boundary is plotted in the
centers of each triangle for all discussed methods.

Fig. 3 Approximate magnetic field H for the single layer potential ansatz (left) and the direct
double layer potential formulation (right) for y, = 50000 and 2024 triangles

Apart from the edges the results look alike, whereas close to geometric edges
the vector fields H differ significantly. There we observe two good and two bad
approximate solutions. The Steklov—Poincaré operator formulation and the direct
double layer potential formulation provide good approximations of the magnetic
field. But the approximations by the single layer potential ansatz and the indirect
double layer potential ansatz are non—physical in the last two elements towards the
geometrical edges. Nevertheless, if we fix such an observation point and consider
finer meshes, the magnetic fields of these two approaches converge towards the re-
sult of the Steklov—Poincaré operator approach and the direct double layer potential
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Fig. 4 Approximations of H for the indirect double layer potential ansatz (left) and for the
Steklov—Poincaré operator formulation (right) for y, = 50000 and 2024 triangles

formulation at that observation point. The same effects were observed for all tested
values of 1, in all examples with edges. We conclude that the approximations of the
magnetic field close to geometrical edges for the single layer potential formulation
and for the indirect double layer potential ansatz have a very low accuracy. While
the direct double layer potential gives good approximations, the indirect version
suffers from these effects, which are introduced by the low accuracy of the indirect
approximation of the interior Neumann boundary value problem.

Next, all formulations are compared with respect to the accuracy of interior

point evaluations. Therefore, the magnetic field is evaluated along the dotted line
in the center of the cross section as depicted in Fig. [2| for a relative permeability
U = 50000. It is well known that for y, — oo the magnitude of the magnetic field
tends towards an uniform distribution along this line. In Fig.[3 the magnitudes of
the magnetic field are plotted for three subsequent refinement levels with 560 (L1),
2024 (L2), and 8096 (L3) boundary elements.
For the coarsest mesh the geometrical approximation dominates the errors for all
four approaches, After one refinement step, the geometry seems to be dissolved
fine enough, as the Steklov—Poincaré operator approach (SP) already provides a
suitable approximation. The curves of the second and third level of the Steklov—
Poincaré operator formulation do not differ much and are already quite close to the
almost uniform distribution. The direct double layer potential (DL) offers reasonable
approximations even if they are worse than those of the Steklov—Poincaré operator
formulation. Obviously, the approximations of the single layer potential ansatz (SL)
and of the indirect double potential ansatz (IDL) are significantly worse than those
of the two other methods, in particular, close to the excitation coil.

We extend the comparison by the computational times, which are given in sec-
onds in Table[3l The computational times include the setup and solving of the linear
systems as well as the evaluation in the interior points and the computation of the
gradient on the surface.
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Fig. 5 Magnetic field along the dotted line of the ring

Table 3 Solution time for the ring in seconds

L #Elements SL DL IDL SP

1 560 1 5 5 13
2 2024 5 46 206 81
3 8096 14 87 82 268

4 32384 75 448 459 1443
5 128832 248 1623 1610 4832

For a fixed level L, the increase in the computational times from the single layer
potential ansatz to the double layer potential approaches is mainly due to the setup
of the additional matrices, to the higher polynomial degree of the ansatz and test
functions, and to the solution of a second system of linear equations. As the indirect
double layer potential ansatz requires approximately the same amount of time as the
direct version, and the results are always worse, there is no benefit to use the indi-
rect version. The Steklov—Poincaré operator formulation requires the largest amount
of computational times because all boundary integral operators as well as the pre-
conditioners are computed, and local Dirichlet boundary value problems have to be
solved in each iteration step of the global system (41]).

But such a comparison of computational times has to take into account the ac-
curacy of the approximations, too. In Table ] the computational times of the for-
mulations are compared with respect to matchable relative errors in the discrete I,
norm
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with P evaluation points y; along the dotted line in the center of the cross section,
see Fig.[2l The solution of the Steklov—Poincaré operator formulation at level five
was chosen as a reference solution, as it seems to be the most accurate one.

Table 4 Comparison of the methods for different refinement levels of the ring

Method level L # Elements Solution Time rel. /-error

DL 3 8096 87 5.25e-4
SL 5 128832 248 4.40e-4
IDL 5 128832 1610 4.40e-4
SP 2 2024 81 2.45e-4
DL 5 128832 1623 7.79-5
SP 3 8096 268 3.24e-5

The error of the single layer potential ansatz (SL) and the error of the indirect
double layer potential ansatz (IDL) at level five are both about 4.4 - 10~*. The direct
double layer potential formulation and the Steklov—Poincaré operator approach give
comparable errors at level three and two, respectively. They require almost the same
computational time and outperform the other two approaches by a factor of three.
Still the accuracy of the Steklov—Poincaré operator approach is twice as high. Com-
paring the last level of the direct double layer potential formulation to level three of
the Steklov—Poincaré operator formulation, the latter is clearly faster and yields a
higher accuracy.

Overall, the indirect double layer potential ansatz and the single layer poten-
tial ansatz give similar results for this example, as we observed a bad approxima-
tion towards edges, and an overall poor accuracy of the approximate solutions. The
Steklov—Poincaré operator approach outperforms the other approaches as far as ac-
curacy of interior point evaluations is concerned.

Remark 1. The presented computational times depend highly on the details of the
implementation of the boundary element method. The fast multipole method is op-
timal suited for a low number of matrix times vector multiplications like for the
single and double layer potential formulations. Our integration routines are based
on the use of semi—analytic integration formulae [29] and exploit the lowest order
elements in K; as well as the large blocks of zero entries in Kj, and K. Overall, our
implementation is more favorable for the potential approaches than for the Steklov—
Poincaré operator formulation.

The use of integration routines based on the Duffy transformation [10] would
not give the potential approaches such an advantage. The use of the adaptive cross
approximation [@] would increase the setup and evaluation times in general, but the
times for solving a linear system of equations would be reduced significantly. The
Steklov—Poincaré operator formulation would benefit in comparison to the potential
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approaches, due to the realization of the inverse single layer potential operator in
each iteration step of the global solution algorithm.

4.4 Ring with Gap

As another example of a simply connected domain, a ring with gap, see Fig. l6l was
chosen. The initial discretization consists of 552 boundary elements. The boundary
was further discretized with 2096 elements on level two, 8394 elements on level
three, 33536 elements on level four, and 107264 elements on level five. All compu-
tations are based on the modified formulations as discussed in Sect.

Excitation coil

[]

Crosssecti

Fig. 6 2D projection of the ring with gap and dotted line of evaluation points

The magnetic flux density B is evaluated along the center line of the ring, depicted
in Fig. [ and plotted in Fig. [ for relative permeabilities g, = 5 and u, = 50000.
We use the same evaluation formulae as for the magnetic field H but take care of
the additional scaling. As the indirect version of the double layer potential formula-
tion showed to be worse than the direct version in all our examples, we restrict our
investigations to the direct formulation only.

0.004

0.002 ==

006 . . L
1

3 3
Angle Angle

Fig. 7 Magnetic flux density B along the dotted line of the ring for u, =5 (left) and u, =
50000 (right)
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For u, =5, the magnetic flux B computed by the Steklov—Poincaré operator for-
mulation (SP) was chosen as reference solution and for u, = 50000 the B field
computed by the direct double layer potential formulation (DL) was chosen as a
reference solution. Those methods turned out to be the most accurate ones. Addi-
tionally, the respective relative /, errors for the interior point evaluation along the
dotted line as shown in Fig. [ are given in Tables [ and [6l

It can be observed that the accuracy of the single layer potential ansatz (SL) is
already considerably worse at the first level. This is especially visible in Fig. 7 for
U = 50000. Furthermore, due to lower rates of convergence, the discrepancy gets
even higher for finer levels.

For u, =5 the Steklov—Poincaré operator formulation (SP) results in the highest
accuracy. For levels three and four, the error is about half the error of the direct dou-
ble layer potential formulation. For u, = 50000, however, the direct double layer
potential approach results in half the error of the Steklov—Poincaré operator formu-
lation. The Steklov—Poincaré operator formulation starts out with a higher error for
both cases but tends to have a higher convergence rate. It has to be noted that the
convergence rate of the direct double layer potential formulation for level four for
W = 50000 is not reliable, since the direct double layer potential formulation at
level five was chosen as a reference solution. Overall, the direct double layer poten-
tial formulation and the Steklov—Poincaré operator approach give comparable good
results for this example.

Table 5 Relative /; error and order of convergence for the ring with gap and t, =5

L SL eoc DL eoc SP eoc
1 5.97e-02 6.29¢-03 8.03e-03

2 2.08e-02 1.52 1.68e-03 1.91 1.31e-03 2.62
3 5.38e-03 1.96 4.00e-04 2.07 2.61e-04 2.33
4 1.32e-03 2.03 8.64e-05 2.21 4.23e-05 2.62

Table 6 Relative /; error and order of convergence for the ring with gap and u, = 50000

L SL eoc DL eoc SP eoc
1 3.96e-03 1.04e-04 3.64e-04

2 1.38e-03 1.52 5.71e-05 0.86 1.17e-04 1.64
3 4.24e-04 1.70 2.19e-05 1.38 3.73e-05 1.64
4 1.26e-04 1.75 4.97¢-06 2.14 1.03e-05 1.86

4.5 Controllable Reactor

Finally, we consider a controllable reactor as an example of an industrial application.
Controllable reactors, sometimes called shunt reactors, are important components
in Extra/Ultra High Voltage power systems used for voltage regulation issues. Typi-
cally fixed shunt reactors are used to compensate the reactive power. New concepts
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are based on controllable reactors. Fig. [8] shows the typical structure of a control-
lable reactor. The cylindric structure in the middle, which is wrapped by the main
winding in the complete setup, consists of alternating layers of iron discs and control
discs. By modifying the current in the windings wound around the control discs, the
saturation level of the magnetic core can be adjusted and thus the total inductance,
i.e., the reluctance of the reactor can be controlled interactively.

L[

Fig. 8 Controllable reactor and a closeup of the small gaps

For the purpose of this paper, we assume a linear and isotropic behavior of the
magnetic material with a relative permeability of 1, = 200. The surface of the reac-
tor is approximated by 1228380 triangular boundary elements. The calculated mag-
netic fields H of the three different approaches are plotted on the surface of one of
the iron discs in Fig.

Fig. 9 Magnetic field of the single layer potential ansatz (left), the direct double layer poten-
tial formulation (middle), and the Steklov—Poincaré operator formulation (right) for ©; =200

As expected, the approximate magnetic field of the single layer potential ansatz
shows the same non—physical phenomena at corners and edges as in the example of
the ring in Sect. Additionally, the result differs close to the center of the smooth
surface of the disc because the gap to the next control disc is very small and these
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control discs have a small hole in the middle. Thus a corner is very close to these
elements, which seems to disrupt the solution on the iron disc. As for the previous
examples, the double layer potential ansatz (DL) and the Steklov—Poincaré operator
formulation (SP) provide good approximations of the magnetic field.

5 Conclusions

We considered several boundary integral equations for the solution of the transmis-
sion problem of a scalar potential ansatz in the context of linear magnetostatics.
In contrast to other formulations in the literature, all presented formulation are not
only applicable to simply connected domains but to multiple connected domains,
too. While the formulations are equivalent in the continuous setting, their discretized
versions are diverse. Therefore, we presented an in—depth comparison of the consid-
ered approaches. Based on plenty of numerical examples, we are able to rate these
approaches.

The presented discrete version of the single layer potential approach is maybe the
most easiest to implement and seems to be the fastest method at a first glance, but
it provides extremely poor approximations of the variables of interest for non aca-
demic examples. Similarly, the indirect version of the double layer potential formu-
lation yields bad approximate solutions, as the auxiliary indirect problem is solved
in the same way as the single layer potential approach.

The direct double layer potential formulation and the Steklov—Poincaré opera-
tor approach both provide excellent computational results and are the methods of
choice. The direct double layer potential formulation features a natural stabiliza-
tion for the evaluation of the field values in the case of a simply connected domain.
In most of our examples, the Steklov—Poincaré operator approach offers more ac-
curate results. In addition, the Steklov—Poincaré operator formulation is applicable
to the cases of more subdomains with several different permeabilities and provides
a straightforward parallelization. The final performance of the direct double layer
formulation and of the Steklov—Poincaré operator approach depends highly on the
implementation.
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Wave Propagation Problems Treated with
Convolution Quadrature and BEM

Lehel Banjai and Martin Schanz

Abstract. Boundary element methods for steady state problems have reached a state
of maturity in both analysis and efficient implementation and have become an ubiq-
uitous tool in engineering applications. Their time-domain counterparts, however, in
particular for wave propagation phenomena, still present many open questions re-
lated to the analysis of the numerical methods and their algorithmic implementation.
In recent years many exciting results have been achieved in this area. In this review
paper, a particular type of methods for treating time-domain boundary integral equa-
tions (TDBIE), the convolution quadrature, is described together with application
areas and most recent improvements to the analysis and efficient implementation.
An important attraction of these methods is their intrinsic stability, often a problem
with numerical methods for TDBIE of wave propagation. Further, since convolu-
tion quadrature, though a time-domain method, uses only the kernel of the integral
operator in the Laplace domain, it is widely applicable also to problems such as
viscoelastodynamics, where the kernel is known only in the Laplace domain. This
makes convolution quadrature for TDBIE an important numerical method for wave
propagation problems, which requires further attention.

1 Introduction — State of the Art

The Boundary Element Method (BEM) in time domain is especially important for
treating wave propagation problems in semi-infinite or infinite domains. In this
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application the main advantage of this method becomes obvious, i.e., its ability to
model the radiation condition correctly. Certainly this is not the only advantage of
a time domain BEM but very often the main motivation as, e.g., in earthquake en-
gineering or scattering problems. The mathematical background of time-dependent
boundary integral equations is summarized by COSTABEL 27.

Scattering problems have been treated very early with integral equations where
some solution techniques may be seen as a BEM in time domain, e.g., 137]. For
elastodynamics the first boundary integral formulation was published by CRUSE
and Ri1zzo [@]. However, this formulation performs in Laplace domain with a
subsequent inverse transformation to time domain to achieve results for the tran-
sient behavior. The corresponding formulation in Fourier domain, i.e., frequency
domain, was presented by DOMINGUEZ 135]. The first boundary element formu-
lation directly in the time domain was developed by MANSUR for the scalar wave
equation and for elastodynamics with zero initial conditions [@]. The extension of
this formulation to non-zero initial conditions was presented by ANTES [B]. A com-
pletely different approach to handle dynamic problems utilizing static fundamental
solutions is the so-called dual reciprocity BEM. This method was introduced by
NARDINI and BREBBIA [@] and details may be found in the monograph of PAR-
TRIDGE, BREBBIA, and WROBEL [@]. A very detailed review of elastodynamic
boundary element formulations and a list of applications can be found in two ar-
ticles of BESKOS [@, @]. Fast formulations for elastodynamics based on a plane
\[%ve expansion has been published by OTANI et. al. [63] and TAKAHASHI et. al.

1.

An important area of applications of time (and frequency) domain boundary in-
tegral equations is electrodynamics. Variational methods initiated for acoustics [IQ]
have been extended to electromagnetism in [@, @, ﬁ, @] and also to FEM-BEM
coupling in the time domain [8]. Collocation methods are also here of great im-
portance in applications [34]. There has been a very important development in fast
methods for electrodynamics [Iﬂ, , ] where fast multipole methods for high-
frequency problems [@, ] have been extended to the time-domain. All these
methods have been known to experience stability problems in longer time com-

utations [@ @ @], but various remedies have over the years been developed
ﬁﬁ, , , |§l|, @]. In particular, as in the frequency domain case, the combined
integral equations give rise to more stable methods [[76].

The above listed methodologies to treat time dependent problems with the BEM
can be split in two main groups: direct computation in time domain or inverse trans-
formation combined with computation in Laplace domain. Not only due to the de-
pendency of numerical inverse transformations on some sophisticated parameter, but
also due to physical reasons it is more natural to work in the real time domain and
observe the phenomenon as it evolves. But, as all time-stepping procedures, such a
formulation requires an adequate choice of the time step size. An improperly chosen
time step size leads to instabilities or numerical damping. An improved and stable
version of the underlying integral equation has been published by BAMBERGER
and HA-DUONG [9] and A1mI and DILIGENT! [3]. Both rely on an energy principle
and require two temporal integrations. The instabilities of the usual time-stepping
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algorithm have been analysed by BIRGISSON et. al. (19]. Four procedures to im-
prove the stability of the classical dynamic time-stepping BE formulation can be
quoted: the first employs modified numerical time marching procedures, e.g., [Ia]
for acoustics, [@] for elastodynamics; the second employs a modified fundamen-
tal solution, e.g., l67] for elastodynamics; the third employs an additional integral
equation for velocities (571; and the last uses weighting methods, e.g., 187] for elas-
todynamics and [@] for acoustics.

Beside these improved approaches there exist the possibility to solve the con-
volution integral in the boundary integral equation w1th the so-called Convolution
Quadrature Method (CQM) proposed by LUBICH ]. Applications to hyper-
bolic and parabolic integral equations can be found in [@ |ﬂﬁ The CQM utilizes
the Laplace domain fundamental solution and results not only in a more stable time
stepping procedure but also damping effects in case of visco- or poroelasticity can
be taken into account (see [@, X ]). The motivation to use the CQM in these
engineering applications is that only the Laplace domain fundamental solutions are
required. This fact is also used for BE formulations in cracked anisotropic elas-
tic [@] or piezoelectric materials [@]. Another aspect is the better stability be-
havior compared with the above mentioned formulation. For acoustics this may be
found in ] and in elastodynamics in [Iﬁ]. Recently work has begun in inves-
tigating CQM for electromagnetism [@]. In the framework of fast BE formula-
tions the CQM is used in a Panel-clustering formulation for the Helmholtz equation
by HACKBUSCH et. al. l46]. Recently, some newer mathematical aspects of the
CQM have been published by LUBICH (54]. Further, interest in high order Runge-
Kutta based CQM has lately increased due to its good performance in applications,
see ] for numerical experiments in acoustics and [b, , ] for convergence
results.

In this paper, both, the linear multistep and Runge-Kutta based CQM is described
together with most recent theoretical results on convergence, the application to var-
ious linear hyperbolic problems is explained, and the paper ends with a numeri-
cal experiment for an elastodynamic problem. Important for the paper at hand are
different approaches to the implementation of CQM. The originally proposed con-
struction of convolution weights by fast Fourier transform (FFT) [52] is described,
also the recent decoupling approach promoted in [B] and the recursive method of
[@] a modification of ]

Throughout this paper, vectors and tensors are denoted by bold symbols and
matrices by sans serif and upright symbols. The Laplace transform of a function
f(t) is denoted by f(s) with the complex Laplace parameter s € H and H = {s €
C|Rs > 0}.

2 Time Dependent Boundary Integral Equations

In this work linear hyperbolic differential equations are considered. The most sim-
ple equation is the scalar wave equation. However, vectorial problems will also be



148 L. Banjai and M. Schanz

tackled and, hence, the basic equations are described for the simplest vectorial prob-
lem, for elastodynamics.

2.1 Governing Equations

Describing with x and ¢ the position in the three-dimensional Euclidean space R?
and the time point from the interval (0, ) the hyperbolic initial value problem for
the displacement field u(x,?) is (see, e.g., ])

AVVu(x,1) — 3V x V xu(x,1) = ?;l; (x,1)  (x,1) € 2 x(0,0)
u(y,;) =gp(y,r)  (y,1) €Ipx(0,) 0
tly,r) =gn(y,t)  (v,1) €Iy x (0,0)
u(x,0) = g‘t‘ (x,0)=0 (x,1) € Q x (0)

The material properties of the solid are represented by the wave speeds

K+4G /

with the material data compression modulus K, shear modulus G, and the mass
density p. The first statement in () requires the fulfillment of the partial differential
equation in the spatial domain €2 for all times 0 < ¢ < oo. This spatial domain €2
has the boundary I" which is subdivided into two disjoint sets I'p and I'y at which
boundary conditions are prescribed. The Dirichlet boundary condition is the second
statement of (I}) and assigns a given datum gp to the displacement u on the part I
of the boundary. Similarly, the Neumann boundary condition is the third statement
in which the datum gy is assigned to the surface traction t, which is defined by (see,

e.g., [41)
t(y,t) =(Fu)(y.1)

_Qa)lgnyer{( vu+ (Vu) ) (K—%G)V-ul) (X,t)-n(Y)} )

= lim
anﬁyer

7

In @), o is the stress tensor depending on the displacement field u according to the
linear strain-displacement relationship and Hooke’s law and n denotes the outward
normal at the boundary. For later purposes the traction operator .7 is defined, which
maps the displacement field u to the surface traction t. The boundary conditions
have to hold for all times and may be also prescribed in each direction by different
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types, e.g., roller bearings. Finally, in the last statement of (I} the condition of a
quiescent past is given which implies homogeneous initial conditions.

Beside the elastodynamic problem, a number of other wave propagation problems
describing different physical phenomena can be treated similarly. The respective
governing differential equations are listed next.

2.1.1 Acoustics — Scalar Wave Equation

The hyperbolic differential equation for waves traveling in a non-viscous fluid is
(see, e.g., [@])

2
AV2p(x,1) = (Z > (x,1)  (x,1) € Q2% (0,00), 3)

with boundary conditions defined analogously to () and also vanishing initial con-
ditions. The wave velocity is defined by

K
c=4]—
p

with the compressibility K of the fluid. The traction operator @) degenerates to the
normal derivative to define the normal flux

an(y,) = (7'p)(y,1) = __lim __[Vp(x,1)-n(y)]. )

Qo>x—yel’

2.1.2 Viscoelastodynamics

This extension of the elastodynamic case to materials with damping can be easily
performed with the elastic-viscoelastic correspondence principle [é] This princi-
ple says that in Laplace domain the material data has simply to be exchanged with
the viscoelastic material data which are dependent on the Laplace variable s, i.e.,
they are time dependent. Consequently, the governing differential equation is the
Laplace transform of () to Laplace domain

1 (5)VV-i(x,5) — 5, (s)V x V xia(x,s) = s2h(x,s), (x,5) € QxH, (5

with the viscoelastic wave speeds

Clv(s) = 5 Coy = - - (6)

K(s)+3G(s) G(s)
p p

The material data K (s) and G(s) can be given, for most materials, as rational func-

tions of s, e.g., for the simplest causal model - the three parameter model - it holds

A~

K(s)=K

1 H N 1 D
LAl 6(s)=G tas
1+ pHs 1+ pPs

)
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with the compression modulus K and the shear modulus G from elasticity. The pa-
rameters g7, ¢", p", and pP are further material data. More details on viscoelas-
tic constitutive equations may be found in [@] and their implementation in BEM
in (40, 72].

The traction operator is defined as in elastodynamics where Hooke’s law has
now the material data from (7)), i.e., the constitutive equation in time domain is a
convolution integral. This and also the structure of (3) shows that a formulation of

the problem in time domain yields an integro-differential equation.

2.1.3 Poroelastodynamics

The wave propagation in saturated two-phase media as, e.g., soil is governed by a
coupled set of differential equations for the solid displacements u and the pore pres-
sure p. Beside mixture theory based approaches (see, e.g., the theory of porous me-
dia [20] or the simple mixture theory [86]]), Biot’s theory is widely used in practice
and will also be used here. The basic formulation for wave propagation problems
can be found in the two papers (17, [18]. The set of governing equations in Laplace
domain is

GV%@@+(?+%G>VVﬁ@J%%a—ﬁ@»Vﬁﬁf@—ﬁ@mﬂﬁ@J%

B(s) oo 9% S
szp(xvs) - TP(XﬂY) - (a - ﬁ(s))sv 'U(X,S) =0 3
(x,8) € Q2 xH

®)

with the bulk material data shear modulus G and compression modulus K, Biot’s
coefficients o and R, and the porosity ¢. The bulk density is denoted by p = (1 —
¢)ps + ¢p s, composed by the partial densities of the solid p, and the fluid p. The
complex valued parameter 3(s) is an abbreviation and defined as

_ Kpro’s’
m”_¢%+ﬂﬂm+¢w)

with the permeability x and the apparent mass density p,. As in viscoelasticity, this
set of governing equations can not be formulated as a pure differential equation
in time domain because the coefficients depend on s. The wave velocities, due to
the incorporated friction between the solid and the fluid, are time dependent. The
respective wave numbers, defined as usual A = f, are
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0%p;  p—B(s)ps . prla—P(s))?
BOR W K+3G  B(s)(K+1G)

0p;  p=BOps , prla—B6)*\ %o —Bp))
PR K+5G6  B(s)(K+36) BSR(K +2G)

2 _S2

1,2_2

)

=20 Ber)

Compared to the above given models in poroelasticity three waves, a fast and slow
compressional wave and a shear wave, exist.

The traction operator has to be seen in a generalized way and has obviously two
parts. It is composed of the definition of the total stress and the flux governed by
Darcy’s law

A

6 — apl](x,s)-n
[6 — apl|(x,s) -n(y) 1 ©

o= o= i [ G ] e

2.1.4 Electromagnetism — Maxwell Equations

The system of Maxwell equations in a homogeneous and isotropic medium is given
by

ya&—tl(x,tH—V xE(x,1)=0

(10)

8%—?(){,0 -V x H(x,1)
with E and H being the electric and magnetic fields, respectively, and € and u re-
spectively electric permittivity and magnetic permeability. Boundary conditions are
obtained by a combination of tangential traces of the two fields: n x E and n x H,
e.g.,n x E =0 for a perfectly conducting surface and the impedance boundary con-
ditionn x H— o(n X E) xn= 0, o > 0, for an imperfectly conducting surface [@].

The relationship to wave equations can be made more visible by rewriting the
first order system (I0) as a second order system. This can be done by, for example,
eliminating the magnetic field H and thereby obtaining the equation

0,

0°E
—c2V><V><E(x7t):W(x,t), (11)

. _ 1
with the wave speed ¢ = e
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2.2 Integral Equations

For all of the governing equations given above, a representation formula can be de-
rived (see, e.g., for acoustics [@], for elastodynamics [@], for viscoelastodynam-
ics [@], for poroelastodynamics [@], and for electromagnetism [@, Chapter 25]).
Representation formula for Maxwell equations does not fit the general framework
of the other equations, therefore it is presented separately.

Taking u as representative for the unknowns in the governing equations (), (3)),
@), and (8) the representation formula is

u(x, 1) = / / U(x—y.i— Dt(y, 7)dldT—
or

t
//(yyU)(x—y,t—r)u(y,r)drydr, xeQ. (12)
or

The surface measure dIy carries its subscript in order to emphasize that the integra-
tion variable is y. Similarly, .7y indicates that the derivatives involved in the compu-
tation of the surface traction are taken with respect to the variable y. The function
U(x —y,7 — 1) denotes the fundamental solution of the respective governing equa-
tion. In the Laplace domain, the fundamental solutions of all of the above given
problems can be formulated in 3-d as

ﬁ(x—y,s) = ZA(")(r,s)? with r=|x-y|, (13)

using the wave number A; = - instead of the wave velocities ¢;. The upper limit

w of the sum in (I3) is the amount of body waves in the model. The coefficients
AU(r,s) are listed in the Appendix. In 2-d, the structure of the fundamental solution
is the same, however, the exponential function has to be replaced by the modified
Bessel functions of zero or first order. Time dependent fundamental solutions are
only available for acoustics, elastodynamics, and electromagnetism, but even here,
for example for elastodynamics and the dissipative wave equation in acoustics, the
time domain fundamental solution can become very complex. In the following, this
problem is overcome by using the CQM for time discretisation.

By means of equation (I2), the unknown u is given at any point x inside the
domain © and at any time 0 < ¢ < oo, if the boundary data u(y,7) and t(y,7) are
known for all points y of the boundary I'" and times 0 < 7 < ¢. The first boundary
integral equation is obtained by taking the expression (I2) to the boundary. Using
operator notation, this boundary integral equation reads

(Vt)(x,1) = € (x)u(x,t) + (A a)(x,t), (x,2) € x(0,00). (14)
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The introduced operators are the single layer operator ¥, the integral-free term %,
and the double layer operator .#~ which are defined as

t
(Pt (x,1) = / / Ulx—y,1 — D)t(y, 1)dldr, (15a)
C(x) = 7 + lim / (FUsaie) (x—y)dI3, (15b)
9Be (x)NQ
(A _hm/ / (ZU)T (x—y.i - D)y, 1)dldr. (15¢)
0 I'\Be(x

In these expressions, Be (x) denotes a ball of radius € centered at x and dBg(X) is its
surface. In (I3B), the integral free term is only determined by the static counterpart
of each operator, i.e., the index g, denotes the respective fundamental solution.
E.g., in elastodynamics Uggyie 1S the elastostatic fundamental solution. Note that
the single layer operator (I3a) involves a weakly singular integral over I" and the
double layer operator (I3d) has to be understood in the sense of a principal value.
Further, it should be remarked that the operator notation in (I3d) and (I3d) includes
the convolution operator in time.

Application of the traction operator .7, to the dynamic representation formula (I2))
yields the second boundary integral equation

(Zu)(x,1) = (J = C(x))t(x,1) — (A't)(x,1), x€ET. (16)

The newly introduced operators are the adjoint double layer operator .#” and the
hyper-singular operator &. They are defined as

(o —hm/ / (AU)(x—y,t — )t(y, T)ddr, (17a)

0 I'\Be(x
t
(Zu)(x,1) = —lim [ 7, / (AZU) (x—y,t —1)u(y,7)dl;dt.  (17b)
£
0 I\Be(x)

The hyper-singular operator has to be understood in the sense of a finite part.

For the solution of mixed initial boundary value problems, a non-symmetric for-
mulation by means of the first boundary integral equation (I4)) in combination with a
collocation technique will be used. A symmetric formulation is obtained using both
the first and the second boundary integral equations, (I4) and (I6) in combination
with a Galerkin technique.
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Symmetric Formulation

First, the Dirichlet datum u and the Neumann datum t are decomposed into
u=1i+gp and t=t+8y, (18)

with arbitrary but fixed extensions, gp and gy, of the given Dirichlet and Neumann
data, gp and gy. They are introduced such that

gl)(X,l‘):gD(X,l‘)7 (XJ) GFDX(O,OO),

19
ax(x0) = gv(x1), (%) € Ty x (0,%) {19

holds. The extension gp of the given Dirichlet datum has to be continuous due to
regularity requirements 1791

In order to establish a symmetric formulation, the first boundary integral equation
() is used only on the Dirichlet boundary I, whereas the second one (I6) is used
only on the Neumann part I'y. Taking the prescribed boundary conditions in (I)) into
account and inserting the decompositions (I8) into both integral equations leads to
the symmetric formulation for the unknowns @ and

”//E—L%/ﬁ:fD, (X,I)EFDX(O,M),

- 20
.@ﬁ—FL%//t:fN, (X,I)EFNX(O,OO) 20)

with the abbreviations

fp=%8p+ 78p— V8N,
fy = (I —€)gn— '8y — D8p.

Representation Formula for Maxwell Equations

The representation formula has the following form for the electric field
1
9j
Ex) =i [ [Ux=y.r-0)5) (v m1arde
0r

t
+ v//U(x—y,z—r)a;'vr-j(y,r)drydr
or

oM | =

t

—-Vx //U(x—y,t—r)m(y,r)dl"ydr

0or
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and the following for the magnetic field

Igm

t
H(x,r) = —e//U(x—y,t—r) > (y,7)dIdt
0or
17
—&-EV//U(x—y,t—r)&,‘lVr-m(y,T)dFydr
0or

t
+VX//U(X—y,[—f)j(y7’€)d1}d’€,
or

where j = H x n and m = n x E are, respectively, the surface current and surface
charge density. The symbol d,' denotes integration on the interval [0, 7], this is con-
sistent with the operational notation introduced in the next section. The fundamental
solution U(x, s) still has the form (I3) and is in fact the same as the fundamental so-
Iution for the acoustic wave equation, showing the close relationship between the
two sets of equations. Taking tangential traces one obtains boundary integral for-
mulations of boundary value problems. Since the formalism using the four integral
operators introduced for other governing equations does not directly translate to the
Maxwell system, for further information the reader is referred to literature, see [@,
Chapter 25].

3 Convolution Quadrature

All of the time domain integral operators of the previous section have the form of a
time convolution

u(t) = / k(i — 7)g(7)dx. @1)
0

The difficulty in computing such convolutions comes from the fact that the kernel
k() is often distributional and in many cases of practical interest, e.g., viscoelastic-
ity and poroelasticity, even not known explicitly. However, the Laplace transform of
the kernel

K(s) = k(s) = Lk(s) = / k(£)e " di
0

is always explicitly known and simpler. For this reason it is essential to be able
to compute (ZI) by using only the Laplace transformed kernel K (s). To make this
dependence on the Laplace transformed kernel explicit, operational notation, going
back to Heaviside and standard in papers on convolution quadrature [@],

t

(K(9)g) (1) := [ K= )g()ar. 22)

0
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is used in this paper. The rationale behind this notation comes from identities of the
type K(0;)g = g’ for K(s) = s and the composition rule K,K; (0;)g = K2(9;)K1(d))g-
Convolution quadrature time discretization will be explained and convergence re-
sults given with the following assumption on the operator K (s):

K(s) is analytic for Rs > 0 and bounded as

15|t (23)

|K(s)] < C(00) )" for Rs > op > 0.

To make the connection to the previous section explicit, note that in this notation the
single layer operator of (I3a) can be written as

(71)(x,t) = (V(I)t) (x,1)

where V is the single layer operator in the Laplace domain:

(V©))(x) = [ Ox—y.90()ds, (4
r

and U is the explicitly known fundamental solution in the Laplace domain, see (I3).

3.1 Linear Multistep Based Convolution Quadrature

For At > 0 lett; = jAt be the discrete time steps at which (22) is to be computed.
Convolution quadrature approximation of (22) at t = t,, is given by

n

(G™)e) () = X 0 (K0 (1), (25)

j=

Here the convolution weights a)jA’ (K) are defined implicitly by
K (—yf)) =2 o' (K)¢, (26)
t far

where y(§) is the quotient of the generating polynomials of a linear multistep
method of order p. For hyperbolic problems only A-stable methods are admissi-
ble, the most often used methods being the backward difference formulas of order 1
(BDF1/backward Euler) and order 2 (BDF2) for which

WO=1-C ®BDF, y(§)=3-20+3¢ (BDR).
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An important property of convolution quadrature is that the composition rule is pre-
served. Namely, K>K; (92")g = K> (97") K1 (9")g. Further, for K (s) = s, K(d")g =
02! g is the linear multistep approximation of the derivative g’.

A brief motivation for the approximation (23) is in order. Making use of the
extension g(t) = 0 for r < 0, the approximation @3) can be defined for all t:
(K(971)g) (1) = X7 a)jAt(K )g(r —t;). Taking the Laplace transformation of this
expression gives

) efsAt
2 (K(07)g) 5) = <2 wf’(K)«e—Wf) Zg(s) =K (%) Zg(s)

j=0

Since .Z(K(d)g)(s) = K(s)ZLg(s), the convolution quadrature manifests itself

through the approximation s ~ ngm) = 5+ 50((sAt)”), p being the order of the
multistep method. The restriction to A-stable methods comes from the requirement
Ry(e *A") > 0 for Rs > 0.

Next, a result on convergence of the linear multistep based convolution quadra-
ture is given, the proof of which can be found in 153].

Theorem 1 (Lubich 1994). Ler @3) hold, g(0) = g'(0) = --- = g~ 1(0) = 0 for m
such that m > max(p+2+ W, p), and let u, = (K(9{")g) (tn) be the approximation
obtained by convolution quadrature 23) based on BDF formula of order p = 1,2.
Then there exists T > 0 such that for all 0 < At <fandn=0,1,....N=T/At it
holds

In
it — u(ta)| < CALP / 18 (7)|d1.
0

The constant C is independent of At and N, but depends on T and constant C(0p)

in @3).

The result proved in (53] covers a larger class of A-stable linear multistep meth-
ods. The statement here has been restricted to BDF methods in order to shorten
the exposition. The trapezoid rule does not satisfy the assumptions of the general
theory given in [@] if u > 0. Recently, in [IE] the convergence of the trapezoid
rule has been proved for this case and successful numerical experiments have been
performed for acoustic scattering applications.

Because of the restriction to A-stable linear multistep methods, the highest or-
der attainable is p = 2. To achieve higher orders of convergence one has to turn
to Runge-Kutta methods. Further reasons to prefer Runge-Kutta methods are high-
lighted later in the paper, see Sect.[£.3]

3.2 Runge-Kutta Based Convolution Quadrature

Let a Runge-Kutta method of (classical) order p and stage order g be given by its
A
Butcher tableau E‘ﬁ where A € R™™_ b ¢ € R™; for a detailed introduction to
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Runge-Kutta methods see [Iﬂ, @ ]. A Runge-Kutta method is said to be A-stable
if the stability function

Riz)=1+zp"(I-zA)"'1,  1:=(1,1,...,1)7, (27)
is bounded as
|R(z)| <1, for Rz < 0andI—zA is non-singular for all Rz < 0. (28)

To simplify expressions assume further that bTA~! = (0,0,...,1), i.e., that the
method is stiffly accurate [@]; this in turn implies that ¢,, = 1. A further techni-
cal assumption is needed

|R(iy)| < 1, for all [y| > 0.

Radau ITA and Lobatto IIIC are examples of Runge-Kutta methods satisfying all of
the above conditions.

In a Runge-Kutta method computations are done not only at the equally spaced
points t; = jAt but also at the stages t; +cyAt, £ = 1,2,...,m. Note that ¢,, = 1
implies ¢; + ¢;uAt =t 1. The Runge-Kutta based convolution quadrature approxi-
mation to u(t, + cAt), £ = 1,...,m, is then given by

Upl g([j+C1A[)

n

A .
| = (K@ t)g)n = Y W (K) : . (29)
Unm J=0 g(tj—|-cmAt)
Here, the matrix convolution weights WjA’ (K) are defined implicitly through a gen-
erating function

A S .
K(A(—f)) :Z‘BW;‘ (K)¢/, (30)

with
AQ)=A""=¢Aa1p AT (31)

The solution at 7,41 is given simply by 1 = = b A~ (w1, ie.,

Upsy = bTA™! (K@A’)g) .

n

The composition rule still holds for the stage approximation, that is, K, K; (im )g=

K>(9,*")K1(9:*")g. This is however not true for the approximation 5" A=K (9,*")g,
whence we refrain from using the operational quadrature notation here.

First convergence results under the assumption (23) with v = 0 have been proved
in [12]. Subsequently it has been noticed that, unlike in the linear multistep case, a
more favourable result can be proved if v > 0. This result has been proved in [14]
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and is stated next. It shows that for sufficiently smooth and compatible data an order
of convergence O(At9T!7H+V) is obtained; recall that g is the stage order of the
Runge-Kutta method.

Theorem 2. Assume @23), with v > 0. Let r > max(p+u+1,p,qg+1) and g €
C’([0,T)) satisfy g(0) = g'(0) = - -- = g{")(0) = 0. Then, under the above conditions
on the Runge-Kutta method there exists t > 0 such that for 0 < At <fandt € [0,T],

t
lup — u(ty)| < C(AF? 4 Ag9HI7HHY) / lg" ) (1)|d.
0

The constant C is independent of At and g, but does depend on the Runge-Kutta
method, t, and T.

3.3 Implementation

The implicitly defined convolution weights ijz (K) can be computed by numerical
quadrature of the Cauchy integral formula, as proposed in [52],

—j N —L )
wqu)—ifK(%))cf‘dqml‘%ﬁZK(%f,””) Ve (G2

27 <
A =0

where {y.1 = ¥ and 0 < % < 1. The computational cost using the fast Fourier
transform (FFT) to compute the sum for all j =0,1,...,N, is O(NlogN) and the
error is O(%Z™*!). Due to finite precision arithmetic the accuracy is restricted to
/€ps, where eps is the machine precision and the parameter & is chosen as % =

1
eps2Vt); see [IE].
In applications it is of interest to solve a discrete convolutional system:

n
Find u,, such that gn= Y, 0 (Kjuj, n=0,1,...,N, (33)
j=0

or the equivalent system in the Runge-Kutta case. Due to the composition rule
K>K1(97")g = K2 (92)K1(92") g solving this system is equivalent to computing the
convolution with the operator K~

n

N
un =Y, 03 (K "gj =Y wn_j(K)gj, n=0,1,...,N, (34)
0 j=0

with the definition, @; = 0 for j < 0, which is compatible with @26). Two ap-
proaches to implementation are presented next. The first one uses the representation
(B4), whereas the second uses (33), but both avoid constructing the weights ij’
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explicitly. The presentation is done for the linear multistep based convolution
quadrature. Modifications needed in the Runge-Kutta case are explained at the end
of the subsection.

3.3.1 Solving the Convolutional System by Computing a Discrete
Convolution with K~!

Next an efficient method for computing (34) is presented. The method has been
introduced in [IB] but bears similarities with Method iii) of [@].

Substituting the approximation (32), this time with K~! instead of K, into (34)
and after rearranging the terms the following expression is obtained

Iy (€ snih AN [ S e
MnNN—Fl[gBK <7At J;)%gj N-+1| SN+1- (35)

The term in the square bracket is the discrete Fourier transform of the vector
(80,231, ..., %" gn) " and, hence, can be computed in O(NlogN) time using FFT.
The outer sum represents the inverse discrete Fourier transform also computable
in O(NlogN) time using FFT. Thus, the whole computation can be performed in
O(NlogN) time and the convolution weights need never be computed explicitly.
In [13], it is shown that the error of this approximation is still O(%V*!) with the
accuracy again restricted to ,/eps by the finite precision arithmetic.

Since computing K~!(s) is usually a significantly more complex and expensive
operation than the computation of K(s), this method can become expensive 158].
For this reason a recursive procedure is presented in the next section that requires
the inversion of K (s) only at the single frequency s = y(0)/At.

3.3.2 Solving the Discrete Convolutional System Recursively

In [IE], a modification of the recursive procedure of ] is introduced which allows
the solution of (33) without ever constructing the convolution weights. This method
is presented next.

First, assume that

-

a)r?—tj(K)uj = &ns

j=0
has already been solved forn =0, 1,...,N; , <N. Then, it remains to solve
n N1/2
> o) (Kuj=go— Y op (Kuj, n=Nyp+1,....N. (36
J=Nijp+1 j=0
N
Once the history Y, J;/é a)nAj j(K )uj is computed, the above system can be computed

recursively. The expensive part is hence the computation of the history, but it can
be computed efficiently using the fast Fourier transform (FFT). In order to avoid
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constructing the weights a)jA’ (K) explicitly, a scaled FFT can be used, as explained
next.

Define
Ny Nipp ‘ ‘

gni= Y, 0 (Kuj =" BT (K)Ruj, n=Np+1,....N,
Jj=0 Jj=0

for a fixed 0 < #Z < 1. Let 8, be the vector obtained by a matrix-vector multiplica-
tion of the circulant matrix, whose first column is given by

¢ (K) == (0" (K), Z 0" (K), - . Z oy (K)) ",
with the vector
ug, = (ug, Buy,- - ,%’NI/ZMM/Z,O,--- 0"
It is not difficult to check that
K" (8a)n =8, forn=Nyp+1,...,N;

here it is implicitly assumed that the numbering of elements in a vector begin with
0. Therefore, if g, can be computed efficiently and without explicitly constructing
the convolution weights, then so can the history required for (38)). Since circulant
matrices are diagonalized by the discrete Fourier transform, in the following denoted
by Fn.1, it holds

8, = Tyl diag(Fyi1€4(K)) Fyiius. (37)
The definition of .%y 1 that will be used in the following is

N .

—(j . 27

(9]\/.,_111)[;: ZMJCN+JI7 with CN—H =eN+T,
Jj=0

The definition of convolution weights (26)) then gives

VRGO & st
el B WL il
Jj=N+1

N
s
(Frsiea(K)) = X #01 G  = K < =
Jj=0

j=0

YR & N i
:K<T[tv+l _];%k(N+l) Zﬂjwﬁk(NH)(K) NJ{]I :

Since the term in square brackets is again a discrete Fourier transform, considering
(@D and applying 9,;% to both sides in the above equation gives
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K<@) K(MH FNi1Ug

At At

S fﬁzlglldiag

© SAN+1) 4 At At N, At
— > 7V diag {a’k(N+1)’%)a’1+k(N+1)v"' I a’N+k(N+1)] TN+ 1.
=1

Scaling both sides with R~! := diag(1,%2!,...,%~") finally gives

K (@) K (%)] 9}\/4_111,% (38)

~  p—1g—1 5
g=R 7, diag AL AL

~ Y VD jag [w,fml)(zq, - ,a),e;k(,w)(zq} Tyl
k=1

Therefore, the vector g, containing the update due to the history, can be computed
to an accuracy O(#"*!) by using only evaluations of the Laplace domain operator
K (s). Further, the computational cost is only O(NlogN). The error is however re-
stricted by finite precision eps of computations of K (s) and the FFT. Therefore, the
total error for computation of the correction g, is Z¥N+! + % "eps, n = N, 25>V
Hence, the best accuracy ,/eps is obtained with the choice % = epsl/ N

This procedure can be continued recursively. Thereby no convolution weights
%" (K) need to be computed except for the first one

J
i (K) =K (@) .

It is also the only operator that needs to be inverted if the recursion is performed
until a 1 x 1 system is reached. In practice it is more common to stop the recursion
once a small sized system is reached and then solve the small system using the
method of Section 331l See Algorithm [ for the structure of such an approach.
In order to solve (33) the algorithm is called with arguments SolveCQ(0, N, g, u,
J), where a constant J defines the size of the “small” system. The cost of such a
recursive procedure is O(N log? N) ] since there are logN levels in the recursion
and at each level an FFT is computed.

Remark 1 (Parallelization). Algorithm [I] can easily gain from the availability of a
parallel architecture. In applications, the expensive part of the computation is the
evaluation of the operator K(s). Due to the diagonalization of the (block) circu-
lant matrices, in both methods, this part of the computation is trivially parallel and,
therefore, appropriate also for distributed memory parallel architecture.

3.3.3 A Few Remarks Regarding the Implementation of Runge-Kutta Based
Convolution Quadrature

The same procedure as explained above for the linear multistep case can also be
used to implement the Runge-Kutta based convolution quadrature. Again, it is only
necessary to be able to evaluate operators
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Algorithm 1. SolveCQ(Ny,N1,g,u,J)

J=No
if Ny — Ny > J then
Nyijp = [(N1+No)/2]
SolveCQ(No, Ny2, 8, u, J)
update right-hand side
Nip
gn=8 — Y wf—tj(K)Mja n=Nyp+1,....N|
J=No
using (38)).
SolveCQ(N1/2 +1, Ny, g, u,J)
else
compute
n
Uy = z (OnA,tj(K_])gj, n:N(),...,Nl,
J=No
using (33)).
end if

ARG A(0) A

K| —— 2N+ d K(—*)=K|— ).

( At an ( At > < At >

If A(ZCy,. fl) has a full basis of eigenvectors, i.e., if there exist an invertible matrix

X and a diagonal matrix A = diag(A,A2,---,A,) " such that A (%Cﬁfl) =XAX",
then the matrix valued operator is easily computed by

A(ZEE
K <%> = Xdiag(K(A /A1), K(An/A1))X L.
In [IE], it has been shown that there is only a single value of Z{ fl, respectively

two such values, for which A (%2 C1\7f-1) is not diagonalizable in the case of the 2-
stage Radau ITA method, and respectively, the 3-stage Radau IIA method. These
particular values are very unlikely to be hit during a computation, still the condition
number of the basis of eigenvectors X should, as a precaution, be examined.

4 Convolution Quadrature Applied to Hyperbolic Initial Value
Problems

In the notation of Sect.[3 the time domain integral operators ¥, %", %", and 2 can
be written as V(d;),K(d;),K'(d), and D(d;) where V,K,K’, and D are the corre-
sponding Laplace domain operators



164 L. Banjai and M. Schanz

(VH)(x,5) = / U(x—y, s)t(y)d;, (392)
r

(Ku)(x,s) = lim (A0)" (x—y,s)u(y)dly, (39b)
I\Be ()

(K't)(x,s) = ilg(l) (A0)(x —y,s)t(y)dly, (39¢)
I\Be(x)

(Du)(x,5) = — lim % (H0) (x—y,s)u(y)dl;, forxel.  (39d)

I\Be(x)

Once the Cauchy data are computed, the representation formula (I2) can be used to
evaluate the solution inside the domain €2. The single and double layer potentials
used in the representation formula are denoted by V and X, i.e.,

(VO)(x.9) = [ O(x—y.s)t(y)drs. (400)
r

(Ku)(x,s) = /(%G)T(X—y,é‘)u(y)(ﬂ}, forx € Q. (40b)
r

The linear multistep method based convolution quadrature of the symmetric formu-
lation (20) is given by

V(9D (x,12) — (K(F)8) (x,1a) = Ep(%,12), X € ID,
- 41)
(D)) (%, 1) + (K" (D) (. 1) = v (X,1a), X €Iy

forn=0,1,...,N and with the abbreviations
fp = C&p + K(9,")&p — V(9")w,
fy = (7 —€)gn — K'(9")an — D(")&p.

Once (@J) is solved for the boundary data, the solution u inside the domain €2 is
obtained by discretizing the representation formula as

ua(x) = (V(92)1) (x,10) — (K(9 ) (x,1), x € Q. (42)

For the Runge-Kutta based convolution quadrature, d2' is replaced by QA’ .

4.1 Bounds in the Laplace Domain

In order to be able to apply Theorem[Iland Theorem[2lto show convergence and sta-
bility of the semi-discretized symmetric formulation (1)), estimates in the Laplace
domain of the form (23) are needed. That is, considering the symmetric formulation
in Laplace domain
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(V(s)E)(x,s) — (K(s)d)(x,s) { x € Ip, 43)

(D(s)a)(x,s) + (K'(s)t)(x,s) = fn(x,5), x€Ty

Il
>}
—~
»

©”
~

with R
fp =Cgp+K(s)&p —V(s)&n,

fv = (7 =€)y — K'(s)gn — D(s)gp,

a s-dependent bound in an appropriate norm of the solution operator
T(s): (&p.&v) = (0,1)

is needed. Since the kernel functions of the integral operators involved in (43) are
analytic in the right half complex plane as functions of s, so are the integral operators
themselves, and consequently, if it exists, the solution operator T also. If the problem
is well-posed, the solution operator must be polynomially bounded in appropriate
norms, but determining the degree of such a polynomial bound, g in @3)), and v
in 23), is in general difficult and for the symmetric formulation only known in the
acoustic case, see [@], with the results extendible to the elastic case. For the linear
multistep based convolution quadrature, see Theorem [Tl the value of u gives the
smoothness of the data required for optimal convergence rate to be reached. For
the Runge-Kutta method, see Theorem 2] this constant, in fact y — v, influences
the optimal convergence rate however smooth the data may be. Accordingly, for the
Runge-Kutta method it is of an extra importance to know this constant.

Bounds for various formulations with explicit dependance on s, have so far been
computed for acoustics and electromagnetism. For the acoustic case, in the pioneer-
ing work of BAMBERGER and HA-DUONG [@] estimates

s s|?

VOl sy <Cak and VOl o1y < Cor. (44
have been proved. Therefore, according to Theorem 2] the expected rate of conver-
gence to the exact densities is €/(At7), i.e., stage order g. More favourable bounds
have been shown in [@] for the operator \7(s), these imply that the rate of con-
vergence to u(x,r) for a fixed x € Q is & (Ar?), that is the full (classical) order
of the Runge-Kutta method; this result is likely to extend to all of the other wave
propagation problems.

In the recent work by LALIENA and SAYAS [@], various formulations, the sym-
metric coupling, FEM-BEM coupling, transmission problems, etc., have also been
investigated in the acoustics case. As stated by the authors of 50] all these results
are extendible to the elastic case. The bound obtained in [@] for the solution oper-
ator of the symmetric formulation is

|s|5/2
IT(5)] < e~ 45)
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For the electric field integral equation (EFIE) formulation of the problem of scatter-
ing of electromagnetic waves by a perfect conductor, the corresponding bound has
been given in [ﬁ ].

Note that for the analysis of the fully discretized problem, i.e., discretized both in
time and space, bounds of the type (4) are needed also for the spatially discretized
integral operators [53].

4.2 Properties of Convolution Weights

It is instructive to investigate the shape of the convolution weights for the various
boundary integral operators. In this section, the single layer operator convolution
weights a)jA’ (V) and WjA’ (V) for the acoustic and viscoelastodynamic equations are
investigated.

These have the form

o (V)t= [ @ (x -yt and W (V)e= [ WY (x-y)ty)dr,
r r

the kernels being given by the generating functions

oo oo

Uz, 1(0)/An) = Y, @'(2)¢ and U(z,A(C)/Ar) =Y Wi (2)¢/.

Jj=0 J=0
For the backward Euler method and the acoustic wave equation, the kernels CT)J-A’ V)
can be given explicitly:

J2]

02 (z) = e (2 )1 BDF1 for the wave equation
PN Arlz| \cAt) U d '

From this formula and Stirling’s approximation of j! it is not difficult to see that
CT)J-A’ (z) is close to zero except for |z|/c & jAt. This is not surprising since the kernel
function in this case approximates, in a certain sense, the Dirac delta distribution
8(1j—lz|/c)
47z
Hermite polynomials [46]. The width of the intervals to which |z| needs to belong to
in order that |CT)J-A’ (z)| > € for some & > 0 have been investigated in [46]. For Runge-
Kutta methods such estimates do not exist as yet, but numerical experiments 1,
suggest that the width of this band is considerably smaller for high-order Runge-
Kutta methods.

Because of the increased complexity of viscoelastodynamics compared to acous-
tics it is particularly of interest to investigate the shape of the kernel functions in this
case. In Fig.[Il the shapes are compared for different choices of At and the underly-
ing linear multistep or Runge-Kutta method. For the Runge-Kutta method the sum
of the last row of WjA’ (z) € R™™ is plotted; in fact each component has a similar

. Explicit formulas for (T)jA’ (z) in the case of BDF2 can be given in terms of



CQM Based Time Domain BEM 167

x 10 ?Radau TIA At = 4 x 10~° x 10 ?Radau TTIA At = 2 x 10~°
6 5
4
= =
N2 ~
3. 3s
e e
|
< 2 =
& &
-4
-5
0.5 1 15 2 0.5 1 15 2
nAt x107° niAt x107°
x 10"° BDF2 At = 5 x 106 | 10"’ BDF2 At = 1.25 x 106
15
10 0.5
= ° s 0
13 13
-0.5
-5
-1
0.5 1 15 2 0.5 1 15 2
nAt x107° niAt x107°

Fig. 1 Plots of the i = 1 and j = 2 entry of the tensors ®2'(z) and b' A~'W2!(z)1 =
i <W,,A’(z)> . withz=(1,1,0)" for 3-stage Radau ITA and BDF2 methods
n

shape. For this plot, the measured material data of a Perspex (PMMA) are used, i.e.,
the material constants in (6) and (7)), are set with

K=62x10N/m?, G=133x10°N/m?, p = 1184ke/m’
g = 4¢P =0.00231/s, p" =pP =0.0021/s.

The two waves, with different speeds of propagation, can nicely be seen in these
plots. It is also seen that for the Runge-Kutta method the fronts are much better
localised and with less non-physical oscillation for considerably larger At than for
the BDF2 kernels. This suggests that the higher order brings also qualitative advan-
tages, that is, that the results should be closer to the physical reality earlier as At is
decreased. This observation is explained more thoroughly in the next section.
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4.3 Dissipation and Dispersion

It is often possible to say more about the numerical solution of a problem than just
the assymptotic convergence order. Certain qualitative properties of the numerical
solution can be quantified by the notions of numerical dissipation and dispersion,
see [@].

An important fact, in this respect, is that the convolution quadrature of the time-
domain boundary integral equation is equivalent to a boundary integral formulation
of the semi-discretization of the underlying partial differential equation. Namely,
the solution of the semi-discrete problem (41]) and (@2) satisfies the linear multistep,
respectively Runge-Kutta discretization, of the underlying partial differential equa-
tion (I). For example in the case of viscoelastodynamics, see (@), the solution u,,,
n=0,1,...,N, of (@) will satisfy the semi-discrete PDE

1,97 Au—c3,(9P)V x V xu = (9")u, (46)

whereas in the case of the acoustic wave equation the solution u,, n=0,1,...,N, of
(1) satisfies the semi-discrete PDE

A Au= (07 u (47)

in the domain €2. For the method of proof of this fact, see [@, Theorem 5.2] and the
introduction of [IE]. To perform dispersion and dissipation analysis, one assumes
@8) or @7 to hold in the whole space R* and investigates the shape of plane wave
solutions. Such an analysis is classical, but has first been performed in the context
of convolution quadrature in ].

For simplicity only the scalar wave equation (7)) is investigated here. The non-
discretized wave equation (3) admits plane-wave solutions of the form ei(%x*‘“”)
with ®? = |&|%. The semi-discrete equation (@7) also admits plane wave solutions

(¢ . . . .
Un(x) = €& XF@atn) put, the relationship between @,, and & is considerably more
involved and constitutes the dissipation and dispersion analysis. For linear multistep
methods the relationship is given by

2 (He )
€] (T) . (48)

In the case of a backward Euler discretization, i.e., y({) = 1 — {, solving this equa-
tion for wy, the following relationship is obtained

i 1
wp = £|E|+ %At|§|2$ SAPIEP -+, Backward Euler.

This shows that plane waves satisfying the semi-discrete wave equation discretized
by first order BDF method are of size & (e’%mmz), i.e., the solutions are signifi-
cantly damped unless Az|&|> < 1. This is a much stronger condition than the sam-
pling condition of a few degrees of freedom per wavelength, i.e., A7|| < 1. In
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general, it is seen from (@§) and the approximation property y(e %) = z+ €/(z"*1),
that for a p-th order linear multistep based discretization to give an accurate result,
At must satisfy the condition Ar”|&|PT! < 1. Since the order of A-stable multistep
methods is restricted to p < 2, this condition on At is always significantly more
stringent than the sampling condition.

For Runge-Kutta methods consider the plane wave u,) = ei(%'x+wA""+“’f~A"'fA’).
Since ¢ = 1, Wy A, = W4, must hold, but in general it is not possible to require
Wy Ar = Wy, for all £. For the analysis the following result proved in [@] will be
used.

Lemma 1. Let @28)) hold,
Then R(A) = {1

A similar calculation as for the linear multistep methods gives the relationship

C| # 1, and A be an eigenvalue of A({), but not of A= 1.

Un] 2 Unl

) ) B A(e—icoA,At) .
el |- (m) |- )

Unm Unm

A solution @y 4, of the following equation also satisfies (49)

Un1 Upl

A —iwp, At
€[] :(%) . (50)

Unm Unm

Therefore, iAz|& | is an eigenvalue of A (e~1?aA") and for small enough At|€ | cannot
be an eigenvalue of A~!. Consequently, due to Lemmal[ll

R(iAt|E|) = el®arAr,

Recalling the approximation property of the stability function R(z) = ¢* + &'(zP 1),
it is seen that
o =8|+ [E]O(|EAL|P). (5D

Since for the 2-stage Radau IIA method p = 3 and for the 3-stage method p =5,
it is seen from the last equation that these methods are significantly less dissipative
and dispersive than the A-stable linear multistep formulas. Furthermore, the constant
implicit in (31D is very favourable in the case of Radau IIA methods, itis C =1/216
for the 2-stage and C = 1/7200 for the 3-stage method.

5 Space Discretization

Space discretization, in the context of convolution quadratures, poses no extra diffi-
culty compared to the space discretization of boundary integral operators of elliptic,
in particular Helmholtz, problems. It is merely necessary to replace the Laplace
domain integral operators in () by their discretized counterparts.
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5.1 Galerkin and Collocation in Space

When using Galerkin discretization in space, finite element bases on boundaries I'p
and I'y are used to construct the approximation spaces

Xp = Span{@1,0>,...,¢um, |@; =0o0n Iy},
Xy = Span{y1,y2,..., ¥y, |y; =0o0nIp}.

The unknowns (i1),, and (t), at time ¢ = t,, are approximated by a linear combination
of functions in Xp and Xy

M, M,
@)=Y g, and (@)= B"w, n=0,1,...,N. (52
(=1 k=1

Inserting this ansatz into (41)) and testing by functions from Xp and Xy gives the
fully discrete system

[ V@Rt (X1~ [ K(OA ) (5,80 v (X)AT = [ (1) YT,
r r r
[ DO () (X [ KOs (5,10 000T = [ fu(x,1) e ()R,
r r r

forn=0,1,...,N,{=1,2,.... Mj,andk=1,2,... ,M,.

When solving this convolutional linear system of equations using the techniques
of Sect. 3.3l quadrature required to implement these equations can be done solely
in Laplace domain. More specifically, the Galerkin discretization of the operators
V(s¢), K(s¢), K'(s¢), and D(s¢) for all the frequencies sy occurring in the algorithms
described in Section[3.3] are needed. For example, the Galerkin discretization of the
single layer potential requires the computation of the following integrals

[V EwdR = [ [Ox-y.s0w;(n)wxdndn.
r r r

Numerical quadrature routines for kernels U(x —y,s;) have been extensively in-
vestigated and are readily available, see for example ,, @]. In fact, one of the
main advantages of convolution quadrature lies in the fact that numerical quadrature
of the difficult/unknown distributional kernel function is not necessary.

It has to be mentioned that the right-hand sides fp and fy are not immediately
available, but have to be first computed by applying time-domain integral operators
to the data @p and gy. This is usually done by first projecting the data onto boundary
element bases defined on I'; note that since it is not necessarily true that gp = 0 on
Iy and gy = 0 on I it is not possible here to re-use spaces Xp and Xy.
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To avoid double integration in space, it is of interest to use collocation in space
instead of Galerkin discretization. Here the unknown functions are again approxi-
mated by a linear combination of basis functions as in (32) and this approximation is
substituted in (T)). To arrive at a system of linear equations, the resulting equations
are evaluated at collocation points on the boundary.

Stability and convergence analysis of the fully discrete symmetric system has
not yet appeared in literature in any of the applications covered in this paper. The
linear multistep convolution quadrature with Galerkin discretization in space for
the indirect boundary integral formulation of the Dirichlet problem of acoustics has
been fully analysed in [@%

5.2 Fast Data-Sparse Methods in Frequency Domain

Using Algorithm [] to solve the fully discrete system it is necessary to discretize
operators V (s¢), K(s¢), K'(s¢), and D(sy). Galerkin or collocation discretizations
of such operators result in dense M; x My matrices, j,k = 1,2. Therefore, direct
computation and storage of such matrices has cost &' (M?) with M = max(M;,M,).
Fortunately, so called data sparse techniques have been developed in the past couple
of decades that can in almost linear cost, i.e., &'(Mlog® M) for some a > 0, compute
approximations of these matrices. Two main classes of such data sparse methods are
Iﬂ%r%hical matrices (.77-matrices) [@, @] and the fast multipole methods (FMM)
,168].

The difficulty of computing a data sparse representation of space discretizations
of integral operators is directly related to the wavenumbers s,. The kernel functions
have the form ‘
e_ "[J(J‘>

dmr

r

w
U(x,5) = Y A () r=Ix,

i=1
with ¢;(s) — const > 0 for |s| — oo, and hence if |3sy| > 1 the kernel is highly
oscillatory and consequently difficult to discretize efficiently, on the other hand if
Rs > 1 the operator is practically diagonal and easy to efficiently discretize.

The evaluation of integral operators at different wavenumbers occurs in two
places in Algorithm [I] where a discrete convolutional system of size J is solved
by solving a decoupled set of linear systems in Laplace domain, and where a
matrix-vector product with discretized integral operators in Laplace domain needs
to be computed. In [IE], it is shown that if J is chosen as a constant independent
of At the frequencies arising in solving the small system (last block) all satisfy
|3s|/Rs < const. This in turn implies that the integral operators in Laplace domain
can be approximated by an .7#-matrix with computational and storage complexity
O(MlogM). Furthermore, an (approximate) LU -decomposition in ##’-matrix for-
mat can be computed in (N log? N ) time, which can be used as a very good pre-
conditioner for solving the linear systems by an iterative method, such as GMRES.

Wavenumbers occurring in the line update right hand side can have |3s| ~ At~
If At /c;, with ¢; the speed of the wave, is much smaller than the size of the computa-
tional domain €2, high-frequency problems occur for which J#-matrices lose their
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efficiency 158]. Fortunately, the highly-oscillatory operators need not be inverted,
but only a single matrix-vector product needs to be computed. This is an ideal task
for the so called fast multipole methods. Here the advantage of the recursive proce-
dure from Sect.[3.3.2 can best be seen.

Many fast-multipole like methods for high-frequency Helmholtz integral opera-
tors have been developed since the early 1990s [@h, Eé , @]. These have dealt
with cases of purely real and purely imaginary wavenumbers. They can be adapted
to the present case of the whole range of complex frequencies, still, to do this opti-
mally more work is needed.

6 Numerical Example

In this section, the solution procedure of Sect. 3.3.1] is tested for elastodynamics
with different Runge-Kutta and multistep methods. In order to show the validity
of the results only benchmark examples, whose analytical solutions are known, are
treated. All computations were performed by using the HyENA C++ library for
the numerical solution of partial differential equations using the boundary element
method [@]. For the Fourier like transformations the FFTW routines [@] are taken.
A 3-d rod of size £; = 3.0m and ¢, = {3 = 1.0m, as depicted in Fig.[] is con-
sidered. It is fixed on one end and the other end is excited by a pressure jump
t1 = —1.0H(¢t)N/m?. H(t) denotes the unit step function. The material parameters
of steel (p = 7850kg/m?, G = 1.055 x 10" N/m?, K = 7.03 x 10'°N/m?) are taken.
Poisson ratio is chosen to be zero, such that the results can be compared with the
analytical solution of longitudinal waves in a 1-d elastodynamic rod (see [|Il|]).

A

X3
X1
3m

t; = —1.0H(t)N/m?

Fig. 2 System and boundary conditions

The rod shown in Fig.[2lis discretised with two different meshes, the coarse with
565 triangular boundary elements of uniform mesh size 2 = 0.2m and the fine with
2176 triangular boundary elements of uniform mesh size # = 0.1 m. Both are de-
picted in Fig. 3l
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Fig. 3 Uniform meshes used for the calculations

The tractions and displacements are approximated by piecewise constant and
continuous linear polynomials, respectively. In order to compare different time dis-
cretizations the dimensionless value

c1At
B=—, (53)
is introduced. This value depends on the velocity of the compression wave ¢y, the
time step size Af, and the average mesh size h. For the Runge-Kutta methods the
time step size At is taken that of the stages and not of one step to have a fair com-
parison with the multistep method.

In the following, results are presented to show the influence of the different time
discretisations, i.e., the chosen methods are BDF2, Radau IIA (2-stage), and Radau
ITA (3-stage). It is studied how these different methods work in relation to the spatial
discretisation and the time step size.

First, the displacement in the middle of the top and the tractions in the middle
of the bottom of the bar are displayed in Fig. ] versus time for the different Runge-
Kutta methods listed above and the BDF2.

A collocation technique with 8 = 0.3 and the fine mesh is used. The displace-
ment results are more or less equal and coincide well with the analytical solution.
The traction solution is overall good as well. The differences between the Runge-
Kutta methods and the BDF2 are visible in the oscillations at the jumps. There,
the Runge-Kutta methods show less pronounced effects and as well a better rep-
resentation of the straight lines. This is in accordance with the observations made
for the integration weights in Sect. 4] (see Fig. [I)). The Runge-Kutta methods have
represented the wave fronts much sharper than the BDF2. Hence, here the oscilla-
tions must be smaller. Nevertheless, also the results for the BDF2 are good. As the
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(b) Tractions at the bottom

Fig. 4 Results for different Runge-Kutta methods and the BDF2 versus time
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different displacement results are nearly not distinguishable, in the following only
traction results will be presented.

The next study shows the influence of the mesh size where the traction results
using a Radau IIA (2-stage) are compared. In Fig.[3] the results are displayed versus
time for both discretisations of Fig.[3land for a collocation (denoted by *collo’) and
a symmetric Galerkin BEM (denoted by 'SGBEM”).

f [ - .
0 : Pt iiiess : X‘,«,.—“qﬁi —
: : it

s ’ A
[ ] H

0.5~ —
Ng | |
& - analytic
;ﬁ -1 —- h=0.1m, collo -
RS — h=0.1 m, SGBEM
3 L -—- h=0.2 m, collo :
= --- h=0.2 m, SGBEM
15 .

2 e g : L:"r_.:v' i _
! \ ! Ry !J%M‘
\ | | | \ !
0 0.001 0.002 0.003 0.004 0.005 0.006
time t [s]

Fig. 5 Influence of mesh size using a Radau IIA (2-stage) method

As expected the finer mesh yields better results. The difference between collo-
cation and the SGBEM is not observable. Similar plots can be made with the other
time discretisations, which yield qualitatively the same. One difference can be ob-
served. The 3-stage Radau ITA method tends to instabilities for the chosen 8 = 0.3.

The sensitivity on the times step size is studied in Fig.[6l The traction results are
computed with the finer mesh for all three multistep methods for different 3-values.
For = 0.1 the 3-stage Radau ITA method shows clearly an instability. These results
are truncated after 1 ~ 0.0033s, not to destroy the whole picture. With a coarser
mesh also the other methods would show instabilities. Overall, the numerical tests
confirm that a finer mesh moves the instabilities to smaller values of 3. Comparing
to the mathematics in Sect.[3] this behavior is not obvious. But, it must be remarked
that all proofs require some smoothness of the given data which is in the example by
the Heaviside function clearly violated. However, for engineering applications such
loadings are necessary and, therefore, the numerical tests has been made with this
right hand side.
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The last study concerns the long time behavior, because a lot of time domain BE
formulations suffer from either strong numerical damping or instabilities in the long
time range. The proposed method shows a very nice behavior as presented in Fig.[7]
The collocation and the SGBEM results are given for both meshes using a 3-stage
Radau ITA method.

THHHHHHHHA T

-0.5 —
(\lg | |
& -~ h=0.1m, collo
s —- h=0.1 m, SGBEM —
£ — h=0.2m, collo
s | =~ h=0.2m, SGBEM |
g

N HHNNHML

i
\ ) \ ) L ! \ y d] :
0 0.005 0.01 0.015 0.02 0.025 0.03
time t [s]

Fig. 7 Long time behavior using a Radau IIA (3-stage) method

Nearly no numerical damping is observed and no instabilities. The time step size
is chosen according to 8 = 0.5. The other Runge-Kutta or multistep methods pro-
duce comparable results. Hence, it can be concluded that the long time behavior is
satisfactory.

Overall, the presented results show that the method is robust with respect to the
time and the spatial discretisation if the mesh is sufficiently fine and the time step
size not too small.

Appendix

The general form of the fundamental solutions for the operators given in Sect.[2lcan
be found in (I3). For better readability it is recalled

7%,1
U(x—y,s) ZA with r=|x—y|.
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In the following, the coefficients A(?)(r,s) are listed. For the vectorial problems the
fundamental solutions are tensors. For them the indical notation is used where r; =
<21 stands for the directional derivative and §;; for the Kronecker delta.

Acoustics

The respective equations are presented in Sect. 2.1l In (@), the homogeneous form
of the differential equation is given. For the definition of the fundamental solution a
source of Dirac type has to be added. As in acoustics only one compressional wave
appears and the sum in (I3) has only one term, i.e., w = 1 holds. Further, it is a
scalar problem, hence, the tensor of fundamental solutions degenerates to a scalar
value. The coefficient is

A1 with A =2=3
C

>~ 1o

Visco- and Elastodynamics

The governing equations for viscoelasticity are given in Sect. as an extension
of the elastodynamic case (). Only the wave velocities have to be replaced by (6).
The excitation in the definition of the fundamental solutions is a force of Dirac type.
Two waves, the compression and the shear wave, exist and, therefore, the sum in
(13) has two terms, i.e., w = 2 holds. The coefficients are

(1 1 [3rir;— 0 2
A - {#(MH— )+ A2rars L

1 (3rir— 8
A(z) {77'7 r’;z J (1274- 1) + AQZF’,'VJ}

ijo ps2

with the complex wave numbers

S s . .
A=—, = — in elastodynamics and
C1 Cc)
s s o .
A =—, A=— in viscoelastodynamics.
Cly C2y
Poroelastodynamics

The governing equation of poroelastodynamics (8)) is a coupled set of differential
equations for the unkowns solid displacement u and the pore pressure p. Conse-
quently, the fundamental solution is a matrix

s 17
G= (g, g;) with O/ =P’ .
J
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The single entries are composed as given in (I3) and have either three waves, i.e.,
w = 3 or only two compressional waves, i.e., w = 2. The respective coefficients of
the sum are for the solid displacements due to a bulk body forc of Dirac type in the
solid, i.e., Uj;

)LZ _ 12
Ay = (p —ﬁ(lS)Pf)Sle A?—x}’
_ 92
8 g
4 = e i =
with
R = 3r}ir’;-2— 2 + A 3r’ir’i % +Akrir; and A7 = 27PK+/34(/;G

The pressure caused by the same load is, i.e., ﬁ;
—B(s))sprr 1
Al = (o ﬁ4( ) pg g (xl+—>,
B(s)(K+3G)(Af —A3) r

(
@  —(a—=B(s)spsr,; 1
ARG (K +31G)(A2 —A3) (’L” ) '

The remaining one is the pressure due to a source of Dirac type in the fluid, i.e., P/

A SPr A —AE o) —sprAg =
0T B AZ—A2 U T B(s) A2 A2

Electromagnetism

The fundamental solution is the same as for the acoustic wave equation, i.e.,

A1 with /’lezzs\/_e,u.
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Fast Nystrom Methods for Parabolic Boundary
Integral Equations

Johannes Tausch

Abstract. Time dependence in parabolic boundary integral operators appears in
form of an integral over the previous time evolution of the problem. The kernels are
singular only at the current time and get increasingly smooth for contributions that
are further back in time. The thermal layer potentials can be regarded as generalized
Abel operators where the kernel is a parameter dependent surface integral operator.
This special form implies that discretization methods and fast evaluation methods
must be significantly changed from the familiar elliptic case. After a brief review
of recent developments in the area we discuss the different options to discretize
Abel integral operators in time. These methods are combined with standard surface
quadrature rules to obtain a Nystrom method for parabolic integral equations. The
method is explicit and we will show how a version of the fast multipole method in
space and time can be used to evaluate the time stepping scheme efficiently.

1 Introduction

The solution of parabolic problems by boundary integral techniques is a well known
alternative to the finite element or finite difference method and has a long history,
beginning in the 1960’s , ]. However, the application of integral equation meth-
ods to realistic, three dimensional problems was hampered by the high computa-
tional expense of evaluating parabolic boundary integral operators. This stems from
fact that these operators involve integrals over time in addition to integrals over the
boundary surface. Furthermore, the computation of the influence matrix involves in-
tegration of singular or nearly singular integrals on the boundary surface and time,
adding to the overall computational cost.
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Because of this computational burden, integral equation methods were performed
either in Laplace domain, or were applied to the elliptic equation that arises after
time discretization of the parabolic PDE. True boundary element methods that eval-
uate the time convolution numerically have also been considered by several authors,
for instance [|ﬁ| @, @], but are typically limited to two dimensional problems, or
fairly coarse discretizations.

The thermal single layer operator is coercive in an appropriate anisotropic
Sobolev space , ﬁ]. Likewise, the thermal double layer operator is compact in the
proper setting [EL ]. This result is the background for the analysis of the Galerkin
method in both space and time. Spline collocation methods for two dimensional
domains where Fourier series techniques can be used have been discussed as well,
see [21],19]. Another discretization approach is the convolution quadrature method
for the time discretization [@, @]. This method is combined with a Galerkin or
collocation method for the space discretization of the Laplace transformed inte-
gral operators. All the above methods involve the computation of multi-dimensional
and possibly weakly singular influence coefficients. The different discretization op-
tions for parabolic integral equation methods and their theoretical foundations of are
surveyed in [@].

The focus here is on Nystrom discretizations. The method is based on the ob-
servation that thermal layer potentials can be viewed as generalized Abel integral
operators with smooth operator-valued kernels. The quadrature rule in time is a
desingularized version of the trapezoidal rule. The time discretization results in a
series of spatial integral operators with kernel, which can be treated with standard
surface quadrature rules. The resulting scheme is explicit in time, and does not re-
quire the computation of an influence matrix. The convergence analysis draws heav-
ily on the compactness of the layer potentials in the space of continuous functions.
Thus the arguments will, of course, break down if the the surface is not smooth. For
the Laplace equation it is possible to show stability and convergence rates of the
Nystrom method on non-smooth domains [@], although it is not clear yet whether
similar results can be obtained for the heat equation as well.

Since integral operators are non-local, discretizations lead to dense matrices and
therefore fast methods are important to handle large scale problems. This is well
known for elliptic equations, and is true even more so for parabolic equations. One
can distinguish three approaches to obtain efficient representations of integral op-
erators: Multiscale (wavelet) discretizations, fast Fourier methods and clustering
techniques.

Wavelets lead to asymptotically optimal algorithms in very general settings, we
refer to the survey (10]. Recently, they have attracted considerable interest for solv-
ing parabolic PDEs because of their good scaling properties in high dimensions 1301.
On the other hand, it appears that very little has been done in the context of parabolic
boundary integral equations. The author is only aware of the preprint [@] that derives
some optimal convergence results.

Fourier techniques suggest themselves because of the convolutional nature of the
heat kernel. The underlying principle is that convolutions turn to multiplications in
Fourier domain. The first paper in this direction is [IE], which considers expanding
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the Green’s function for the heat equation a bounded domain by a Fourier series. In
the more natural setting of an unbounded domain the kernel appears as a continuous
Fourier transform which requires special care to obtain discrete spectral approxima-
tions [@]. An application of this approach to evaluate thermal potentials is reported
in [24].

Clustering techniques, which include the fast multipole method, H-matrices, and
adaptive cross approximations, have proved to be extremely successful to solve el-
liptic problems with complicated geometries.

The fast Gauss transform [@] can be seen as a precursor of clustering meth-
ods for parabolic integral equations, because the heat kernel with frozen time is a
Gaussian in space. In 135] this algorithm is applied to handle the elliptic problem
that arises after time discretization of the heat equation. The original version of
the fast Gauss transform is based on Hermite expansions of the heat kernel. Since
the spatial variables of the kernel separate, the translation operator appear in tensor
product form, which can be exploited to reduce the computational cost associated
with translation operators 136l. Recently, more efficient approximations have been
considered, in particular exponential expansions which result in diagonal translation
operators [@] and Chebyshev expansions ], which allow global approximations
of the Gaussian.

We will concentrate on space-time clustering methods for discretizations of ther-
mal layer potentials, which was first introduced in 138]. The algorithm relies on a
hierarchic subdivision of space and time and uses a truncated Chebyshev expansion
of the heat kernel to evaluate interactions of well separated spatio-temporal clus-
ters efficiently. Here we will present the method together with some background
material on the discretization and fast evaluation of Abel integral operators and on
the approximation theory of the heat kernel. We will also include some new unpub-
lished developments including results obtained with an improved implementation of
our method.

2 Heat Potentials as Abel Integral Operators

Green’s formula relates the Dirichlet and Neumann data on the boundary surface S.
For the heat equation u; = Au with homogeneous initial conditions it can be stated
as

i%u(x,t)zt%/u(x,t)—“l/%(x,t), xeS, t>0. (D

Here, the plus sign applies for an exterior and the minus sign for an interior problem.
The single- and double layer potentials are given by

Valxn) = [ [Ga—yi=ng0r)dst)dr.
0Ss
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t
2(x,1) :/ 8i G(x—y,t —1)g(» 1)ds(y)dr,

respectively. The Green’s function of the heat equation in d spatial dimensions is

G(r,8) = (47:15)% exp (_%) .

Green’s formula will include additional volume integral operators if nontrivial ini-
tial conditions and source terms are present. Moreover, many problems of physical
interest deal with geometries that evolve in time, in which case the normal velocity
of the surface must be added to the normal derivative of the solution, see, e.g. [@].
In principle, it is possible to extend the methodology discussed below in these more
general settings. However, in the interest of conciseness, we will keep the focus on
the numerical solution of problems that are governed by (I).

For § > 0, the Green’s function is a Gaussian in space that becomes increasingly
peaked as O gets smaller. In the limit as & — 0, it converges to the delta function.
This follows from the well-known Poisson-Weierstrass integral, which states that

lim [ Glx—3.6)9(3)dy = 9(x).
R4

When the Green’s formula is applied to a problem in three dimensions, the layer po-
tentials involve integrals over two dimensional manifolds. To apply the the Poisson-
Weierstrass integral in this case one must factor (47:5)’% out to obtain the two-
dimensional Green’s function. This motivates us to define the time-dependent sur-
face integral operators

VORI = 375 o (2520 otas @

2
K©910) = 525 [ s (-2 ) 00 ds0) ®
S

and thus the single and double layer potentials appear in the form

V(i —1)g(1)dr, ©)

ﬂ\

—7)g(r)dr. 5

ﬁ\

e 7
v
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This representation clearly exposes the (r — T)_%— singularity because V (r — t) and
K(t — 7) can be regarded as smooth operator-valued functions on the triangle

Ar ={(t,7) : 0<t <t <T},

where T is the last time of interest. This observation is made more precise the fol-
lowing version of the Poisson-Weierstrass integral formula. The proof can be found
in [39].

Theorem 1. If S is smooth and ¢ € C*P(S), then the functions V¢ and K¢ are

smooth functions in S x (0,0). Furthermore, the derivatives d§'V ¢ and d5'K ¢ have
continuous extensions to S X [0,00) when m < p. For x € S and q < p the expansions

[V(8)](x) = @(x) + vy (x) + -+ 89 vy (x) + 8774(x, 6)

[K(8))(x) = H(x)9 (x) + 8w (x) + -+ 87wy 1 (x) + 89, (x, 6)
hold, where H(x) is the mean curvature of S, vi,wy € C2P="(S) and ¥,,W, €
CP=9)(§ x [0, T]).

Here and in the following we write g(7) := g(+,#) to denote the function of the spa-
tial variable with frozen time variable. The representation (@) and (3) shows that
the thermal layer potentials may be regarded as generalized Abel integral opera-
tors time where kernels are smooth layer potentials. This view is helpful for their
discretization and the design of fast methods for their evaluation.

3 Time Dependent Integral Operators

A generalized Abel integral operator has the form

l’_

Q

ke = [ ge)an ©
0

where the kernel (-, -) is a smooth function on the triangle Ar and k(¢,t) > ko > 0.

We call this operator causal because the potential Kg(¢) at time 7 depends only
on the function g(7) for times T < ¢. Abel integral operators arise in the context of
singular Volterra integral equations

Ag(t)+Kg(1) = f(t), 1€[0,T]. )

If A # 0 the equation is of the second kind, otherwise of the first kind.

We have seen that integral equations of the heat equation are also of this form,
where the kernel in (@) is a time-dependent boundary integral operator. Many of
the ideas to treat the time dependence in parabolic integral equations can be better
exposed by considering operators that only depend on time, which is what we will
do in the following two sections.
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The remainder of this section will briefly review the various options of discretiz-
ing (@). It is not our intention to give a complete account of the vast literature in this
field as it can be found, e.g., in the monographs [@, ]. Instead, we will focus our
attention on how these methods can be combined with the fast evaluation methods
introduced in section [l

While Abel integral operators are causal, discretization methods may or may
not preserve this property. In the discrete case, causality means that the operator is
replaced by a lower triangular matrix and solving (Z) amounts to a simple forward
substitution.

In the case of equations in time the computational cost of nontrivial super diag-
onals may not be significant. On the other hand, the complexity of the analogous
scheme for a parabolic integral equation will be significantly increased, therefore
we will look for schemes that preserve causality in order to apply them to parabolic
equations.

3.1 Projection Methods

In a projection method the solution of the integral equation is approximated by a
function g, selected from a finite dimensional function space §j,. Typically, Sy, is a
piecewise polynomial spline space with certain regularity conditions.

In the Galerkin method the approximation is the function g; whose residual is
orthogonal to the space Sj,. This is equivalent to

T T

/ on(0) (Agn(t) + Kgn(t)) dr = / (1) F () d,

0 0

for all ¢, € S;,. A natural choice for Sy, is a spline space subject to the partition
Ph={0=t0<’[1 <T2<"'<TN=T}.

A set of basis function is denoted by y;, 0 < j < N. The discretized integral operator
is a matrix with coefficients

T t
Kzgjz// K, 7) xi(t)x(t)drdr.
00

l*_

)

It is easy to see that in the case of piecewise linear splines this matrix is a lower Hes-
senberg matrix, i.e., lower triangular with an additional non-zero super-diagonal. If
higher order splines are considered, more non-zero diagonals will appear. Causality
is preserved only with piecewise constant elements.

A different way to seek an approximate g, € S, is the collocation method. This
involves a set of nodes X, of cardinality dimSj;, = N + 1 which is selected such that
the interpolation problem
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gn(ti) =g, O0<i<N,
has a unique solution g, € S}, for all g; € R. The collocation discretization of () is

Agn(ti) +Kgn(ti) = f(t:), 1 € X,

If g; is represented by the basis functions y; of Sj, then the coefficients of dis-
cretized operator are
1]
k(l‘,' T)
K¢ = : i(t)dt
1,j / \/m%}( )

In the case of piecewise linears the node points are t; = 7; and the matrix K¢ is lower
triangular. However, higher order spaces will again generate non vanishing super
diagonals.

Since Abel integral equations may be regarded as weakly singular Fredholm in-
tegral equations with the additional property that the kernel vanishes outside the
triangle A7, the standard convergence results apply. More on this can be found in
the introductory texts to integral equations, e.g., [é, , , ].

3.2 Product Integration Methods

Historically, product integration methods have received the most interest and have
been reviewed in, e.g., [25]. They can be regarded as a special case of a Nystrom
method. That is, the integral operator in (@) is replaced by a quadrature rule, and the
equation is enforced on the quadrature nodes. Since the integrand is singular at the
right endpoint, some care must be taken to select a rule that handles the singularity
with sufficient accuracy.

To derive such a quadrature rule the kernel is replaced by a piecewise polynomial
interpolate and the singularity is integrated exactly. For example, a piecewise linear
interpolant

2k<tnatj)g<tj)Xj(T)a if < Iy,
k(ty,,7)g(t) =< j

0, otherwise,
leads to the approximation
n
Kg(tn) ~ zk(tmtj)wn,jg(tj)v (8

j=0
where w,, ; are quadrature weights

tll

1
Wnj = xj(t)dr,

h—7
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which can be found in closed form by elementary means. Thus the discretization of
the Abel integral operator is a lower triangular matrix K?” with coefficients

K;ﬁj = k(tn,tj)wn,j.

The numerical analysis of product integration methods involve an estimate of the
quadrature error and some stability argument. For integral equations of the second
kind stability can be derived from a Gronwall lemma [19]. Stability for Abel integral
equations of the first kind is considerably more subtle. The case where the kernel
is replaced by a piecewise linear has quadratic convergence and been discussed by
Eggermont [@]. Unfortunately, the order cannot be increased beyond three, as the
schemes become unstable [@ @].

3.3 Convolution Quadrature

The limitations of product or desingularized integration methods for first-kind equa-
tions can be overcome with the convolution quadrature, an idea introduced in the
paper [26]. There it is shown that the Abel integral operator can be discretized in the
form .

chg(tn) = hza Z wnfmk(tnatm)g(tm)a &)

m=0

where the quadrature weights @, are derived from a linear multistep method with
generating polynomials p(z) = ap+za; +---+z"a, and 0(z) = bo+zb; +--- +
2’b,, with a,, b, # 0. The weights are the Maclaurin series coefficients of

1
- o(l 2
5 oyt - (202)"
k=0 p(1/z)
The stability and consistency of this method is directly related to the properties of

the underlying multistep method. Unlike product integration methods, it is possible
to obtain stable schemes of arbitrary order.

3.4 Desingularized Quadrature

Another way to handle the singularity in the Abel operator is singularity subtraction.
The regularized integral can then be treated with the trapezoidal rule. The derivation
is quite simple

1

[_

Kg(t):/ ! (k(t/c)g(r)—k(tJ)g(t))dr+2\/fk(t7t)g(t).
0
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The new integrand vanishes at the right endpoint. In fact, if g(¢) and k are smooth
the intgrand is O(y/f — 7) and the trapezoidal rule converges at rate O(h; 3/2 ). Thus

n—1

gt =y 3 — (Kt )tn) = k{:1)8(0)) + 2Vk{0r 1))

m=0
o k(tmtm)

=h ————=g(tm) + Wnk(tn,tn)g(tn), 10
mzomg(m) n( )g( ) (10)
where
n—1 1
W =hy Y —— =2/,
m=0 In —Im

Here, the prime at the summation sign indicates that the m = 0 term must be mul-
tiplied by the factor 1/2. The advantage of the desingularized quadrature method
over the product integration and convolution quadrature is that all except for the last
term in (I0) have the same quadrature weight. In (8) and (@) the weights depend on
the row and column index. While this is not very significant for the direct solution
of the discretized equation with forward substitution, it will play an important role
when designing fast summation methods described below. Higher order methods
can be obtained easily by subtracting more terms of the Taylor expansion of the
kernel.

The arguments used in the analysis of desingularized quadrature methods is simi-
lar to the product quadrature. A form of the Gronwall lemma that is suitable to show
stability for second-kind equations is given in [Iﬁ]. As in the case of the product
integration method, the schemes become unstable for higher orders when they are

applied for first-kind equations . The maximal stable order is O(h;’ ), see l4q].

4 The Fast Multipole Method in Time Domain

Discretizations of Abel integral operators lead to essentially lower triangular
matrices with quadratic complexity in the number of unknowns. While for one-
dimensional problems this may be still acceptable, the quadratic scaling will be
prohibitive when parabolic problems in three space dimensions are considered.
Therefore it is worthwhile to understand how to accelerate the evaluation of Abel
integral operators, as these techniques can be easily extended to parabolic problems.

When the kernel is a convolution, several of the discussed discretization methods
preserve this structure which suggests to use fast Fourier transforms for efficient
numerics. However, a straight forward application of Fourier methods enables the
fast application of the operator to a vector, but does not facilitate solving a lower
triangular system by forward elimination. The latter can be accomplished by a hier-
archic splitting of the matrix into smaller blocks, where local FFTs are employed.



194 J. Tausch

An O(N, logZNt) scheme based on such ideas has been introduced in [@] to solve
nonlinear Volterra equations. Here and in the following N; denotes the number of
time steps in the interval [0, T].

Unfortunately, many interesting problems are not convolutional. For instance,
this happens in parabolic problems when surfaces are time dependent. Therefore
we focus on extending the fast multipole method for elliptic problems to parabolic
problems.

Although the multipole expansion is specific to the Laplace kernel, it has become
customary to refer to a fast algorithm that is based on a hierarchic decomposition
of the problem domain and some form of kernel expansions as a fast multipole
method, see, e.g., [42]. We will follow this slight misuse of terminology. A one-
dimensional FMM that can be applied to very general operators was discussed in the
afore mentioned paper. Instead of approximating the kernel in a truncated series, we
will consider an interpolation approximation of the kernel. This has the advantage
that only the kernel, and not its derivatives must be computed. In the context of
elliptic problems, this approach is used in 113,291

In the following we will summarize the basic ideas in the fast multipole algo-
rithm for fast evaluations of discretized Abel integral operators. A straight forward
application of the FMM is not causal and hence not very useful in the context of
Volterra or Abel equations. Therefore we introduce a causal version of the FMM in
section [d.3] that enables fast forward substitutions.

4.1 Separation of Variables

The first idea is the separation of variables in the kernel of the integral operator.
Since the kernel is singular on the diagonal 7 = ¢ this will succeed only locally, in a
rectangular region (7, T) € I x J where the intervals I and J are sufficiently separated.
If this is the case, an approximation of the form

f/(t”__f)r ~ Y ks Lat)Ly (7) (11)
ij

can be achieved with few terms in the summation on the right hand side. An example
is the truncated Taylor expansion of the kernel. Here the L;’s are monomials and the
ki j’s are partial derivatives of the kernel at the centroid of / x J. This may not be the
optimal choice as the Taylor polynomials may converge slowly and derivatives are
often difficult to compute. A more straight forward approximation is a two-variate
polynomial interpolation. To this end, let  and J be intervals of same length 28 with
centers 7 and 7, respectively. We introduce local variables with the transform

t=i+6t',1=7+67, 1</, 7<1.
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and select interpolation nodes {@(,..., )} C [—1,1]. Then
k(t,7) - k(l‘,‘,fj) ’ /
~ Li(t')Li(T 12
— ,-,,Zzo = LOL(E) (12)
where

i=i+é0’, 1=T+dw!,

and L; is a Lagrange polynomial

Li([/) = H

ki

I P
%. (13)
@; — O

Because of their well-known suitability for interpolation, we let a),f be the roots of
the (p + 1)-st Chebyshev polynomial

w2k+1
ol = - . 14
w = COS < 2 T ) (14)
The coefficients of the expansion (1)) follow from the interpolation property

kt'vt' .o
kij = :’_’)_, 0<i,j<p.
i J

~

If the kernel is sufficiently smooth it is possible to show that the interpolation error
can be bounded independently of 6 provided that |f — 7| > r0 for some fixed r > 2.
This will motivate the subdivision scheme in Sect.

4.2 Hierarchy of Intervals

The second idea of the Fast Multipole Method is to evaluate potentials using a hi-
erarchical subdivision of the time interval [0,T]. The coarsest level is the interval
itself, which is subdivided into two finer intervals of equal length. These intervals
are divided into two equal subinterval each and the process is repeated until the
finest intervals contain a small pre-determined number of time steps. The result is a
tree of intervals. The coarsest level is level L, the finest is level zero. The [-th level
consists of the intervals

T
Ié:F[k7k+l)’ kE{O,...,Kl}-

where K; = 2L~/ — 1. Each interval I,i above level zero has two children which are
given by
L%/Z — {1171 1171 }
k 2k 2 "2k+1J-
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The binary representation of an integer is
k= (0g...0100)2 = or28+ - 4+ 26, + 0y

where o; € {0,1}, 0 <i < R and og = 1. The level-/ parent of interval I,? is the
interval I,il where the binary representation of &; is

ki = (Og...014101)2 = oR28 '+ 4+ 20141 + 0y

The neighbors of I,i are the intervals in the same level that are near to the given
interval including the interval itself. Since the kernel vanishes for 7 > ¢ it suffices to
consider only intervals with a smaller or equal k-index. Here we define the interval
to be a neighbor if it shares at least one endpoint, thus the set of neighbors is

; {1}, ifk=0,
A ) = {{I,i LI} else.

Related to the neighbors is the concept of the interaction list of an interval. It consists
of intervals whose parents are neighbors but which are not neighbors themselves,
ie.,
0, ifke{0,1},
I = {Il_,}, ifk>2, even,
{IL 5,1l ,},ifk>2, odd.
Because of the singularity at ¢ = T approximation (II) of the kernel in the Abel
integral operator is valid only if the source and evaluation intervals are sufficiently
separated and holds for larger intervals if their separation is larger. The interaction

lists provide a systematic way to split a time interval into well separated intervals of
increasing size

U1° U U v
1=0es (1))

The right hand side consists of the union of the interaction lists of all parents of I,?.
For the evaluation point ¢, € I,?, the sum in the desingularized quadrature rule
(10} is written as

tmtm
J8) (tn) = Wik (tn,1,)g(th) +h g(tm) + 1y (15)
(hg)(tn) ( tz<§<m A )+ ¢sm(n)

where 7 is the left endpoint of interval I,i_l and ¢sm is the smooth potential given by

dsm(tn) h,z y oy A ’"”’” (). (16)

0]6](]1 )tmEJ
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The first terms in (T3) make up the local part. Since the finest level intervals contain
a fixed number of quadrature points the cost for the evaluation of the local part is
independent of the total number of time steps. If evaluated directly, the cost for the
smooth potential dominates if n is large. The fast multipole method accelerates the
computation of ¢sm by replacing the kernels in the smooth potential by expansion
(). The details are described in the following.

4.3 Translation Operators

4.3.1 Moment-to-Local Operator

We now consider the contribution of a certain interval J in the smooth potential
evaluated in interval /, which is a parent of I,? in the same level as J. If I and J
are sufficiently separated then the kernel can be replaced by its interpolation (1)),
which results in a low-rank approximation of the operator. This follows from the
calculation

, k(tn,tm) D Lo,
tzej\/— tm Z i.J (Z Z Lj(tm)g(tm)> Li(tn)a el

j=0tmel

Thus the potential due to interval J is approximated by a combination of the L;’s in
interval /

k(tn,tm
he Y, gt Zl i(tn), th€l,
tmeJ VI m i= " "

where
)4
D=3 ki) (17)
j=0
and
J)=he Y Li(tm)g(tm)- (18)
tm€J

The A;’s are the local expansion coefficients, which depend on the moments pt; de-
fined in (I8) and the moment-to-local (MtL) transformation (I7). If the intervals I
and J contain sufficiently many points, then computing the potential via this process
can be much more efficient than computing the potential directly. The fundamen-
tal principle behind the Fast Multipole Method is to compute the potentials of all
interactions in the smooth potential in this manner.

In (@) J is in the interaction list of / and thus both intervals are in the same level
and are separated by either one or two intervals. That is,

[=1 and J=1I_, dec{2,3}.
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In matrix notation, we write (I7) in the form
AL =MiLp, ;, de{2,3}, (19)

where uf{_ , 1s a vector of moments in the interval I,i_ , and )\.i is the vector of
expansion coefficients for the interval I} and MtL is a matrix with coefficients k; ;.
Of course, the matrix depends on the direction d, but our notations suppress this
dependence, because it is implied by the input and output vectors.

4.3.2 Source-to-Moment and Local-to-Potential Operators

In matrix notation, the source-to-moment operation (I8) is written as
I _ !
My = OtM gy,

where f‘;c is the vector of moments of interval I,’c and gi is the vector of nodal values
of the function g in Ili.

Once the expansion coefficients for every parent of I,? have been determined, the
smooth potential is evaluated by the series expansion (IZ). We call this the local-to-
potential translation and write it as

@, = L1PAL,

where @i is the vector of nodal values of the function ¢sm in Ili. The matrices QtM
and LtP have coefficients L;(f,,) and are transposes of each other.

At first glance, one might consider computing all moments in all levels using
QtM transformations. Since every time step contributes to a moment in any level,
the complexity of computing all moments is order pNL.

Likewise, after all expansion coefficients in all levels have been computed, the
total potential at a point can be obtained by adding the LtP transformations of the
interval and all its parents where the point is located. This type of potential evalua-
tion is also order pNL.

A great deal of the computations can be saved if the moments and expansion
coefficients are computed in a systematic manner, exploiting the hierarchy of the
intervals. Such a hierarchic scheme can reduce the complexity of the moment and
potential evaluations to order pN. This is based on the observation that the moments
in an interval only depend on the moments of the interval’s children. Likewise, the
expansion coefficients depend on the coefficients of the parent. This will be de-
scribed below in more detail.

4.3.3 Moment-to-Moment Operator

The moments in the coarser levels are computed in an upward pass, where the mo-
ments of a given interval are computed from the moments of the children. Likewise,
the expansion coefficients a computed in a downward pass, where the coefficients
of a given interval are computed from the parent’s coefficients.
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The translation formulas are derived from a linear relationship between the local
coordinates of the parent and its children. It is given by

1 1
==+,
2 2

Here the plus sign is for the right and the minus sign for the left child of I,i. Since
the local variables are affinely related, a polynomial in the parent’s coordinates re-
mains a polynomial of the same degree in the child’s coordinates. Thus the Lagrange
polynomials satisfy the addition theorem

1 1 14
L (57" + 5) =Y L"), (20)
j=0

where the coefficients follow from the interpolation property

1 1

We begin with the translation of the moments. Consider a moment in interval I,i in
some level [ > 0

W) =he Y, Lilt)gltn) +h Y, Lit;,)g(m)

e,
1 1 1 1
:I’lt Z L ztm—i g(tm)+ht 2 L 2tm+2 g(tm)
tmell ! tmell]
m €l m€hy

where Iék and I ok +1 are the two children and ¢/, and ¢/, are local coordinates of 7,,.
From the addition theorem it follows that

I 1 -1
(1 Z ql]l"' (Iy )+ Z qz;“ 12k+1)
j=0 j=0
We also write the last relation in matrix-vector notation as

Wy = MtMpb "+ MiMph,

where MtM is the matrix with coefficients ql Our notations omit the dependence
on the direction because it is implied by the 1nput and output vectors.

4.3.4 Local-to-Local Operator

We turn to the translation of the local expansion coefficients. Suppose the polyno-
mial f,(¢) is given in terms of the Lagrange polynomials of I,lc. That is,
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ro
= ;)W(I;ﬂ)Lz(t’)

where ¢/ is the local coordinate of I/ and A7(1}) is the function value of f,, at the i-th
interpolation node of Ili. The same polynomial can also be expressed in terms of the
Lagrange polynomials of 1 ,ﬁ’s children. For instance, the addition theorem gives for

the left child
1 1
1 "
L4 —t— =
)Li ( 5 2)

Ik qu]

Al

=

SN
!
e

Il
=}

M= i Mw

T
(=}

>
—~
o
Ll

—_

N

™~
~.
—

~
—

The new expansion coefficients are given by the local-to-local (LtL) translation
Loy
IZk Z ql J

The translation to the right child is completely analogous. In matrix vector notations

we write 3
AT =Ll ke {2k2k+ 1},

where the LtL operators are the transposes of the MtM operators.

4.4 The Standard FMM

The standard FMM is an efficient scheme to compute the smooth potential using the
splitting (I&). It proceeds by computing all moments in all levels, then all expansion
coefficients and finally the potentials by evaluating the expansion coefficients. The
details are given in Algorithm[2l

To compute the discrete integral operator in (I3) the local potential must be added
in each time step. This version of the FMM can be regarded as the fast application
of a vector g to a lower triangular matrix. In particular, the vector g must be known
in all time steps before the potential can be computed at any time step. Thus this
algorithm is useful only if the linear system is solved by an iterative procedure. Of
course it is more natural to solve lower triangular systems by forward substitution,
taking advantage of the causality of the Abel integral operator. This can be accom-
plished by rearranging the order in which moments and expansion coefficients are
computed. We call the resulting method the causal FMM and describe it in the fol-
lowing section.
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Algorithm 2. The Standard Fast Multipole Algorithm

% Moment Calculation.
for k =0to Ky do

B =M g)
end for

% Upward Pass.
for/=1toL—2do
for k=0to K; do
pi = MMl '+ Mip,
end for
end for

% Interaction Phase.
for/=0toL—2do
for k =2 to K; do
if k even then
Af =MLyl
else
Af=MiLpl 5 +MiLy! .
end if
end for
end for

% Downward Pass.
for /=L —2downto 1 do
for k=0to K; do
Ant = A5 LA
Ashy = Ayt +LILA
end for
end for

% Potential evaluation.
for k = 0to Ky do
0
@) =LiPA}
end for

4.5 The Causal FMM

To enable the fast computation of g, from the g,,, m < n, the order in which
moments, expansion coefficients and potentials are computed must be changed. In
particular, the outermost loop is over all time steps, and moments and expansion
coefficients are computed as soon as they become available as time progresses.

To describe how this process works we introduce further notations

R: Index of the highest digit in the binary representation of k.
S: Index of the lowest non-zero digit in the binary representation of .
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Fig. 1 Operations for the 20th interval. Quantities on white ground are computed in this time
step. Quantities on dark ground have been computed in earlier time steps

For example, the binary representation of the number 20 is (10100), which implies
that R=4 and S = 2.

Suppose now that the forward substitution process has moved to interval I,?.
Hence gg, where k = k — 1, has been computed and the moment ug can be de-
termined by a QtM transform. Furthermore, there may be moments in the parents
of Ilg that also become available at this time step. These are exactly the levels where

the binary representation changes bits as k is increased to k. This happens exactly in
levels 1 to S. Consider, for instance, the case k = 20, which is illustrated in Fig.[Il
The moment [.1(1)9 is new and can be computed by a QtM. Since k = 19 = (10011),
and k =20 = (10100), the bits in levels 0, 1 and 2 have change. Therefore the mo-
ments in the coarser levels ué and uﬁ are are also new and can be computed by
MtMs. Note that the moments that are necessary to do that have been computed in
earlier time steps. The parent moments in levels above S will be computed in a later
time step.

The expansion coefficients are always computed for all parents of the current
interval. Thus the coefficients above level S are known as the time stepping moves
into interval I,?, and we only need to compute the coefficients )\,2 to lfs by MtL
transformations. Since MtLs always go back in time, the moments that are necessary
to do that are already known. Finally, the contributions of the parents to the children
is added in levels S down to 0. In the previous example, we compute A%,A}O and
lgo. The coefficient 13 was already computed when k was 16. The coefficients in
the higher levels are all zero because the interaction lists are empty.
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Algorithm 3. The Causal Fast Multipole Algorithm

for k=0to Ky do
Compute S and R in the binary representation of k.
Sethk=4k—1.

% Moment Calculation.
p)=oMg)

% Upward Pass.
for /=1toSdo

”i, = MtM[,LIZEI] +MzMu’2;[‘+1
end for

% Interaction Phase.
Ay =MLy ,+MLys
for [=S5—1 downtoOdo
L _ 1
Ay, =MLy ,
end for

% Downward Pass.
for 6 =S dlown to0 (1101
+
lkl = lk, +LtL).k,+l
end for

% Potential evaluation.
@) = LiPA

% Compute gg using the smooth potential CD,? and the local part.
end for

Since only the order is changed in which quantities are evaluated, the causal
FMM has the same complexity as the standard FMM. Unlike the standard FMM, it
is not necessary to store all moments and expansion coefficients in all levels. In fact,
it is easy to see that in Algorithm[3we only need to keep three moment vectors and
one coefficient vector per level. It is possible to rearrange computations such that
only two moments per level must be stored. This was described in [@].

5 The Parabolic FMM

5.1 Discretization of Thermal Layer Potentials

For the time discretization we take the view that thermal layer potentials are general-
ized Abel integral operators with operator-valued kernels. Hence the desingularized
quadrature rule (T0) applied to the thermal single layer operator leads to

n—1
hy ,

1 .
7/1118’(51) = \/4—7_[";0 mv(tn_[m)g([m) + an(tn)- 21
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The surface integral operators in the above quadrature rule have smooth kernels,
thus the Nystrom method can also be used for the spatial discretization. Quadra-
ture rules for smooth surface integrals are usually constructed in a triangulation of
the parameter space and lifted on the surface. Details of the derivation with error
estimates can be found in ATKINSON [B] and CHIEN [Ia]. We write the rule as

[ s~ 3 . 22)

where x; € S are the nodes and w; are the quadrature weights.

All kernels of the surface integral operators in (21]) are smooth, but for values of
the summation index m near n they become very peaked. To resolve this behavior
the mesh width of the surface triangulation must be decreased as the temporal time
step is decreased. The relationship between 4, and kg should be

hs
— =0 hy — 0, 23
\/h_t as t ( )

to preserve the asymptotic convergence rate of the time discretization scheme,
see [@].
Combining 1)) and (22)) leads to the quadrature rules

n—1 Ng
Vg e 8 Xistn) 1= hy D" G — X510 — ) Wi (X1, ) + Wng (X, 1),
m=0 [=1
n—1 Ng a
Ty 8(Xistn) ==y 3D a_an(xk = X1ty — b )Wi8 (X1, tm) + WnH (x3)g (k1)
m=0 [=1

The Nystrom discretization of the Green’s formula replaces the thermal layer po-
tentials by their discrete counterparts. This results in an explicit scheme for the un-
known boundary data in every time step.

For the Neumann problem on a smooth surface Green’s formula is an integral
equation of the second kind with compact operator. In this setting it is possible to
prove stability and convergence at same rate as the temporal discretization provided
that assumption (23)) holds [@]. Of course, it is hard to extend these results to first-
kind equations and non smooth geometries.

Because of its simplicity, the Nystrom discretization is an effective method to
solve the heat equation. However, the refinement of the mesh that can be used is
severely limited by the O(N?N?) complexity of the direct evaluation of %, and
1, - Fortunately, the causal FMM can be easily modified to rapidly evaluate the
discrete thermal potentials. We call this extension parabolic FMM and describe the
details in the following section.
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5.2 Approximation Theory for the Heat Kernel

We have seen that integral operators can be evaluated efficiently if the kernel is ap-
proximated by a truncated series expansion to achieve separation of variables. By
definition, Abel integral operators are singular for r = 7. Therefore the approxima-
tion can be accomplished only locally, for rectangular regions in the (7,¢) plane that
are sufficiently separated from the diagonal.

In addition to the two temporal variables, the heat kernel depends on six spatial
variables. When ¢ > 7, the heat kernel is smooth, which somewhat simplifies the
approximation scheme in space. However, when 7 is near ¢ the heat kernel is peaked
near x = y and decays rapidly as x and y separate. In this range space must be sub-
divided into small clusters, but only nearby cluster interactions must be considered.
When 7 and ¢ are farther separated, the heat kernel is more smooth, but decays more
slowly. In this range space is subdivided into larger clusters. Since the clusters are
bigger, it suffices again to consider only neighboring cluster interactions.

Before we discuss the subdivision scheme of space and time in more detail, we
consider different possibilities to approximate the heat kernel. To that end, let v be
a cube in R? with center % side length 2/, and V be a cube with same side length
and center %, furthermore let I and I be non overlapping intervals of R with length
2h, and centers f and 7, respectively. Forx e v,y e V,r €l and 7 € I we introduce
local variables with the transformation

x=%+xhe, y=%F+yYhy, —1<xj,y5;<1,0€e{l,2,3}
t=f+t'h, t=i+7h, —-1<t,7<1.

In the local variables, the heat kernel is

1 e —yP?
Gloc(X,y 1, 7)) = —————exp (—
o l4n(t— 1)) 4(t—1)
1 / /2
= - exp (—pih —+-x/ y,‘ ) . (24
[(4hy)(d' +1' — T')]2 d+t'—1
The constants d’ > 0, 7' € R and p > 0 are given by
d' = (F—7)/h, (25)
= E=5)/h, (26)
h2
X
- 27)
P =,

The fast evaluation of potentials is based on separation of variables of the heat ker-
nel in (24). Unfortunately, the multivariate interpolation approximation results in a
very large number of terms: For order p polynomials in time and order ¢ polyno-
mials in space the multivariate version of (IT) has (p + 1)?(g + 1)® terms, which is
prohibitively large even for moderate values of p and g. We will show below that a
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more efficient approximation can be obtained if the spatial variables are expanded
in Chebyshev instead of Lagrange polynomials.

For the temporal variables it is still more efficient to use the Lagrange form.
Although this leads to more terms, the benefit is that the tensor product form of the
heat kernel is preserved. Thus we begin by approximating (24) in time as follows

Gloc(xlﬁylvt7rl)
1 L 1 |r/+xl_yl|2 / !
~ _ cexp | —p LY 1)L (7). (28)
(47Th,)% i,jz::O (d’+a)ip—a)§’)% < d' +of — o] o

Since the heat kernel is analytic in the local variables, the convergence rate of the
approximation is exponential in p. Each term in the sum is a Gaussian. Before we
discuss how the multivariate Gaussian can be approximated we will first focus on
the one dimensional case in the following section.

5.3 Chebyshev Expansion of the Gauss Kernel

It is well known that Chebyshev polynomials have distinct advantages for the ap-
proximation of functions. In the interval [—1, 1] they are defined by

T,(x) = cos(narccos(x)).
The functions 7, are polynomials of degree n which are L2 [—1, 1]-orthogonal with

weight function w(x) = (1 — xz)_% . That is,

1
T () T (0w () dx = = Gy,
Jramirern-

where ¥ = 1 and ¥, = 2 for n > 1. The roots of 7}, are given by (I4). By orthog-
onality, the expansion of the one-dimensional Gauss Kernel is

2N e
e (-2 = 3 S mn0), xyel-Ll 9)
k,1=0

where

Eei(r.8) = 11 / / ( ) )mxm(y)w(x)w(y)dxdy. (30)

-1

Separation of variables is accomplished by truncating the expansion (29) Since
the magnitude of the Chebyshev polynomials bounded by unity, the approximation



Fast Nystrom Methods for Parabolic Boundary Integral Equations 207

error depends on how rapidly the coefficients E, (r, 0) approach zero. The following
bound can be derived.

Lemma 1. For every a > 0 and n = k+ [ the bound
2
}’k}’l 1
E o —=
o= Hoo (5 (o 1))

Note that a > 0 is a free parameter, which means that the geometric progression can
be made arbitrarily fast by increasing the value of a. The trade off is that a larger a
implies that the constant factor is also larger. For given k and [ the optimal a can be
determined by simple calculus. This leads to an estimate of the form

holds.

[Exi(8)] < yemexp (= x(8n)n)

where x(¢) ~ In(4¢) /4. The super exponential behavior has to do with the fact that
the Gaussian is not only analytic but also entire. This becomes evident from the
following proof, which follows a similar argument as in l41].

Proof. After changing variables x = cos 0, y = cos ¢ and using the symmetry prop-
erties integral (30) becomes

Epi(1,9) — W // ( r+C0595_COS¢) >cos(k6)cos(1(/))d6d¢

2
- _(;/’;2/;2 //exp (_ (r+c0596— coso) )exp(—ikG)eXp(—il¢)d9d¢~
00

The integrand is analytic and periodic in 6 and ¢. By Cauchy’s theorem, we can
shift both intervals into the complex plane without changing the integral. For any
a > 0 we obtain

Ek,[(r,S)

2mr
_ i//ex " (r+cos(6 +ia) —cos(¢ +ia))*
- (2n)?a P 8

) exp(—i(k0 +19))d0d9,

where a = exp(a). The magnitude of the integral is determined by the real part of
the argument to the exponential function. We find that
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Re [(r—i— cos(6 +ia) — cos(¢ + id))z}

2 2
= [r—i— (cos(0) —cos(9)) coshd} - {(sin(e) —sin(¢))sinha
1\2
> —4sinh’a = —4 <a - —> .
a
From this the assertion follows easily. O

The estimate of the coefficient Ey ;(r, §) depends only on the sum of the coefficients.
This suggests to retain only terms in expansion (29) that are indexed by the triangu-
lar region

S;={(k,1):0<k+1<q},

where ¢ is the expansion order for the space variable. The truncation error

(r+x—y)2)

Ry(x,y) =exp | — - Y E(rnd)T(x)T(y)
5

(k,1)eS?
can be estimated by

1

Ry ()| < i D |E(nd)| < (2+q) (ﬁ)qﬂexp@ (a——)2>-

n=q+1k+Il=n a

Since a is arbitrary the convergence is super exponential. The approximation has
about half as many terms as the corresponding interpolation approximation (12)).

The effect is more pronounced in the three dimensional case. From the properties
of the exponential function we have that

1
exp (—5 |r’—+—x’ —y’|2> = ZEaﬁ(&v”)Ta(x/)TB (y/)' €2

a?ﬁ

Here o and 3 are multi-indices, o0 = (041,00, 03), |a| = 04 + 0 + 05 and Ty (X') =
Ty, (X)) Ty (X)) Ty (x5). Because of the basic properties of the exponential function
the coefficients of the three dimensional Gauss kernel are products of the one-
dimensional coefficients

Eqp(0,7) =Eg p,(0,71)Eq, g,(8,72)Eq, g,(0,73).

Thus it suffices to retain the terms in (31)) whose indices add up to the given expan-
sion order g. These indices are in the set

Sq={(0.B):0<|o+B| < g}.

with cardinality
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Even for small expansion orders this number is much less than the (¢ + 1)° terms in
the interpolation approximation.
The truncation error can be bounded by

12 1 2 hnd n+5\ 1 6 1 q+1
otz 3(-2)) £, 07 ovens (1)

where C(a, §) is independent of ¢. This shows that the error is super exponential.
Replacing the Gaussians in (Z8)) by the truncation of (3I)) leads to

1 P

Y EigjpTa)Tp()Li(1)Li (7)), (32)

Gloc(x/vy/vtafl) ~ 3
(47h;)? i j=0|a-B|<q

where
1

P P
o= F ——, | E P . .
i, jB (dl-i-wip—a)f)% oy, (d/+w{>_w§) 1) 03,03 (d’-i—w,-p—w;” 3>

The integrals in (30) are not available in closed form and must be computed
by quadrature. The most natural way to do this is to apply the Gauss-Chebyshev
quadrature rule

E

N (2 Y+ of - of?
Era(8,r) = (m) Y T(@)Ti(0f)exp (—%)
0<n<gq

0<m<q

5.4 Space-Time Subdivision

The parabolic FMM relies on a hierarchic subdivision of time and space. The tem-
poral subdivision into intervals was already described in section we now turn
our attention to the spatial subdivision into cubes. Its construction is familiar from
the elliptic FMM: The coarsest cube of the spatial tree contains the entire boundary
surface. This cube is refined into eight cubes of half the side length. The process is
repeated until the finest cubes contain at most a predetermined number of surface
quadrature points. Since the boundary is a surface of dimension two, most cubes in
the finer levels will be empty and do not have to be considered in a fast algorithm.

With a parabolic operator every temporal interaction involves calculating a sur-
face potential with a smooth kernel. In the parabolic FMM these interactions are
agglomerated in the cubes of the spatial tree. The level where the agglomeration
takes place is selected such that the truncation error of an MtL translation is inde-
pendent of the level of the temporal tree.

Lemma [I] and the form of the local kernel in (28) show how this can be done.
It follows that the spatial truncation error depends on the variance § of the Gauss
kernel, which are given by
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:d’+a){’—w§’
p

A smaller value of 0 implies a larger truncation error. Since the Gauss kernel is
smooth, the approximation (28) is valid even when the source and destination cubes
are close or identical.

The interaction list of a temporal interval I,i in any level consists of the interval
I/ifz and, if k is odd, also of I,lc73. Thus the value of ¢’ is either four or six and hence
the numerator in (33) is bounded below by two. To ensure uniform error bounds,
the factor p in (27) must be bounded independently of the level of the temporal tree.
This suggests to compute MtL translations in the spatial level

(33)

I, = min (trunc(l /2),LS), (34)

where [ is the temporal level. To see this, let ht(l) be the half-length of a temporal

interval in the /-th level and hyA‘) be the half-length of a cube in the /;-th spatial level.
Then

(n))2
4"

(hys))z 2213<h§0))2
a4

p= <
Hence p is indeed bounded.

The variance also determines the decay rate of the Gauss kernel in space. Inter-
actions of cubes can be neglected when they are sufficiently well separated in space
and only a certain number N of neighboring cubes in a linear direction must be in-
cluded in the spatial interaction lists. Condition (34) implies that N is always the
same in every level.

Since the spatial level is coarsened only in every second temporal level there
will be translation operators that will either go in space and time or only in time.
To simplify their description we introduce the following notations. The nonempty
cubes that must be considered in a temporal level are

% (1) = {nonempty cubes in level /; }.
For a cube v € € (1) the neighbors are defined as
N (v)={ve€() : |v-V|.<N}.

MtM and LtL translations always go from children to parents of time intervals but
may stay within a spatial cube. Thus we extend the concept of the child of a cube
veE(l)as

_ [ {nonempty spatial children of v} if Iy # (I — 1)y,
X V) = { (v} if I, = (1—1),.
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Likewise, the definition of a parent of v € €(I — 1) is extended as

spatial parent of v } if [; # ( )ss
V) = {{ {v} }1fl;_(l—1)s.

5.5 Space-Time Translation Operators

We proceed by describing the translation operators of the parabolic FMM. This
is analogous to the temporal FMM except for the fact that the spatial dependence
significantly adds to the complexity.

5.5.1 Moment-to-Local Translations

Similar to what we had done in Sect. E.3.1] we consider the influence of one time
interval on another in the interaction list. We set

= Y'G(x—xp,t —tw)g(xp,tm)wphy, x€S, 1€ (35)

tm€J,
xp€eS

For J € .#(I) the heat kernel is smooth, but may be very peaked if the intervals are
close to each other, which happens if they are in a low level of the temporal tree.
Thus we cannot expect that the heat kernel can be approximated with low degree
polynomials. Towards that goal we break up the surface into pieces that intersect
with the cubes of the spatial tree and choose the level according to formula (34),
because this will lead to uniform error bounds in any level. We write

U s

veé(ls)

where S\ is the piece of the surface that intersects with cube v. Since the heat kernel
decays exponentially only the neighboring cubes contribute in a significant way. For
x € Sy the potential in (33) is approximated by

O(xt)~ Y Y 'Glx—xp,t—tw)g(xp,tm) wphy, tELXES,.  (36)

We proceed by replacing the heat kernel in each term of (36) by expansion (32).
Because of the scaling we have ¥’ = 2(v — ¥) and obtain for the potential generated
by Sy

14 .
x,0)~ Y Y AIxSy)Li(t)Ty(x'), telxeSy,

i=0|ot|<q

where
p

A% 8y) = Z > Eig g (J x Sy) (37
J=0lo+BI<q
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and /P (J x Sy) are the moments, given by

,uJB JxSy) = Z Li( Tﬁ Xp)g(xp,tm) wph;.
sy
The MtL translation of (37) does not have tensor product structure. To understand
that, re-write on term in (37) more explicitly as

q—|al q—|o|-Ps 2 q=lo|=pr—P3

)‘la z Eots B3 z Et(xzﬁﬁz z El(xll)yﬁl‘uiﬁ'

2= 1=

The inner summations depend on the order of index o and thus the tensor form is
lost. However, it can be easily restored by including more terms of the expansion

q—01—03 B3 9—B—Bs3
Fio _ E® (2) ) B
lj - ﬁzo 03,83 z EOCz B2 z EOCl 131“
=

This sum can be evaluated in three stages, working from the inside to the outside

9—B—B3

(1 _ )
A051 BaBs BZO qu By Mi.ByBa.Bs -
=
q—o1—Ps
(2) _ (1)
)‘al,az,lk - ﬁzo EO‘Z’BZAOH B2,Bs
—
q—0o1—00
3) _ ()
ﬂ’al ;00,03 7 ﬁzo Ea37ﬁ3 }’(X] ,062,[33 :
-

At the end of this computation lg) =1 ;O‘ holds. Inspection of the upper bound in

the summation shows that in every step we only need to compute coefficients that
are indexed by the set SS. This algorithm entails 3 o#S?I multiplications and additions
which is much less than the cost to evaluate (37)).

5.5.2 Moment-to-Moment Translations

From (34) it follows that the spatial level is coarsened only in every other tempo-
ral level. Thus there are two types of MtM translations, depending on whether the
spatial level of the parent interval is the same or different from the child’s level. To
derive the actual form of the MtM matrix recall that the temporal translation follows
from the addition theorem for Lagrange polynomials (20). For space translations we
need the analogous formula for Chebyshev polynomials. It is given by

<3xi ) Zalel (38)
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where
2 }E ( p) 1 P 1
kot = +—1 —0 A 2 k 2 ’

and p is any integer greater than k. This formula follows from the discrete orthogo-
nality of Chebyshev polynomials, see, e.g. [@].

Equipped with the addition theorems, the MtM translation operator can be de-
rived in a similar manner as in Sect. 3.3 If the translation involves space and time

then _ _
wPaxsy) = 3 % ajiapan’*(IxSy).

Teor (1) 0<i<p

vex (v) la<p
Here, the coefficients depend on direction of the translation from the child to
the parent. This computation can be tensorized in a similar manner as the MtL
translations.

If there is only a temporal translation we have

wh(rxs,)= z z ‘Ij,i.uiﬁ(l~>< Sv).
]EX( ) 0<i<p

IBl<e

Using matrix notations, and the extended definition of a child, both cases can be
written as

!
Hov= 2 MtM/“le V+M[M#2k1+1v
vex (v)

where u,l{ . 1s the moment vector of cube v and time interval 11]<~

5.5.3 Local-to-Local Translations

As in the temporal FMM, the LtL translations in the parabolic case are the trans-
poses of the MtM translations. Their derivation is completely analogous and is omit-
ted here to avoid repetition. We only state the resulting translation formulas. In the
case of a spatio-temporal translation we have

A(IxSy) =3 qjap AP (IxSy),
0<j<p
|Bl<a

where [ € ¢ (I) and V is a child of v.
In the case of a time-only translation the formula simplifies to

AUIxS)= S quA%(IxS,).
0<j<p

In matrix notation, both cases can be written as

At

i -
kr(v) — LtLA'k,w k€ {2k, 2k+1}.
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5.6 The Parabolic FMM

The general structure of the parabolic FMM is the same as the causal FMM, with
the exception that translations are in time and space. The details are given in
Algorithm[4]

6 A Numerical Example

To illustrate the convergence properties of the method we solve the Dirichlet and
the Neumann problem of the heat equation in the exterior of the unit sphere for the
time interval [0, 1]. The boundary conditions are chosen such that the solution is
u(x,t) = G(x—xo,t) where xo = (0.5,0,0). Hence the initial condition vanishes and
the numerical results can be compared with the given analytical solution.

Green’s formula () is an integral equation of the first kind for the Dirich-
let and of the second kind for the Neumann problem. The sphere is triangulated
and the weights in the spatial quadrature rule are selected to obtain degree of
precision two. The resulting rule has nodes on the midpoints of the edges, see
equation (5.1.44) in [2]. The coarsest refinement has 288 quadrature nodes, and
is four times uniformly refined. From relation 23)) it follows that h; ~ h,l /2 i
not sufficient to maintain the asymptotic convergence of the time discretization
method. We therefore adjust the space and time mesh according to h; ~ hfL with
A =1n(10)/1n(4) =~ 0.6021. Table [] shows the discretization parameters and the
expansion orders for the parabolic FMM.

Table 1 Mesh parameters and expansion orders for the different refinements

Mesh 1 2 3 4
N, 25 80 250 )
Ny 288 1152 4608 18432

N,N; 7,200 92,160 1,252,000 14,745,600
pla 312 422 516 6/24

The errors as a function of time are shown in Fig.2land the overall errors in Fig.[4l
It is apparent that the results obtained with both integral formulations reproduce the
theoretical O(h,3 / 2) estimate well. The integral equation of the first kind shows some
minor oscillations in the finest meshes which are caused by the truncation error of
the fast method.

The CPU time per time step and the total times are shown in Fig.[3land[4] respec-
tively. Because of the fast method, the CPU time in a time step mainly depends on
how many translation operators must be evaluated, but not so much on how far the
computation has progressed in time.
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Algorithm 4. The Parabolic Fast Multipole Algorithm

for k=0to Ky do
Compute S and R in the binary representation of k.
Sethk=4k—1.

% Moment Calculation.
for v e %(0) do

My, = OiMg],
end for '

% Upward Pass.
for [=1toSdo
for v e (1) do
“521 = X MzMqu ”+MMI'L2k1+1v
Ve (v)
end for
end for

% Interaction Phase.
for v e ©(S) do
lgs,v = 2 MtL“k -2,V +MtLﬂk5 3.0
veN(v)
end for
for [=S5—1 downto0Odo
for v e (1) do
li,‘v = > M’L#i,fz,v
vet(v)
end for
end for

% Downward Pass.
for [ =S down to 0 do

for ve €(l) do
141
Al 7lk,v+LtLZ.k:] ()
end for
end for

% Potential evaluation.
for ve %(0) do
0
@), =LiPAy,
end for

% Compute gg‘v’s using the smooth potential @,8 v and the local part.
end for
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LZ(S) norm
LZ(S) norm

0 0.2 04 0.6 0.8 1 .
time time

Fig. 2 Computational results as a function of time for the integral equation of the first kind
(left) and second kind (right). The top curve is the L,(S) norm of the solution, the curves
below are the L;(S)-errors for meshes 1 to 4 of Table[T]
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Fig. 3 CPU time per time step for the four meshes of Table [I]

The overall computational complexity is strongly dependent on the choice of
the expansion orders of the fast method. The values of p and g in Table [1] have
been determined experimentation such that the error of the fast method is negli-
gible compared with the discretization error. The total complexity of the scheme
is O(p2q4Nth), see [38]. Since the expansion orders also depend on the discretiza-
tion, the timings are, except for logarithmic terms, linear in the number of quadrature
points. Our numerical experiments are in good agreement with this observation.
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L2(S><[0,1]) norm

Fig.

—+—cpu time
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4 Left: Ly(S x [0,1]) errors versus temporal step length. Right: Total CPU time versus

number of quadrature nodes
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Fast Stokes Solvers for MEMS

Attilio Frangi

Abstract. Providing an estimate of gas damping in MEMS is a complex task since
MEMS are fully three dimensional micro-structures which cannot in general be re-
duced to simple 1D or 2D models and since the gas cannot be treated as a continuum
medium at the microscale. This issue is here addressed, focusing on high pressure
applications, by means of integral equations and fast solvers implementing a linear
incompressible Stokes formulation with slip boundary conditions. Numerical results
are validated with experimental data. Extensions to high working frequencies and
low pressures are discussed.

1 Introduction

Estimating mechanical dissipation in air-packaged MEMS (Micro Electro Mechani-
cal Systems) seems, for several reasons, to be an ideal application for the now matur-
ing fast integral equation methods [E,,, , , ,]. First, the micromechan-
ical structures (see e.g. Fig.[3), are innately three-dimensional and too geometrically
complicated to analyze analytically. Therefore, a numerical approach is needed.
Second, the mechanical dissipation is primarily due to pressure and drag forces
generated by the air surrounding the mechanical structure. Hence, even though the
exterior domain is effectively infinite in extent, the only quantities of interest are ve-
locities and forces on the structure surface. Surface-only integral equations, if they
can be formulated, have a dimensional advantage over volume methods in such a set-
ting. Third, the velocities and displacements for many MEMS of interest are small
enough, and the surrounding air is viscous enough, that the flow can be described
by a spatially invariant linearization. Therefore, surface-only integral equations can
be formulated.
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For the above reasons, there have been a number of experimentally-verified suc-
cesses in evaluating gas damping for air-package MEMS using fast integral equation
solvers, though considerable algorithmic development was required ﬁﬂ, , ].
Much of the past effort was on improving the efficiency and robustness of quasi-
static-Stokes based fast solvers, but now the focus has shifted to addressing more
challenging physics. Newer MEMS use higher operating frequencies and finer di-
mensions, and therefore the effects of unsteady flow, gas compression, and rarefac-
tion can no longer be ignored.

In the next sections we review many of the issues associated with integral for-
mulation, discretization and fast solution of the incompressible, quasi-static Stokes
equations. In Section 3] the formulation is adapted to slip boundary conditions and
validated with the experiments performed on two inertial resonators. Section ] de-
scribes methods for including unsteady effects.

In this chapter focus is set on fast multipole techniques. It is however worth men-
tioning that alternative accelerators for BEM, like the Precorrected-FFT technique
1301, are available. Unlike the FMM, the key technique employed in the precorrected
FFT method is the Fast Fourier Transformation. To compute the far-field interaction,
the first step in the precorrected-FFT technique is to enclose the meshed problem do-
main with a 3D uniform grid which serves for two purposes: first, it distinguishes
the near- and far-field interactions; second, it forms the basis for the FFT. Successful
applications have been reported, e.g., in [@, @, @].

2 Classical Quasi-static Stokes Flow

The most mature and best validated of the fast solvers for estimating gas damping in
MEMS are based on solving integral formulations of the 3D incompressible quasi-
static Stokes equations mg@ ]. For quasi-static Stokes to be a good model of
the gas surrounding a micromachined structure, the gas should be incompressible,
sufficiently viscous, moving slowly, and not be too rarified. This list of assump-
tions hold, at least loosely, for air-packaged MEMS like arrays of electrostatically
positioned micromirrors @], inertial sensors like accelerometers, gyroscopes and
magnetometers, and structures like the Tang resonator of Fig.[3l In this background
section the quasi-static Stokes model is given, and the standard integral formulation
and the common numerical discretizations described. In later sections, the quasi-
static Stokes assumptions will be revisited, and techniques for extending the model
to include the effects of unsteady flow will be described.

2.1 Governing Equations

For an isotropic Newtonian fluid, if the fluid velocity, u, is divergence-free, then the
relation between u and the stress tensor, 0, is given by [32]

6(x) = —p(x)1+7 (vu(x) + VTu(x)) (1)
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where 7 is the fluid viscosity and Vu denotes a matrix of velocity partial derivatives
whose elements are given by 5
Ui
(Vu);; = ox;
The quasi-static Stokes equations are derived from combining incompressibility,
conservation of mass, and conservation of momentum yielding the well-known
quasi-static Stokes equations

Vp(x) —nA(x) =0, Vaux)=0 in Q ()

where (2 denotes the volume occupied by the fluid.

The standard boundary conditions for the classical quasi-static Stokes equation
are no-slip conditions. In a later section, generalizations of the no-slip boundary
condition will be used to model rarefaction effects. For the case of several interacting
micromachined structures surrounded by fluid, the no-slip condition implies that for
each structure surface point, the fluid velocity must match the structure’s velocity.
More precisely, for the MEMS problem, the domain of the fluid, €2, is defined as
the domain exterior to the micromachined structures. For each point x on surface S,
where S is defined to be the union the structure surfaces,

u(x) = g(x) 3)

where g(x) is the velocity of the micromachined structure at point x. Note also
that typically the velocity distant from the micromachined structures is assumed to
approach zero. Nonzero background velocities can be treated by perturbation.

Given u which satisfies Egs. (@) and @), the vector force density the structure
exerts on the fluid can be computed from the product of the stress tensor with the
surface normal pointing out of 2. That is, at each structure surface point x,

where n(x) is the surface normal pointing outside the fluid domain. Note that t is
the negative of force per unit area exerted by the fluid on the structure surface. In
a modest abuse of terminology, we refer to the vector t as a traction force density
even though it contains components which act in a direction normal to the surface.

2.2 Integral Formulation

Either Greens identities [IEJ] or Lorentz reciprocity [@] can be used to derive an
integral formulation that relates the Stokes flow generated traction forces to the
surface velocities. Specifically, if x is a point on a smooth region in S,

S0 = [ /() 4(y) ~ 1# (1) -n(y)] - u(y) } a5, @
N
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, the kernels (also referred to as Greens functions) ¥ and

1 5i Fir
Vik(r) = St (7+ 3 ) :

31
Kigi(r) = a3 ik

wherer=x—y,r=|r
J are given by

and the integrals of the strongly singular kernel, .#”, should be interpreted in the
Cauchy principal value sense. The kernels 7" and .#" are often interpreted as gen-
erating the velocities associated with stokeslet and stresslet point sources 1311, but
these kernels also coincide with the Kelvin kernels used in the displacement equa-
tion for incompressible elasticity [@].

Combining the no-slip boundary conditions with Eq. @) yields a first kind in-
tegral equation which relates the known structure velocities to the unknown fluid
traction forces

3809 = [ (7(0)-4y) = 1 (1) -n(y)] -(v)} S, ®
N

In the common case where the structure velocities correspond to rigid body motions,
the second integral in Eq. (B) vanishes, resulting in

S8 = [ 7)1, ©
S

The formulation in (€) is common in the literature on integral equations for Stokes
flow, but there are alternatives that can have superior properties. For example, the
above formulation is a vector integral equation with matrix kernels that are non-
diagonal. Of more immediate concern is the fact that (@) does not have a unique
solution, an issue that will be addressed in the next section.

2.3 Null Space Problem

The differential form of Stokes equation (@) only involves the gradient of the pres-
sure and is therefore insensitive to spatially constant shifts in pressure. Since the
pressure is a component of t, and t is the unknown, Eq. (@) can not have a unique
solution. The matter is even more problematic when the surface S corresponds to N
unconnected structures. In that case,

= [ 1) tyas,
N
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has null space .4 (¥') of dimension N whose basis is given by

o
(o (x) = { M) xES% 1 <a<N. )
0 elsewhere,

Many techniques exist for dealing with the null space of (@) ]. Unfortunately,
standard BEM approaches are ill-conditioned when applied to complex structures
even if the null space is filtered out exactly.

In order to cure the issue of ill-conditioning, a new boundary element method,
the Mixed Velocity Traction approach (MVT), has been recently proposed [IE] and
extended to large scale problems ] using fast solvers.

The second tool required for setting up the MVT is the traction integral equation,
an integral identity which can be obtained through careful differentiation of (), for
asmoothx € §:

%t(x):/{—[n(x)'%/(r)]'t(Y)—[“(X)‘W(r)'H(Y)]'“(Y)}dSy ®
S

where 7 is a fourth order two-point kernel with components

1 3
quks(r) = % r_3 {265k5iq + r_2 ((Siqurs + Squirs + 5isrqu + afqrirk) -30

rilgrgls
A

Equation (8) also contains an hypersingular integral interpreted here in the finite-
part sense. Again, when the structure velocities correspond to rigid body motion
the integral of [n(x) - # (r) -n(y)] - g(y) over a closed surface vanishes. The MVT
simply consists in enforcing a linear combination of Egs. (€) and (8):

80~ 2310 = [V + L # w0 w}as, o

where 7 is a length scale to be calibrated. The benefits of this formulation have
been pointed out in [ﬁ] where it has been shown that the mixed formulation is well
posed when y > 0 and that not only does it filter out automatically all the exact null
space of the velocity equation, but also considerably improves the condition number
which is crucial for the iterative solvers employed.

3 Extension to the Slip Flow Regime and Implementation

Working pressures of MEMS are spread over a large range (1 bar — 10~ bar). This
issue, associated to the micro-scale at hand, promotes rarefaction effects which, at
low pressures, have to be dealt with using techniques of rarefied gas-dynamics [IE].
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A measure of rarefaction is provided by the Knudsen number Kn = A /L, where 4
is the molecular mean free path and L is a typical dimension of the flux, e.g., the
gap between plates in Poiseuille (squeeze) flow. As a rule of thumb, when Kn <
0.01 classical tools of macroscale fluid flow can be applied, (e.g., Navier—Stokes
solvers). In the range 0.01 < Kn < 0.1 an accurate prediction of the flow properties
can be obtained by applying a continuum approach with slip boundary conditions
(slip BC). Since the dimensions typical of MEMS are of a few microns, the flow
mainly develops in the slip regime even at ambient pressure. For larger values of
Kn the flows enters the so called transition regime which can be analysed only by
means of kinetic theories, (e.g., Boltzmann equation).
Let t5 denote the surface components of tractions:

£(x) = [1 —n(x) @n(x)] - t(x),

where 1 — n(x) ® n(x) is the surface projector tensor. As pointed out recently ],
first order boundary slip conditions should be expressed in terms of t5:

2—0cA
u( =g —ax), == 20 (10)

where o is the tangential momentum accommodation coefficient.
Since Eq. (I0) operates linearly on t, the BEM formulation Eq. (@) can be easily
adapted, yielding 13] (see Eq. (@) for the definition of #):

8- 000~ L3100 = [{7(0)-tly) +a L () ()] -£ )
S

+

S

(In(x)-# (r)] - t(y) — ¢ [n(x) - # (r) -n(y)] - t°(y)) }dSy- (11

3.1 Numerical Implementation

The numerical solution of Eq. ([I)) requires, as usual, the discretization of S (in
this case we choose a triangulation .7 with M flat triangles) and the choice of the
space Xj, to which the interpolation of t belongs. Since t represents tractions which
are typically discontinuous along edges and corners, we choose X, as the space of
piecewise constant functions. At this stage, different alternative procedures can be
employed. In the Galerkin approach Eq. (IT)) is contracted with a traction test field
t € X, integrated over S and enforced for any choice of t € Xj: Let 75 and Ty be
generic triangles of the mesh with x € 73 and y € 7y, and let Ag be the area of 7g. If
T, and T)S, are the tractions on 7, the discretized Galerkin approach yields the linear
system:

/g(x)de—Aﬁ (%T%%Tﬁ) VB = {1:M} (12)

g
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However, though accurate, this approach requires the evaluation of lengthy double
surface integrals. This issue has been studied at length, but still represents a con-
siderable obstacle when computing time becomes an issue and hence, typically, in
large scale problems.

The classical and faster collocation approach consists in enforcing Eq. (IT)) at the
center of each triangle:

g(xﬁ)—%Tg—%Tﬁ VB = {1:M} (13)

- % /(7/(y—x,3) + %n(xla)'%(y—xm) dSy| - Ty

r=1 Ty

M
£ 3 feo [ (3 —xp) ny) ~ Tnisxg) (3 ~xg) -n(y)) S, | -}
=11 ;

where xg represents the center of mass of the 7g triangle.

3.1.1 Evaluation of Integrals

The numerical evaluation of singular and hypersingular integrals for a generic
choice of shape functions and geometry discretization can be addressed with tech-
niques developed at length during last decade for fracture mechanics applications.

Here, however, thanks to the simplifying hypotheses detailed in the previous sec-
tion, an analytical approach can be adopted for both singular and near singular inte-
grals. All the integrals in Eq. (I3) can be computed analytically exploiting formulas
available in [IE], but for the terms with the % kernel, which are analysed in this
section.

The task is greatly simplified by the introduction of some identities developed in
the context of Galerkin boundary element methods [EI]. Using the indicial notation,
for the sake of clarity:

ng (%) Wyiks (1)15(y) = Ry Ry Qitegs (1) (14)
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where: n
Qikqs(r) = geiepekgr |:25pq6rs + (sprfsqs + 5ps5qr) Leg (15)

and R}, denotes the ¢ component of the surface curl operator with respect to the
coordinate y (see, e.g., [@]).

The integral over any open surface S can be transformed into an integral along
the outer contour dS of S. Let us focus, for instance, on one triangle Ty. Then

/nq(X)quks(r)ns(y) dSy = / R;Qikqs(r)rs(y)dsy- (16)

Ty Iy

Finally, the regular line integrals can be evaluated analytically as detailed in ].

3.1.2 Multipole Expansions

While in classical FE based methods each element interacts only with neighbours
(“local” field interaction), it is apparent that integral equations also entail “far field”
interactions. As a matter of fact, when the problem size N increases, storage and
computing-time problems stem mainly from “far field” interactions, their cost being
roughly proportional to N? for each matrix-vector product. This issue is often dealt
with by multipole based methods, their aim being to provide an approximate but fast
technique to evaluate far field interactions, eventually limiting their cost to ~ N. Fast
multipole accelerators represent nowadays a well established technique applied suc-
cessfully in different fields of mechanics. A review of BE accelerated formulations
can be found in [29, 23]. A complete explanation of FMM is however beyond the
scope of this chapter and reference is made to (18] for details. While the construc-
tion of the hierarchical octree structure with the associated upward and downward
swap procedures is almost problem independent, at least in static applications (and
can be taken from the literature as is), the form of multipoles strongly depends on
the formulation at hand and will be detailed in the sequel. Similar results have been
presented in the context of elasticity in (28] and are exploited at length herein. The
fundamental identity for our developments is the expansion for the inverse radius

[L1:
2 i (Ox)R;(Oy) (17)

=0a=—b
where O is a properly chosen pole such that |Oy| < |Ox|, the bar denotes com-
plex conjugate and Sz, RZ are solid harmonics which can be computed by means of
simple and fast algebraic recursive formulae (see, e.g., [@]):

RY(r) = 1By (cos 0)e imf yn

(n+m)!

; 1
S"™(r) = (n—m)!P"(cos §)e™? pren il
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and satisfying B
R;m:(_l)man S;m:(_l)ms'nn

If ¢ is a generic vector function and we define the eight multipoles:

M{*(0,y) = R,(0y)oi(y),

M§"(0,y) = M{"(0,y)y,

N (0,y) = R, 1 (0Y) 9 (y)ni(y) + R o (¥)n(y) 9i(y),
(0,y) = Nia( Y)Vi,

W»

N¢ ab ()
it can be shown that:

a=b

Vie(r)gu(y) = %}720&2}7 | SoM? — S M+ LM (18)
nq(X)Kyik (r) i (y) = (19)
= é zg):;; [2 (niSZJ — SZ’,-qnqxj) Mab (255 ig" q)M"b}
Kirg (r)ng(y) ¢ Si i :lfb[ S8 — S% . Xs)Naby + S5, N }(20)
1 (X)Wyiks (0)n5(y) 0 (y) = Q21
- Sn—ﬂ Z)gbb [253 N — 2,88 N ZSZJmnmN(‘)"’} .

The main consequences of these identities is that both velocity and traction equa-
tions can be expressed in terms of the same eight multipoles. The results presented
depend only on the kernels of the continuum formulation and hence apply to both
collocation and Galerkin schemes. Indeed, by inspection of equations (I821) it is
apparent that any expression to integrate can be recast in the form F(0,x)G(0,y).
Now, let us suppose that the double surface integral of F(O,x)G(0,y) is evalu-
ated in the context of a Galerkin approach. By means of the multipole expansions
developed above the integration with respect to x and y can be decoupled:

TB/;TZF(O,X)G(O,y)dedSy: T{F(O,x)de ;Jg(o,y)ds

independently of the Gauss-Hammer rules to be applied. As pointed out before,
collocation can be recovered from the Galerkin scheme by employing a one point
rule for the inner and outer integrals (integrations over y and x, respectively) so that
no formal difference exists between the two approaches.
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4 Extension to High Frequency Oscillatory Flow

The results presented in previous sections hold under specific assumptions. Three
non-dimensional parameters are generally identified as crucial: the Mach number
M; the Reynolds number Re = UL/v and the Stokes number St = fL?/v. U is
the flow velocity, v is the kinematic viscosity, L is a typical flow length and f is
the frequency of oscillation. If all these parameters are small compared to unity, the
proposed linear quasi-static approach is deemed acceptable and compares very well
with experiments. When f increases, these conditions may fail. Taking into account
inertia effects, the governing equations for oscillatory flows 137.138] change to

Vp(x) — nAu(x) = iopu, Vou(x)=0 in Q (22)

and the corresponding integral equation is the same as (@) with the following kernel
functions:

1 6ik rirg
Vik(r) = m (A(kr)T —|-B(kr)r_3 7
Oijrk + Opiti . ) Suri(1—B
Kiqk(r) = _#[elkr(—lkr—k 1)—B| - %
s 138 =26 (k4 1)

wherer =y —x, r = ||y —x|| and

. j 1 1
A — ikr 1 L o -
¢ ( + kr k2r2) + k22’
. 3i 3 3
B — lkr 1 - _
¢ ( +kr k2r2> kK22’

k:(—1+i)1/%§.

The numerical implementation of this model using integral equations becomes more
involved, but can be addressed with the same techniques described above.

Adapting a result presented in ] for elasticity problems, the ¥ kernel (and
similarly all the other kernels in the MVT formulation) can be expressed in terms of
the classical Helmholtz kernel:

1 eikr 1 82 eikr 1
Vik(r):m<75ij+k—zm<7—;))~ (23)

As a consequence, in the following we will focus on the performance of the FMM
of V(r) = exp(ikr)/4nr. Indeed, its interest goes well beyond Stokes applica-
tions, since many physical problems are governed by equations of Helmholtz type
which arise, e.g., in linear acoustics, in electromagnetics, or for elastic waves. All
cases involve integral equations whose (scalar or tensorial) kernels are defined, for
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three-dimensional formulations, in terms of the fundamental solution V (r) and its
derivatives.

For real values of the wavenumber k, which correspond to wave propagation
problems in lossless media, FMMs based on either type of expansion have been ex-
tensively studied and implemented. These studies have in particular established that
multipole expansions of V(r) are too costly except at low frequencies (because the
expansion truncation threshold increases with k), while plane-wave expansions are
well-suited to higher frequencies but break down in the low-wavenumber limit. It
is also known that in the zero-wavenumber (i.e. static) limit an a priori indication
is usually available on the number N of multipoles to be employed in truncated ex-
pansions in order to obtain a prescribed accuracy in K(r) and N is unaffected by the
dimensions of the cells in the octree. This nice feature (which ensures a O(ngof)
complexity per iteration for multi-level FMMs applied to static problems) is no
longer present in frequency-domain formulations [é, , , @], whose implemen-
tation thus becomes substantially complicated by the need to adapt the trunca-
tion order to the level of the octree (resulting in a O(ngoflognger) complexity per
iteration).

In contrast, only scattered efforts have so far been devoted to FMMs for
Helmbholtz-type problems involving complex wavenumbers k, see, e.g., [ﬂ] for
electromagnetic waves in lossy media or [@] for acoustic wave propagation in
porous media. Such formulations involve wavenumbers of the form k = (o +if3 )9
(where ¥ is a real nonnegative parameter related to frequency and «, 3 are real
constants). The paucity of available studies notwithstanding, complex-wavenumber
FMMs arise for a number of different physical problems.

First, such equations and kernels arise naturally upon considering wave propa-
gation in lossy media (e.g. soils) in which mechanical or electromagnetic waves
are damped. Such materials (e.g. viscoelastic materials) may be described, within
frequency-domain approaches, in terms of linear constitutive relations involving
complex moduli. This leads to complex-valued wavenumbers such that 0 < 8 < «,
often with a small imaginary part, i.e. such that /o << 1, and represents the most
direct generalization of Helmholtz-type equations with real wavenumbers.

Another class of such problems correspond to parabolic problems involving el-
liptic partial differential operators in the space variables and first-order time deriva-
tives, upon using Fourier transform in time or applying excitations at a prescribed
frequency. They include heat conduction, transient Stokes flows, and eddy currents,
and the associated Green’s functions or tensors involve K (r) with |a| = = 1. Also
amenable to the general framework of Helmholtz-type equations is the computation
of Casimir forces, which are attractive force arising between uncharged conductive
surfaces in vacuum, a remarkable consequence of quantum electrodynamics first
realized by [Ia]. Finally, one may mention that optical tomography [42] also leads
to a Helmholtz equation with complex wavenumber (defined in terms of modula-
tion frequency of light and optical parameters of the medium), this time such that
B <0< aand|B|<|al.

The above-summarized wealth of different applications has stimulated in (14] an
investigation of the Fast Multipole Methods for this class of problems. Currently,
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little is known about, e.g., the appropriate non-dimensional frequency ranges of
applicability of either multipole-based or plane wave-based expansions, or the
choice of truncation order. An empirical study of multipole expansions of K(r), of
the kind known to be suitable for low real wavenumbers, is conducted for complex
wavenumbers of the form k = (o +if3)®, so as to estimate ranges of applicability
in terms of ¥d (d denoting a characteristic cell size) and suitable settings for the
truncation order N according to the values of a, 3.

4.1 Multipole Expansion

Let us consider the full-space Green’s function V (r) for the Helmholtz equation:

ei(a+iﬁ)19r eikr

V(r) = k= (a+i)v. (24)

drtr - 4rr’
For a given pole O, let ry = Ox and r, = Oy and r, = ||r¢||, ry = ||ry||. The Gegen-
bauer addition theorem ] states that, for ry > ry

eikr ik & & m —m m
T S O k) @9

where, setting £ =r/r,

Oy (kx) = hy(kr)Y,"(F), (26)
Ty (k,x) = jn(kr) Y, (F). (27)

In Eq. @27) j, is the spherical Bessel function of the first kind [|I|], hy, is the spherical
Hankel function of the first kind:

ha(z) = WY (2) = ju(2) + v (2)

while the spherical harmonics ¥"(f) are given in terms of the angular spherical
coordinates 6, ¢ of a unit vector ¥ by:

Y'(#) = EZ;Z;: P (cos 8)¢™ .

In , , ] it is shown that a more efficient implementation can be achieved
if solid harmonics R} and S} (see Sect. [3.1.2)) are employed instead of spherical
harmonics in Eq. (27), to obtain:

1

O™k, v) = hy(kr S™(#), 28
) = (k) — e 81 (8)

I k,x) = julkr)/ (n—m)!(n4+m) R} (E). (29)
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In any numerical implementation, the summation over 7 in expansion Eq. @3)) is
truncated at level N, yielding an approximation Vy(r) of the kernel V (r):

k N n
Va(r) = i—” S Y @ 1)(=1)" g, " ko ry) O (k). (30)
n=0m=—n

The accuracy of Eq. (B0) has been analysed, e.g., by [@] for the specific case of real
wavenumbers (a = 1,8 = 0), r, >> r, and ¥, -, = 1. Empirical formulas for the
choice of N have been proposed in order to guarantee a chosen level of accuracy on
the evaluation of K(r). For instance, it is found that

N = ¥ry+Mlog(m + Vry) (31)

should guarantee a relative error E = |V —Vy|/|V| = 1073 with M =3,and E = 106
with M = 5. Numerical evaluation of the truncation error E, displayed in Fig. 1] as
isovalues of log(E) in a (¥ry,N)-plane, leads to essentially the same conclusions
as Eq. (BI). On the basis of such results it is generally concluded and accepted that
the expansion Eq. (30) is not suited for efficient numerical implementations in the
presence of moderate to high frequencies, for which a plane-wave expansion of V (r)
in diagonal form is usually preferred [EL , ].

30
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Fig. 1 Isovalues of log(E), case |a| = 1,8 = 0 (real frequency)

In the case of complex wavenumbers of interest herein, the situation somewhat
improves, as the truncation level N needed to reach a given kernel accuracy E is
seen to decrease with increasing . However, Fig. Pl also shows that N still should
be adjusted as a function of ¥d.

The foregoing analysis, however, does not take into account that V(r) decays
exponentially with ||r|| if B > 0. For this reason, the relative accuracy E achieved
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Truncation order N

ti\r‘r

Fig. 2 Isovalues of log(E), case |a| =1, =1

on V(r) may not be the most useful indicator, as it does not take into account the
absolute relevance of the contribution of field points far from the collocation in the
presence of dissipative terms. For this reason, an alternative line of reasoning is now
proposed. Since for large values of B9+ the decaying term dominates in Eq. 24),
it is natural to investigate the relative kernel error in a way that takes into account
the absolute contribution of the kernel to the overall evaluation of integral operators.
This suggests to consider the pointwise weighted error

Ey = Eexp_ﬁem

(32)
instead of the standard relative error E. Besides, it is also useful to exploit the obser-
vation, commonly made about FMM implementations, that the most severe errors
in the application of Eq. (30) occur when the collocation point lies in a cell %, and
the integration element lies in a cell €}, of the interaction list of &, closest to € (as

in Fig.3).

pole

Fig. 3 Choice of pole, source point, integration point
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Accordingly, this worst-case cell and source/collocation point configuration is
now considered. Placing the expansion origin O at the origin of Cartesian coordi-
nates, let x = (—=3d,0,0) and y = (—d,0,0), where 2d denotes the length of a cell
side.

In what follows, the truncated series Eq. (24) is computed for different values of
parameters d and N (with 9d <25, N < 30), and the weighted error Ej; is numeri-
cally evaluated. In [14] several specific values of o and 3 have been tested, chosen
so as to be representative of the main physical models employing the kernel V (r).
For |or| < B the largest weighted error occurs at ¥#d = 0 and, for instance, N = 12
guarantees log(Ey ) = —6 while N = 8 is sufficient for ensuring log(Ey;) = —4. For
B < |al, one can still identify the truncation order N such that Ej is controlled and
less than a prescribed amount, independently of ¥d, but this threshold now depends

on 3.
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Fig. 4 Isovalues of log(Ey) for |ot| = 1,5 =1

For instance, consider the case oo = —1, 3 = 1 which occurs for, e.g., oscillatory
Stokes flows or eddy currents. The weighted point-wise error Ejy; for this case is
plotted in Fig. @ and a maximum value of log(Ey) ~ —3.5,—5.3,—7.1 is predicted
for N = 6,10, 14, respectively. Since Ey is a decreasing function of ¥ (apart from
small oscillations for small ), the values of Ey predicted from Fig. [ for 9d =0
should overestimate the actual relative error encountered in real analyses. Similar
findings are made for the non-oscillatory exponential kernel (oc = 0,8 = 1). The
most important practical conclusion for the two cases &« =0or — 1, B =1 is that
the classical FMM based on expansion Eq. (30) with a fixed truncation order N, say
N =10, is expected to work satisfactorily.
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5 Numerical Results

As a validation of the working assumptions, the academic Tang resonator of Fig.
has been analysed and tested.

springs

4

n o

— fixed block

rigid beam —

Xoa

> X,

Fig. 5 Comb finger resonator: 3D view and 2D layout

The main components of the resonator consist of two folded beams (springs),
two comb drives, each with two sets of fingers, one moving and one fixed, and a
shuttle connecting folded beams and moving fingers. When a bias AC voltage is
applied to one comb drive, the electrostatic force moves the moving fingers and
thus the shuttle and the folded beam towards the fixed fingers while the mechanical
restoring force of the beams brings them back to their equilibrium position, resulting
in an oscillating motion.

The length of each finger is 20 um, the in-plane width is 3.2 um, and the air gaps
are 2.6 um wide; the length of each spring is 405 um, while its width is 2.2 um. The
out-of-plane dimension of the whole structure is 15 um. The gap between the shut-
tle and the substrate is 1.8 um. Also this structure has a first resonating frequency
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of approximately 4400 Hz. In these working conditions the accelerometer can be
effectively represented by a linearized 1D model

F
Mii+ Cy+ Ky = F cos ot or y’+2§a)0y+a)§yzﬁcoswt (33)

where M denotes the mass of the structure, K the equivalent stiffness due to springs
and C the damping coefficient. Since the amplitude of the oscillation is small with
respect to the plate gap, C, K, F can be reasonably taken as independent of y.

Sensing is achieved by means of electrostatic capacitors embedded in the MEMS.
These data are used to identify the “experimental” values of & in the associated 1D
model.

This example has been analysed by means of the FFM MVT quasi static ormula-
tion (detailed in Section[3) in order to provide an estimate of the damping coefficient
C. It is indeed worth recalling that the MVT employed herein is based on a linear
quasi-static Stokes formulation and that the damping force depends linearly on the
input-velocity of the shuttle which can be hence taken as unity. In this case, the force
exerted by the fluid on the rotor directly yields the desired damping coefficient C.

Fig. 6 Comb finger resonator: detail of the finest mesh adopted

The BEM formulation has been suitably modified to account for the deforma-
bility of the structure which is essential to capture squeeze film effects between the
springs which are very close in this unusual layout. Several meshes have been tested,
and the results presented in the sequel refer to the finest mesh adopted (see Fig. [6)
containing ~ 342000 elements, which amount to ~ 1388000 unknowns.

The iterative GMRES solver employed (15 rapidly converges. It has been empir-
ically remarked that: i) the rate of convergence remains virtually unchanged down
to relative residuums of 1078 ~ 1079; ii) the error on the global force, with respect
to its value at convergence of the iterative procedure, is of the same order as the
relative residuum. Hence a very mild stopping condition can be employed for the
GMRES solver.



238 A. Frangi

C
= o & *
o . o o mO&
% .0
D. -
. - [m]
2 -
-

- = 1 [m]
Z P e
n 2 o
g O O 0O Experiments E
= * @& @ @ Stokes slip BC

o
ﬁ 0O O 0O Experiments
= ﬁ ® @ @ StokesslipBC

0 — 01

[ F] 08 1 0.01 o1 1

04 (L]
P [bar] P [bar]

Fig. 7 BEM results with slip BC: comparison with experiments in linear and log-scale

Considering the gaps between the structure and the substrate and between fin-
gers, the transition region starts at approximately p = 0.1 bar. At higher pressures,
the code with slip-boundary conditions is thus expected to be accurate. This is con-
firmed by the results plotted in Fig. [Z]where the linear scale on the left shows good
agreement at high pressures, while the log scale on the right puts in evidence the
divergence at low pressures. This is largely expected since the working conditions
are entering the transition regime which should be addressed by different techniques

(see e.g. [16]).
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Engineering Multibody Contact Problems
Solved by Scalable TBETI

Marie Sadowskd, Zdenék Dostdl, Tomas Kozubek,
Alexandros Markopoulos, and Jiff Bouchala

Abstract. We review our recent results in the development of scalable total BETI
(TBETTI) based domain decomposition algorithms for the solution of multibody con-
tact problems of linear elastostatics. We report the scalability of our algorithms for
the frictionless problems and the problems with a given (Tresca) friction. Our main
tool is the preconditioning by a natural coarse grid of the rigid body motions com-
bined with the BETI methodology and with our in a sense optimal algorithms for the
minimization of strictly convex quadratic function subject to separable inequality
and linear equality constraints. The analysis admits floating bodies. The theoretical
results are verified by numerical experiments, where we also use our algorithms to
implement effectively the fixed point iterations for the solution of problems with
the Coulomb friction. The power of the method is demonstrated on a real world
problem.

1 Introduction

Solving large multibody contact problems of linear elastostatics is complicated
by the non-interpenetration boundary conditions, which make them strongly non-
linear, and, if the system of bodies includes “floating” bodies, by the positive semi-
definite stiffness matrices resulting from the discretization of such bodies. The task
is even more involved when a friction is considered. Taking the above characteristics
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into account, it is only natural to anticipate the solution of contact problems to be
more costly than the solution of related linear problems with the classical boundary
conditions.

Here we are interested in the development of a scalable domain decomposition
algorithm for the solution of contact problems with a given (Tresca) friction. Let us
recall that a domain decomposition algorithm is (numerically) scalable if its rate of
convergence does not deteriorate when the number of subdomains grows (see 1571,
Definition 3.1), and it enjoys the parallel scalability if the cost of the solution can
be reduced nearly proportionally to the number of available processors. If the cost
of the solution of auxiliary subdomain problems is nearly fixed, then the scalable
algorithm enjoys asymptotically linear complexity as long as the cost of its initial-
ization is a proportional part of the overall costs. Since the cost of the solution of
any problem increases at least linearly with the number of the unknowns, it follows
that the development of a scalable algorithm for contact problems is a challenging
task which requires to identify the contact conditions in a sense for free.

In spite of this, there has been made a considerable effort in this direction and
a number of interesting results have been obtained. Most of the results, either ex-
perimental or theoretical, were obtained for the problems discretized by the Finite
Element Method (FEM), either in the framework of the domain decomposition
methods, see, e.g., SCHOBERL [@], DUREISSEIX and FARHAT ], AVERY and
FARHAT [|I|], or by the multigrid methods, see, e.g., KORNHUBER [@], KORNHU-
BER and KRAUSE [IE], and WOHLMUTH and KRAUSE [@]. Most recently, a theo-
retically supported algorithm for both coercive and semi-coercive contact problems
was presented by DOSTAL et al. [18, 19, 21]].

A number of researchers developed effective algorithms also for the solution of
contact problems by Boundary Element Method (BEM), including problems with
friction [25], problems discretized by mortars [@], or semi-coercive problems [|E].
The main benefit of the application of the BEM, as compared with the more popular
FEM, is that the formulation of the problem is reduced to the boundary of the un-
derlying domain which yields a significant dimension reduction. In particular, BEM
is desirable, e.g., when dealing with large or unbounded domains ,] or shape
optimization problems I8]. However, since BEM requires the explicit knowledge of
a fundamental solution of a given partial differential operator, it is applicable only
to the problems involving materials with rather simple properties.

The point of this paper is to review our recent results in the development of scal-
able total BETI (TBETI) based domain decomposition algorithms for the solution
of multibody contact problems of linear elastostatics. We consider the frictionless
problems, the problems with a given (Tresca) friction, and the problems with the
Coulomb friction. The scalability is reported for the frictionless problems, for the
problems with the Tresca friction, and for the fixed point iterations which implement
the Coulomb friction. We use the direct approach, which reformulates the boundary
value problem in terms of the Boundary Integral Equations (BIEs) and the unknown
Cauchy data (trace of the solution and its corresponding conormal derivative) are
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found by solving these BIEs. We combine the direct method with the Galerkin dis-
cretization; though we have to handle double boundary integrals instead of a single
boundary integration that arises from the application of the collocation method, we
get the stiffness matrices that are closely related to the Schur complements of the
matrices arising from FEM.

For the frictionless problems, our main tools are our in a sense optimal quadratic
programming algorithms [11] and the Boundary Element Tearing and Interconnect-
ing (BETT) method — a combination of the symmetric Galerkin BEM with the dual-
ity based Domain Decomposition (DD) approach — as it was originally introduced
by LANGER and STEINBACH [40]. The essential idea behind DD methods is split-
ting the original boundary value problem into local problems on smaller subdomains
that decompose the underlying domains which correspond to the bodies involved in
the problem. The local problems are then coupled by suitable transmission condi-
tions introduced on the artificial interfaces between subdomains. We use the “All
Floating” or “Total” variant of the BETI method introduced independently by OF
[@, 46, @] and DOSTAL, HORAK, and KUCERA [Iﬁ], respectively. This approach
enforces the Dirichlet boundary conditions by additional Lagrange multipliers, so
that the kernels of the stiffness matrices of all the subdomains are a priori known.
After the application of duality, we use preconditioning by the projectors to the nat-
ural coarse subspace with the solution that was originally proposed by FARHAT et
al. [ﬂ] for preconditioning of their FETT method. Since LANGER and STEINBACH
showed in [4(] that the discrete approximate Steklov—Poincaré operators generated
by the FETI and BETI methods are spectrally equivalent, we can exploit the anal-
ysis of FARHAT et al. ] to get the bounds on the spectrum of the preconditioned
dual stiffness matrix independent of the discretization and decomposition parame-
ters h and H, respectively. Let us point out that although our method is based on that
introduced by LANGER and STEINBACH [40], we cannot use their precondition-
ing strategy, since their preconditioner transforms the bound constraints into more
general inequalities, which prevents the application of our optimal algorithms.

To generalize our results to the problems with the Tresca friction, we use the
dualization technique to reduce the conditions of equilibrium to the minimization
of the same type cost function as in the frictionless case, but on a smaller feasi-
ble set that is specified by additional circular constraints. Since we have recently
proposed modification of our quadratic programming algorithms (see DOSTAL and
KUCERA ] or DOSTAL and KOZUBEK [IE]) so that they can solve the separa-
ble QPQC problems with the same optimality properties, it simply follows that we
can use them to get scalable algorithms also for the problems with a given friction.
The theoretical results are illustrated by the results of numerical solution of simple
problems of academic interest. We also show the results for the problems with the
Coulomb friction computed by plugging our optimal Tresca solver into the fixed
point iterations for the solution of the problems with the Coulomb friction [@]. The
power of the methods presented here is illustrated also by numerical solution of a
real world problem.
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2 Steklov—Poincaré Operator for 3D Linear Elastostatics

Let us briefly recall several well-known results concerning boundary integral oper-
ators. Note that more details can be found, e.g., in 19,44, @ 52,154].

Let Q C R? be a bounded Lipschitz domain with the boundary I" which is filled
with a homogeneous isotropic material and consider the elliptic partial differential
operator .Z defined by

3
(& Z&i (u,x) forxe Q,i=1,23,

where the stress tensor o satisfies Hooke’s law

Ev

0ij(u,x) == (14 v)(1-2v)

3

E

0jj 2 e (1, x) + ——e;j(u,x) fori,j=1,2,3
k=1 I+v

with the linearized strain tensor e given by

1/ 0 d
eij(ﬂrx) = E (a_xlu](x) + a_x]ul(x)) for l?] = 1a2a3a

Young’s modulus E € R, and Poisson’s ratio v € (0,1/2). Both E and v are
constants.
Let us recall the standard interior trace and boundary traction operators

Wi H(QP = [HI)F and yi: [H(Q)F = [HAI)P,

respectively, where H'/2(I") denotes the trace space of H'(Q), H~'/2(I') is the
dual space to H'/2(I") with respect to the L?(I") scalar product, and

HY(Q)P = {ve [H'(Q)]: Zve[l*(Q))}.

It is well-known [@, 44, @] that for any u € [Holiﬂ(Q)]3 there exists the Dirichlet—
Neumann map

viu(x) = (Syu)(x) = (NZLu)(x) forxel
with the Steklov—Poincaré operator
S:=(cI+K )W ' (cI+K)+D: [H'>I)]} = [H'*(I)P, (1)
where 6(x) = 1/2 for almost all x € I', and the Newton operator
N:=V'Ny: [L2(Q)] — [H ()P )

In (1) and @) we use the single layer potential operator V, double layer potential op-
erator K, adjoint double layer potential operator K’, hypersingular integral operator
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D givenforx € I" andi=1,2,3 by
(Vi)i(x) := /(L(y), Ui(xy))dsy, V' [HV2(D)P s [H'A(T)P,

(Kﬂ)i(x) = (E(Y)v ’}/l,ygi(x’y))dsy’ K: [Hl/z(r)]3 = [Hl/2(1—~)]37

(K't)i(x) :=

(Dux) 1=~ [ (W) ML) sy, D [HYADF o (AP,
r

and the Newton potential operator Ny given forx € I and i = 1,2,3 by
(M) i= [ (F0) Uiwy)) v No: (@) o [HYA(T)P.
Q

By U we mean the fundamental solution of . called the Kelvin tensor that is given
forx,yeR3andi,j=1,2,3 by

) e LtV _ 0ij (xi —yi) (xj —¥;)
Ui ) (“ T el )

Moreover, U ; := (U, Uzj, Usj) and by (-,-) and || - || we denote the Euclidean scalar
product and norm, respectively. The mapping properties of the above integral oper-
ators are well-known [9, 56], in particular, the single layer potential operator V' is
[H~'/2(I")]>-elliptic, so its inversion exists. In what follows, these two lemmas are
useful:

Lemma 1 ([@]). The Steklov—Poincaré operator S is linear, bounded, symmetric,
and semi-elliptic on [H'/*(I")]>. Moreover, the kernel of S is equal to the space of
the linearized rigid body motions, i.e.,

1 0 0 —X2 0 X3
KerS = span O),111],10]1],] x s o=x3 ], 0
0 0 1 0 X2 —X]

Lemma 2 ([@]). The Newton operator N is linear and bounded on [L2 (Q)P.

3 Multibody Contact Problem without Friction

We consider a system of s homogeneous isotropic elastic bodies whose reference
configurations occupy bounded Lipschitz domains
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QPCR® p=1,2,....s

with the boundaries
Ir’:=90Q° p=1,2,...,s,

each of which comprises three non-overlapping parts
I, 0P, andIP, p=1,2,...,s,

denoting the Dirichlet, Neumann, and contact boundary of the pth body, respec-
tively. In particular, we denote by I”? a part of I.” that is allowed to be in contact
with the body €29. The mechanical properties of 27 are characterized by the Young
modulus E” € R and the Poisson ratio v? € (0,1/2) which are assumed to be con-
stant for each Q27. An example of a reference configuration of a multibody contact
problem can be seen in Fig.[Il To enable the contact with rigid obstacles, we admit
the bodies with a priori defined zero displacements on the whole boundary as it can
be seen in Fig.[Il

Q2

floating body

rigid obstacle

fixed body

Fig. 1 Multibody contact problem

In the following, we denote by u” : I'? — R3 the boundary displacements corre-
sponding to the pth body. Moreover, the imposed boundary displacements, bound-
ary tractions, and the volume forces acting inside €27 are denoted by

g’ e [HAI)P, well(LN), and f7e[*(Q7)],

respectively.
To describe the linearized non-interpenetration conditions, let us define for each
p < q and non-empty I;”? a one-to-one continuous mapping
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rq . rq qp
O TP I,

so that 74(x) € I’ is a “near” point to x € I;”?. Now for each p < g the linearized
non-interpenetration condition is given by

(@’ (x) = (0" (x)), n°(x)) < (€"(x) =x,n"(x)) forxe L, (3)

where n”(x) is the outer unit normal vector to Q7 at x; see Fig. 2l More details can
also be found in [@, ].

uP (x) —u (€M (x))

Fig. 2 The linearized non-
interpenetration in 2D

Now let us introduce the Sobolev product space
Yo [HI/Z(FI)]3 NI, [HI/Z(FS)]3

equipped with the norm

1/2
||+ == <2 [Iv? ||H1/2 ro) > forv= (317 L) e,

For any displacement u = (u', ..., u*) € ¥ let us define the so-called energy func-

tional by
Jelu) = 3/ ww) ~ F (w),

where 7 is a bilinear form on ¥ defined by
s
Z (SPuf vPyr
and .% is a linear functional on ¥ given by

i{prp e + (BP, vp>rp}

p=l
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with

B
=
=

=

i
P

<Wi7yi>L2(rp)-
1

By
SPo HY2(PP)P s [HV2(rP)? and NP [L2(QP)] — [HV2(TP))?

we denote the (local) Steklov—Poincaré and Newton operators, respectively, whose
properties are shortly discussed in Sect.[2l Furthermore, let

Hy={v=0" .. v)e¥ :Ww=gl' onI} forp=1,...,s},

He={v=0" ... ") eV (W (x) (€M), n"(x)) <
(0P(x) —x,nP(x)) forxeIX! p.g=1,...,s, and p <gq},

and

K= HgN K.

Note that % is a non-empty, closed, and convex subset of 7.
A potential energy minimization problem now reads: find the displacement u €
J such that

Je(u) =min{ _Zp(v): ve 7} “4)

Due to Lemmas 1 and 2, the bilinear form <7 is bounded, symmetric, and semi-
elliptic on #" and the linear functional .% is bounded on #". Thus _ZE is a convex
quadratic functional on ¥. The remaining conditions that guarantee the existence
and uniqueness of the solution of ), in particular, the coercivity of JEe on X,
may be found, for instance, in [@].

4 Multibody Contact Problem with Tresca Friction

To enhance the Tresca friction law into the variational formulation of the condi-
tions of equilibrium, we introduce the functional _#7 on ¥ that describes the work
of friction forces in the weak formulation of the problem (see, e.g., DUVAUT and
LIONS [@]). It is defined by

A=Y [l foru=s e s, G
P<4pp
where P9 : TI;P? s RT is the non-negative slip bound and u?(x) represents the
jump in the tangential displacements at x on I'?? and &”4(x) on I'?%?, p < q. In
order to describe u/? effectively, let us define for any x € I”? an orthonormal basis
{t!(x),£5 (x),n” (x)} of R? with the origin at x. Then

rqg __ ., ,p4.pP rq.p
U =ty +ut2 1,
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where

Wl (x) o= (0 () — u(67()), £ (x))  fori =12,

and so
1/2
1 ()| = { ()% + (ul4(x))2}' " forx € 7.

Notice that ¢ is not differentiable.
For any displacementu = (u', ..., u*) € ¥ let us define the energy functional B

with the dissipative term _#7 by

F ()= _Fe(u)+ Ir(u) = %ﬂf(z,z) —F(u)+ Ir(u).

The condition of equilibrium in terms of a potential energy minimization problem
now reads: find the displacement u € J# such that

S (w)=min{ 7 (v): ve x} (6)

with % being the same as in ().

Due to Lemmas 1 and 2, the bilinear form .27 is bounded, symmetric, and semi-
elliptic on ¥ and the linear functional .%# is bounded on #". Thus the energy func-
tional ¢ is continuous and convex on ¥’. The remaining conditions that guarantee
the existence and uniqueness of the solution of (&), in particular, the coercivity of
# on ¢, may be found, for instance, in [@].

5 TBETI Domain Decomposition

First notice that the frictionless contact problem is a special case of the problem with
the Tresca friction with zero slip bounds. Thus we can restrict our exposition to the
problem with the Tresca friction except the solution algorithms which can benefit
from the specific structure of the frictionless contact problems.

To enable efficient parallel solution of our problem, let us first “tear” each body
from the part of the boundary with the Dirichlet boundary condition, and then de-
compose each body into non-overlapping Lipschitz subdomains, assign each sub-
domain a unique number, and introduce new “gluing” conditions on the artificial
intersubdomain boundaries and on the boundaries with imposed Dirichlet condi-
tion. Furthermore, let I and I’? denote the part of I'? that is glued to the other
subdomains and the part of I'? that is glued to €29, respectively. A decomposition
of the problem in Fig. [[lwith renumbered subdomains and artificial intersubdomain
boundaries can be seen in Fig. Bl The gluing conditions require continuity of the
boundary displacements and boundary tractions across the intersubdomain bound-
aries. From now on, s means the number of all subdomains after the decomposition.
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Fig. 3 TBETI domain decomposition of the problem in Fig. [I] with renumbering

In what follows, we use the symbols .# and & to distinguish between the sets
of indices corresponding to the non-interpenetration and equahty constraints, re-
spectively. After introducing suitable approximations SP and N? of the operators
S? and N7, respectively, by using the boundary element method [@ .] we apply
the boundary element discretization of I'”? into L? plane triangles and M? boundary
nodes, p =1, ..., s, that results in the quadratic programming problem

minimize J(v) subjectto Byv<c, and Bgv=cg, @)

where |
J(v):= EVTSV —T v+Jr(v),

= B
s'oo vl v o
S=[0". 0|, vi= ., ve=| Vi |, Ti= ,
- P -
0O0Ss V¢ V3 r’

and Jr (v) denotes the discretized dissipative term.

In the above, SP € R3M"3M” represents the discrete approximate Steklov—
Poincaré operator

87 = DP + (M7 +K7)T(V7) ! (GMP 4 KP), ®)

and 7 € R3” represents the discretized forces. Here, V¥, K”, and D” denote the
discrete single layer, double layer, and hypersingular operators, respectiv Detalls
about suitable representations of these discrete operators can be found in [Bj

56]. Note that V7, K”, and D? are all fully populated. Moreover, the matrices Vp and
D” are symmetric positive definite and semi-definite, respectively.
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To evaluate the entries of the boundary element matrices we have to calculate
(possibly singular) double surface integrals. To do this, one can use several differ-
ent approaches. One method is the so-called semi-analytical approach introduced
by RIASANOW and STEINBACH in [@], where the inner integral is calculated an-
alytically and the outer one is approximated by using a suitable numerical scheme.
Another possibility is to use the quadrature formulae based on the Duffy transforma-
tion that removes the kernel singularity, as shown by SAUTER and SCHWAB in 152].
However, both these approaches lead to asymptotically quadratic space and time
complexities when evaluating the matrices. To avoid this drawback, we decompose
the domains into many small subdomains. Though the corresponding subdomain
matrices are full, they are of small size. In our experiments, we keep the number
of elements L less than 2000. Alternatively, one can use other fast techniques such
as Adaptive Cross Approximation (ACA) @, ] or Fast Multipole Method (FMM)
[@, ,, ] which accelerate the evaluation of the matrices and the consequent
matrix—vector multiplication and lead to asymptotically nearly linear space and time
complexities.

The mass matrix M? corresponds to the discretized identity and the discrete ap-
proximate Newton operator ” is given by

o= (MP)T (Vﬂ)—lng+ﬁﬂ} .

The vector ng denotes the discrete Newton potential whose evaluation requires the
computation of N(‘)’ j_"’ . This can be done by using an indirect approach, as it is intro-
duced in [@, ], or another possibility is the direct evaluation of Né’ [P requiring,
however, a 3D mesh of £27. R B

Finally, let us consider the zero extension A” of the imposed boundary traction
hP from LY to I'P. Typically, we approximate the components of i” by piecewise
constant trial functions and the element values of the approximated components of
h? then correspond to the entries of the vector h? € R,

It remains to describe the constraining matrices B, € R"™7*" B, € R™&*",
n:= 22:1 3MP, and vectors ¢ € R™7, ¢e € R™¢ arising in (@). First, note that
both matrices B » and B, are constructed as full rank matrices. The matrix B ,
and the vector ¢ » correspond to the linearized non-interpenetration conditions. The
rows b ; of B s are formed by zeros and appropriately placed multiples of coordi-
nates of the outer unit normals, so that the change of the normal distance due to the
displacement v is given by b ~ ;v, and the entry ¢ ~ ; describes the gap in the normal
direction between the ith couple of the corresponding nodes on the contact interface
in the reference configuration.

The matrix B, with the rows b ; and the vector ¢, with the entries ¢4 ; enforce
the prescribed displacements on the part of the boundary with imposed Dirichlet
condition and the continuity of the displacements across the auxiliary interfaces.
The rows b ; of B are vectors with zero entries except 1 and —1 at appropriate
positions. Moreover, note that the continuity condition requires thatbe ;v = ¢ ; =0.
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To define the non-differentiable term Jr(v), let us introduce an m » x 1 block and
full rank matrix T whose blocks T; = T;(x;) € R>*" are formed by appropriately
placed multiples of the unit tangential vectors t;(x;) and ty(x;) so that the jump
in the tangential displacements at x; and £7%(x;) is given by T,v € R%. Note that
x; denotes a node located on I”? and 074(x;) on I.'", p < q. After applying a
numerical integration to (&), we get

mg
Jr(v) =Y &[T, 9)
=1

where &; denotes the slip bound associated with T;. Using the standard procedure
(see, e.g., [@]) to modify the non-differentiable term Jr (v) given by (@), we get

_ T
Jr(v) = ; ||7IIi1||a§X§i T, Tiv,

where 7; € R? can be considered as a Lagrange multiplier.

6 Dual Formulation

Problem () is not suitable for numerical computations since its stiffness matrix S is
typically ill-conditioned and singular, and the feasible set is in general so complex
that projections into it can hardly be effectively computed. Thus it would be very
difficult to achieve a fast identification of the active set at the solution and a fast
solution of the auxiliary linear problems.

The complications mentioned above may be essentially reduced by applying the
duality theory of convex programming 2, [11). First, let us define three types of La-
grange multipliers: A » € R™# corresponding to the non-interpenetration condition,
Ag € R™¢ associated with the “gluing” and imposed Dirichlet conditions, and

e (T T T NT 2m g
T.—(TI,TZ,...,TmJ) € R“"s

regularizing the non-differentiability. The Lagrangian associated with problem (Z)
is given as

| e
L(V,\z,A¢,T) := EVTSV—rTV—FTTTV—‘y-A}(BjV—C]) +)\;(Bgv—c(g).

Note that the both cost function and constraints are convex, so that we can use the
classical duality theory [@] to reformulate problem (7)) to obtain

inf sup LOV,A\ s, Ae,T) = sup inf L(v,A 7, Ae,T)
v : . v

Ap ERME A, >0 A €RM™ X ;>0
Hﬂ”géhl:],:mﬂ Hﬂ“géhl:l::mﬂ
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Introducing the notation

Ay Bs cs
A=|As |, B:=|Bg |, c:=] ce
T T 0

and
AE) = {ATAL )T eRM A, 20, |l <& =1, my b,
one can write the Lagrangian briefly as
L(v,A) = %VTgv —1T'v+ AT (Bv—¢)
and problem (7)) is equivalent [11] to the saddle point problem

L(u, A :)\ énix(é)m‘;nL(v, A). (10)

For a fixed A, the Lagrange function L(-,A) is convex in the first variable and the
minimizer u of L(-, \) satisfies

Su—r+B'A=0. (11)

Note that equation (1)) has essentially the same structure as the dual FETI formu-
lation in [27] and the next steps basically follow the literature. Equation (IT) has a
solution iff B

r—B'AeImS, (12)

which can be expressed more conveniently by means of a full column matrix R €

R"*65 whose columns span the null space of Sas

R'r—B'A) =0.

Recall that the blocks S” of S are positive semi-definite with the known kernel of
the dimension six. Thus the matrix R may be formed directly by using any basis of
the rigid body modes of the subdomains, i.e.,

R'OO 100-x) 0
R=[0 "0, R:=]010x —x} 0 |cRMxE
O OR' 001 0 x§ —xf

and x!’ is a vector of the ith coordinates of all nodes located on I'”.
Now assume that X satisfies (I2)) and denote by S* any left generalized inverse
matrix to S, i.e.,
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SS*S=8.

Note that if we denote by SP-* a left generalized inverse to SP, then the matrix

St 0 O
St.= O .0
O O st

is a left generalized inverse to S. The action of ST can be evaluated in many ways
[EL ]. In the numerical experiments, we use our modification of the Cholesky

factorization of S? ,p=1,....8 [EL ]. It may be verified directly that if u solves
(D, then there is a vector o € R% such that

u=S"(F-B"A)+Ra. (13)

After substituting expression (I3)) into problem (IQ), changing the signs, and omit-
ting the constant term, we get that A solves the minimization problem

minimize ©(A) subjectto A€ A(E) and GA=e, (14)

where :
O(N) = E,\TF,\— ATd

and

F:=BS'B', d:=BS'fr-¢, G:=R'B’, e:=R'F.

Once the solution \ of (I4) is known, the solution u of (Z) may be calculated by
({13 with ~
a=(R"B/B,R)"'R'B/ (c. —B.S*T(r—B'))),

where the matrix B, and the vector ¢, are formed by the rows of B and ¢ corre-
sponding to the all the free (not active) Lagrange multipliers in A (§).

7 Preconditioning by the Projector to the Rigid Body Modes

Even though by the application of the duality in Sect.[§ we obtained problem (1)
that is much more suitable for computations than (7)) and was used for efficient so-
Iution of contact problems [16], further improvement may be achieved by adapting
some simple observations and the results of FARHAT, MANDEL, and ROUX [27].

Let Z denote a non-singular matrix that defines the orthonormalization of the
rows of G, so that the matrix

G:=2G
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. =~ . . N
satisfies GG = I, where | denotes a unit matrix. After putting € := Ze, problem

({2 reads
minimize ©(X) subjectto A€ A() and GA=¢. (15)

Next we shall transform the problem of minimization on the subset of the affine
space to that on the subset of the vector space by means of arbitrary A that satisfies

G)\o =e.

Having such a Ao, we can look for the solution of (I3)) in the form X = A+ Ao
A natural choice for A is the least square solution of GA =€ given by

=T

A =G e

Though this choice of Ay works well in practical applications, it turns out that it is
difficult to find a feasible initial approximation which is not too far from the solution.
To avoid solving this rather theoretical problem and to simplify the reference to the
relevant optimality results for the quadratic programming algorithms, we shall use in
our analysis Ao which satisfies an additional constraint Ag € A (§). To see that such
a A exists, it is enough to notice that the feasible set of the minimization problem
(13) is non-empty. We can find it effectively by the solution of the non—linear least
square problem

1 _
minimize §||)\||2 subjectto A€ A(§) and GA=¢e. (16)
Since we put)\zs\—&-)\o, it holds
1.+ T~ 1T~ 2T~ I T T
O(\) = SATFA-ATd =X FA-X (d=FXo)+3A FA—Ajd,

and we can consider (in minimization) the dual function @ without the last two
constant terms. Now let us denote A(E) := A (&) — A, return to the old notation
before the homogenization of the equality constraints (except A (&)) and reformulate
problem (I3) equivalently as:

minimize Zo(A) subjectto A€ A(E) and GA=0, (17)

where :
Zo(N) = EATFA -A'd

andd:=d— Fo.
Our final step is based on the observation that problem (I7) is equivalent to

minimize Z(A) subjectto A€A(E) and GA=0, (18)
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where
1
EN) = 5>\T(F—1PFP+pQ)>\—F—1>\TPd with F ~ ||PFP|,
p is a positive penalty factor, and
_T_
Q=G G and P:=1-Q

denote the orthogonal projectors on the image space of G' and on the kernel of G,
respectively. The expression F = || PFP|| here means that there are positive constants
Fj and F; independent of & and H such that

F < F'|PFP| < B. (19)
For convenience, let us denote the Hessian matrix of = by
A =F 'PFP+pQ.

Let us note that if [a, b] C R, is an interval containing non-zero elements of the
spectrum o (PFP) of PFP, then o(#) C [F~'a, F~'bJU{p}, so that 7 is non-
singular. In our numerical experiments we use p := 1 ~ F~!||PFP||. Our choice
of p is motivated by an effort to use the maximal regularization parameter which
does not increase the norm of .77. The regularization term is introduced in order
to enable the application of the results of quadratic and QPQC programming that
assume regularity of the Hessian matrix of the quadratic form. Problem (I8) turns
out to be a suitable starting point for the development of an efficient algorithm for
variational inequalities due to the classical estimates of the extreme eigenvalues. To
formulate them, we shall denote by Amin(A) and Amax (A) the smallest and the largest
eigenvalues of a given symmetric matrix A, respectively.

Theorem 1. Let there be constants b,B > 0 independent of the discretization pa-
rameter h and the decomposition parameter H such that

b < Amin(BB") < Amax(BB') < B

and let the elements and the subdomains have regular shape and size. Then there
are constants C1,Cp > 0 independent of the discretization parameter h and the de-
composition parameter H such that

Cl% < Anin( ) < Ahnax (J€) = ||| < Ca.

To prove the above theorem, it is enough to use the definition of .7#, the bounds on
the condition number of PFP|ImP for the FETI case by FARHAT, MANDEL, and
RoOUX [27], and the observation of LANGER and STEINBACH [40] that the boundary
element stiffness matrix S” is spectrally equivalent to some Schur complement of
the corresponding finite element stiffness matrix. See also 5.
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Theorem 1 states that if we refine the mesh and increase the number of subdo-
mains so that the ratio H /h is kept bounded, we have still the same upper bound on
the spectral condition number of the Hessian .7Z7. LANGER and STEINBACH [@]
give stronger polylogarithmic bounds for the preconditioned F, but we cannot use
their result since such preconditioning transforms the bound constraints to more
general ones.

8 Optimality

First observe that in case of the frictionless contact problem, the only inequality
constraints in (I8)) are the bound constraints in the multipliers \;, i € .#, where .
is the set of indices of the multipliers for the non-interpenetration conditions. Such
problems can be solved effectively by our semi-monotonic augmented Lagrangian
method SMALBE-M [[L1]] (or its variant SMALBE) [10, [11]]. Unlike the standard
augmented Lagrangian algorithm [@], the SMALBE-M method generates approxi-
mations for the Lagrange multipliers u for the equality constraints in the outer loop,
with any algorithm for the solution of the bound constrained problems in the inner
loop. A specific feature of SMALBE-M is an effective precision control of the aux-
iliary problems in the inner loop. This precision control uses the gradual decrease of
the balancing parameter M, keeping the regularization parameter fixed. The bound
constrained problems in the inner loop are solved by the MPRGP algorithm pro-
posed by DOSTAL and SCHOBERL [@3
The augmented Lagrangian L corresponding to (I8) is defined by

L u,p):=Z(A)+u'GA (20)

and its gradient with respect to the first variable is given by

g, 11,p) 1= VLA, 1t,p) = (F'PFP+ pQ) A~ F'Pd+G u.

Recall that & denotes a set of indices corresponding to the equality constraints. The
projected gradient g¥ = gF (X, u,p) of L at X for the frictionless case is then given
component-wise by

p. Jg forAi>—Xo; and i€J, or i€d,
B = g for\j=—-Xg; and i€ .7,

where g; := min{g;,0}. SMALBE-M is unique in that it is capable of finding an
approximate solution of problem (I8) for the frictionless case in a number of steps
which is uniformly bounded in terms of the bounds on the spectrum of the Hessian
. To get a bound on the number of matrix—vector multiplications, it is necessary
to have an algorithm which is able to solve the problem

minimize L(A,p,p) withrespectto A subjectto Ay >—Xg ., (21)
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with the rate of convergence of the projected gradient g” = g” (A, i, p) in terms of
the bounds on the spectrum of 7. This property has been proved for the MPRGP
(modified proportioning with the reduced gradient projection) algorithm [@]. More
about the properties and implementation of SMALBE-M and MPRGP algorithms
may be found in [@ |ﬁ| @?@] Applications to the frictionless contact problems
discretized either by finite or boundary elements can be found in [B, , , ].

For the solution of the separable and equality constrained problem (I8) arising
from the discretization of the problem with the Tresca friction (€), we use our in
a sense natural modification of SMALBE-M coined SMALSE-M (semi-monotonic
augmented Lagrangians for separable and equality constraints) with the inner loop
implemented by the MPGP algorithm [12].

SMALSE-M has similar properties as the algorithm SMALBE-M reported above.
To get a bound on the number of matrix—vector multiplications, it is necessary to
have an algorithm which is able to solve the problem

minimize L(A,u,p) withrespectto A subjectto A€ X(é), (22)

where L is given by (20), with the rate of convergence of the natural generalization
of the projected gradient g = g"'(\,u,p) of L [ﬁ] in terms of the bounds on the
spectrum of .7Z°. More about the properties and implementation of SMALSE-M and
closely related SMALBE and SMALBE-M algorithms may be found in [@, , ,
21,

To guarantee the optimality, the inner loop of SMALSE-M 113, 211 (i.e., the
solution of (Z2) to a precision that is adaptively controlled) can be implemented by
means of a modification of the MPRGP algorithm, e.g., the MPGP algorithm by
DOSTAL and KOZUBEK [[12] or the KPRGP algorithm proposed by KUCERA [37].

To formulate the optimality results, let 7 denote the set of all indices corre-
sponding to inequality constraints and write the inequality constraints in the unified
form

/’l,()\) = hi()\,') <0 forie 7.

For instance, if i is an index of a non-interpenetration constraint, then
h,()\) = —)\,' — )\()31‘.

To show that the SMALSE-M algorithm with the inner loop implemented by means
of MPGP is optimal for the solution of problem (IZ) provided 7;(0) < 0 fori € .7,
we introduce a new notation that complies with that used in ]. First, let us
consider a system of elastic bodies in contact with the Tresca friction that can be
discretized by a regular grid with the stepsize & and decomposed with the decompo-
sition parameter H. We use

T :={(H,h) e R*: 2h < H and H/h € N}
as the index set. Given a constant C > 2, let J¢ be a subset of .7 defined by

Jo:={(H,h) e T : H/h<C}. (23)
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For any t € 7, we define
At = %7 bt = E_lptdt, Ct = ét

by the vectors and matrices generated with the discretization and decomposition
parameters H and £, respectively, so that problem (I8) is equivalent to the problem

minimize =,(X\;) subjectto CA =0 and £ ;(\) <0 forie .7 (24)

with |
EI(A[) = EA[TAIAI _bt—rAl'
By using these definitions and G, GZT =1, we get
IC|[<1 and h;(0)<0 forie.7. (25)

Moreover, it follows by Theorem 1 that for any C > 2 in (23) there are constants
a€ > a€. > 0such that

max = ““min
agﬁn < A’min (AI) < )vmax (Az) < agax (26)

for any ¢ € J¢. In particular, it follows that the assumptions of Theorem 3 (i.e., the
inequalities in (23) and (28)) of [12] are satisfied for any set of indices J¢, C > 2,
so that we have the following result:

Theorem 2 ([12]). Let C > 2 and € > 0 denote given constants, let {\<}, {u¥}, and
{M, 1} be generated by the SMALSE-M algorithm for (24) with the parameters

||bl|| Z n > O, B > 1, Mt,O ::MO >O7 p >O7 and ‘tho =0.
Let s > 0 denote the smallest integer such that
ﬂ2sp Z M(%/arcnin

and assume that Step 1 of SMALSE-M is implemented by means of the MPGP algo-
rithm with the parameters

>0 and @€ (0,2/a5,)

that guarantee the R-linear convergence of MPGP, so that it generates the iterates
)\f’07 )\f’17 ety )\f’l =: )\f for the solution of the auxiliary problem (22)) starting from
)\f’o = )\571 with )\fl =0, where | = I,  is the first index satisfying

2" p) || < Mol G

or

Kl Kl
"\ 1 o)l < elbell and G < elbe]|-
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Then for any t € ¢ and problem (24), SMALSE-M generates an approximate solu-
tion )\f’ which satisfies

lg” (N p)ll < ellbe|l and ([ CATI| < ey

at O(1) matrix—vector multiplications by the Hessian of the augmented Lagrangian

for (24) and
M7y > min{Mg, pag,;,/B*}.

Theorem 2 holds true also if we replace the MPGP algorithm by KPRGP with & €
(0,1/a€,.) [13]. In our experiments, we use My = p := 1.

9 Numerical Experiments

The described algorithms are implemented in the Mat So1l library [@] developed in
a Matlab environment and tested on the solution of two benchmarks comprising 3D
contact problems. In the first benchmark, we vary the decomposition and discretiza-
tion parameters in order to demonstrate the scalability of our method. In the second
one, we illustrate the ability of our algorithms to solve some real world problems.
For these computations we use the HP Blade system, model BLc7000 with one
master node and eight computational nodes, each with two dual core CPUs AMD
Opteron 2210 HE. The maximum number of parallel processes is limited by 48 due
to the number of available licences of Matlab Distributed Computing Engine which
is used as the parallel programming environment. All the computations are carried
out with the parameters: My := 1,1 := F~!||Pd||, p := 1 ~ F!||PFP|, @ :=2/p,
I':=1, B :=10, u° := 0, and the relative stopping tolerance £ := 10~*. We esti-
mated F' by a few iterations of the Lanczos method.

9.1 Demonstration of Scalability on Two Cantilever Beams in
Mutual Contact

The first problem is a 3D semicoercive contact problem of two cantilever beams in
mutual contact and 75% overlap. Each beam is represented by a box 2000 x 1000 x
1000 [mm]. We consider 3 friction models: a frictionless case, the Tresca friction
with the slip bound ¥ := 80 [MPa] and the Coulomb friction with the coefficient of
friction 0.1. The geometry with prescribed boundary conditions and material prop-
erties is shown in Fig. @

To demonstrate the scalability of our algorithms, we resolve the problem with
varying discretizations and decompositions defined by the discretization parameter
h and the decomposition parameter H, respectively. For each & and H, the bodies
are discretized by structured grids decomposed into the subdomains (see Fig.[3). We
keep H/h = 10. The results for all friction models are reported in Tables[I] 2] and
Bl We can observe that the number of matrix—vector multiplications increases only
mildly in agreement with the theory in all cases.
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Fig. 4 Model specification

Fig. 5 Uniform domain
decomposition
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MPa
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1£=0.35

Table 1 Frictionless case: numerical scalability

Number of subdomains 500 1372 2916
Number of CPUs 48 48 48
Primal variables 903,000 2,477,830 5,266,300
Dual variables 444927 1,261,493 2,728,955
Null space dimension 3000 8232 17,496
Hessian multiplications 76 124 195
SMALSE-M iterations 12 13 16
Solution time [s] 364 2206 7573
Total time [s] 1136 5645 11,221

The corresponding parallel scalability of our algorithms is depicted in Figs. [0l [7]
and [8} In this case, we fix the number of primal variables in the subdomains and
increase the number of partitions into subdomains accordingly to the number of
used CPUs. The performance agrees with the theoretical results.
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Table 2 Tresca friction: numerical scalability

Number of subdomains 108 500 1372 2916
Number of CPUs 48 48 48 48
Primal variables 195,048 903,000 2,477,830 5,266,300
Dual variables 88,601 444,927 1,261,493 2,728,955
Null space dimension 648 3000 8232 17,496
Hessian multiplications 107 108 107 207
SMALSE-M iterations 7 8 9 9
Solution time [s] 46 301 2211 7950
Total time [s] 127 656 3454 11,673

Table 3 Coulomb friction

Number of subdomains 108 500 1372 2916
Number of CPUs 48 48 48 48
Primal variables 195,048 903,000 2,477,830 5,266,300
Dual variables 88,601 444,927 1,261,493 2,728,955
Null space dimension 648 3000 8232 17,496
Hessian multiplications 221 191 400 687
SMALSE-M iterations 21 15 36 53
Solution time [s] 76 398 3206 13,817
Total time [s] 157 754 4447 17,542

The normal and tangent contact pressures along the line r lying in the middle of
the contact interface (see Fig. M) for all cases are depicted in Figs.[9,[I0, and [T1l

9.2 Mechanical Engineering Problem: Yielding Clamp
Connection

The second example is a stress analysis in the yielding clamp connection of steel
arched supports depicted in Fig.[12] where we see only a half of the whole structure
because of the symmetry with respect to the xpx3 plane. This type of construction
is used to support the mining openings. It is a typical multibody contact, where
the yielding connection plays the role of the mechanical protection against destruc-
tion, i.e., against the total deformation of the supporting arches. We consider two
contact models: a frictionless contact and contact with the Coulomb friction, where
the coefficient of friction is 0.5. The problem is decomposed into 250 subdomains
using METIS (see Fig.[13)) and discretized by 713,751 and 261,553 primal and dual
variables, respectively.
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The total displacement for both contact models are depicted in Figs. [[4] and
We see the significant difference. In the frictionless case, it requires 1745 matrix—
vector multiplications and takes 7884 seconds. In the friction case, it requires 2479
matrix—vector multiplications and takes 11,169 seconds to find the solution. For all
computations we use 24 CPUs. Finally, we depict the contact pressure for both cases
in Figs. [16HI9)

Fig. 13 Domain decomposition
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Fig. 18 Coulomb friction: normal contact Fig. 19 Coulomb friction: normal contact
pressure (view 1) [MPa] pressure (view 2) [MPa]

10 Comments and Conclusions

We have presented the scalability results related to the application of the Total BETI
based domain decomposition method with the natural coarse grid preconditioning
and of our recently developed algorithms for the solution of convex QPQC prob-
lems to the solution of 3D multibody contact problems of elastostatics. We con-
sidered the frictionless contact, the contact with the Tresca friction and with the
Coulomb friction. We have shown that an approximate solution of the discretized
elliptic variational inequality which describes the equilibrium of a system of elastic
bodies in mutual contact for frictionless case and for the Tresca friction may be ob-
tained in a number of matrix—vector multiplications bounded independently of the
discretization parameter provided the ratio of the decomposition and the discretiza-
tion parameters is kept bounded.

Numerical experiments with the academic benchmark are in agreement with the
theory. The power of our algorithms for the solution of problems with the Coulomb
friction has been demonstrated also on a real world problem from mechanical en-
gineering. We have documented also the parallel scalability inherited from the ba-
sic BETI scheme. The solution of auxiliary linear problems in the inner loop may
be improved by standard preconditioners [40, |57] and may be adapted to the mor-
tar discretization [41, 58] or to the solution of more general problems, such as the
problems with anisotropic friction, quasistatics and dynamics problems.

Acknowledgements. This research has been financially supported by the grants GA CR
201/07/0294 and the Ministry of Education of the Czech Republic No. MSM6198910027.

References

[1] Avery, P., Farhat, C.: The FETI family of domain decomposition methods for inequality-
constrained quadratic programming: Application to contact problems with conforming
and nonconforming interfaces. Comput Methods Appl. Mech. Engrg. 198, 1673-1683
(2009)

[2] Bazaraa, M.S., Shetty, C.M., Sherali, H.D.: Nonlinear Programming, Theory and Algo-
rithms. Wiley, New York (1993)



Engineering Multibody Contact Problems Solved by Scalable TBETI 267

(3]

(4]
(3]
(6]
(7]

(8]
(9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

Bebendorf, M.: Hierarchical Matrices: A Means to Efficiently Solve Elliptic Boundary
Value Problems. Lecture Notes in Computational Science and Engineering, vol. 63.
Springer, Berlin (1978)

Bebendorf, M., Rjasanow, S.: Adaptive low-rank approximation of collocation matri-
ces. Computing 70, 1-24 (2003)

Bouchala, J., Dostdl, Z., Sadowska, M.: Theoretically supported scalable BETI method
for variational inequalities. Computing 82, 53-75 (2008)

Bouchala, J., Dostdl, Z., Sadowskd, M.: Scalable Total BETI based algorithm for 3D
coercive contact problems of linear elastostatics. Computing 85, 189-217 (2009)
Brzobohaty, T., Dostdl, Z., Kovit, P., Kozubek, T., Markopoulos, A.: Cholesky decom-
position with fixing nodes to stable evaluation of a generalized inverse of the stiffness
matrix of a floating structure. Internat. J. Numer. Methods Engrg. 85(5), 493-509 (2011)
Burczynski, T., Adamczyk, T.: The boundary element formulation for multiparameter
structural shape optimization. Appl. Math. Model. 9, 195-200 (1985)

Costabel, M.: Boundary integral operators on Lipschitz domains: Elementary results.
SIAM J. Math. Anal. 19, 613-626 (1988)

Dostdl, Z.: An optimal algorithm for bound and equality constrained quadratic program-
ming problems with bounded spectrum. Computing 78, 311-328 (2006)

Dostél, Z.: Optimal Quadratic Programming Algorithms with Applications to Varia-
tional Inequalities. Springer Optimization and its Applications, vol. 23. Springer, New
York (2009)

Dostél, Z., Kozubek, T.: An optimal algorithm with superrelaxation for minimization of
a quadratic function subject to separable constraints with applications (submitted)
Dostél, Z., Kucera, R.: An optimal algorithm for minimization of quadratic functions
with bounded spectrum subject to separable convex inequality and linear equality con-
straints. SITAM J. Optim. 20, 2913-2938 (2010)

Dostél, Z., Schoberl, J.: Minimizing Quadratic Functions Subject to Bound Constraints
with the Rate of Convergence and Finite Termination. Comput. Optim. Appl. 30, 23-43
(2005)

Dostél, Z., Friedlander, A., Santos, S.A., Malik, J.: Analysis of semicoercive con-
tact problems using symmetric BEM and augmented Lagrangians. Eng. Anal. Bound.
Elem. 18, 195-201 (1996)

Dostil, Z., Friedlander, A., Santos, S.A.: Solution of coercive and semicoercive con-
tact problems by FETI domain decomposition. Contemporary Mathematics 218, §2-93
(1998)

Dostél, Z., Hordk, D., Kucera, R.: Total FETI — an easier implementable variant of the
FETI method for numerical solution of elliptic PDE. Commun. Numer. Meth. Eng. 22,
1155-1162 (2006)

Dostél, Z., Kozubek, T., Horyl, P., Brzobohaty, T., Markopoulos, A.: Scalable TFETI
algorithm for two dimensional multibody contact problems with friction. J. Comput.
Appl. Math. 235, 403-418 (2010)

Dostél, Z., Kozubek, T., Vondrék, V., Brzobohaty, T., Markopoulos, A.: Scalable TFETI
algorithm for the solution of multibody contact problems of elasticity. Internat. J. Nu-
mer. Methods Engrg. 82, 1384-1405 (2010)

Dostél, Z., Domoradova, M., Sadowskd, M.: Superrelaxation and the rate of conver-
gence in minimizing quadratic functions subject to bound constraints. Comput. Optim.
Appl. 48, 23-44 (2011)



268

(21]

(22]

(23]

[24]
[25]

[26]

(27]
(28]
[29]
(30]
(31]
(32]

(33]
(34]

[35]

[36]

[37]

(38]

[39]

[40]

[41]

M. Sadowska et al.

Dostél, Z., Kozubek, T., Markopoulos, A., Brzobohaty, T., Vondrdk, V., Horyl, P.: A
theoretically supported scalable TFETI algorithm for the solution of multibody 3D con-
tact problems with friction. Comput. Methods Appl. Mech. Engrg. (published online,
2011)

Dostdl, Z., Kozubek, T., Markopoulos, A., Mensik, M.: Cholesky decomposition of a
positive semidefinite matrix with known kernel. Appl. Math. Comput. 217, 6067-6077
(2011)

Dureisseix, D., Farhat, C.: A numerically scalable domain decomposition method for
solution of frictionless contact problems. Internat. J. Numer. Methods Engrg. 50, 2643—
2666 (2001)

Duvaut, G., Lions, J.L.: Inequalities in Mechanics and Physics. Springer, Heidelberg
(1976)

Eck, C., Steinbach, O., Wendland, W.L.: A symmetric boundary element method for
contact problems with friction. Math. Comput. Simulat. 50, 43-61 (1999)

Farhat, C., Géradin, M.: On the general solution by a direct method of a large scale
singular system of linear equations: application to the analysis of floating structures.
Internat. J. Numer. Methods Engrg. 41, 675-696 (1998)

Farhat, C., Mandel, J., Roux, F.X.: Optimal convergence properties of the FETI domain
decomposition method. Comput. Methods Appl. Mech. Engrg. 115, 365-385 (1994)
Glowinski, R., Le Tallec, P.: Augmented Lagrangians and Operator Splitting Methods.
SIAM, Philadelphia (1989)

Greengard, L.F., Rokhlin, V.: A fast algorithm for particle simulations. J. Comput.
Phys. 73, 325-348 (1987)

Greengard, L.F., Rokhlin, V.: A new version of the fast multipole method for the Laplace
equation in three dimensions. Acta Numerica 229-269 (1997)

Han, H.: The boundary integro—differential equations of three—dimensional Neumann
problem in linear elasticity. Numer. Math. 68, 269-281 (1994)

Hlavacek, 1., Haslinger, J., Necas, J., LoviSek, J.: Solution of Variational Inequalities in
Mechanics. Springer, Berlin (1988)

Kikuchi, N., Oden, J.T.: Contact Problems in Elasticity. SIAM, Philadelphia (1988)
Kornhuber, R.: Adaptive monotone multigrid methods for nonlinear variational prob-
lems. Teubner, Stuttgart (1997)

Kornhuber, R., Krause, R.: Adaptive multigrid methods for Signorini’s problem in linear
elasticity. Comput. Visual. Sci. 4, 9-20 (2001)

Kozubek, T., Markopoulos, A., Brzobohaty, T., Kucera, R., Vondrik, V., Dostdl, Z.:
MatSol — MATLAB eftcient solvers for problems in engineering,
http://www.am.vsb.cz/matsol

Kucera, R.: Convergence rate of an optimization algorithm for minimizing quadratic
functions with separable convex constraints. STAM J. Optim. 19, 846-862 (2008)
Kupradze, V.D., Gegelia, T.G., Baseleisvili, M.O., Burculadze, T.V.. Three—
dimensional problems of the mathematical theory of elasticity and thermoelasticity.
North—Holland Series in Applied Mathematics and Mechanics, vol. 25. North—Holland,
Amsterdam (1979)

Langer, U., Pechstein, C.: Coupled FETI/BETI solvers for nonlinear potential problems
in (un)bounded domains. In: Ciuprina, G., loan, D. (eds.) Proceedings of the SCEE
2006, Mathematics in Industry, vol. 11, pp. 371-377. Springer, Heidelberg (2007)
Langer, U., Steinbach, O.: Boundary element tearing and interconnecting methods.
Computing 71, 205-228 (2003)

Laursen, T.A.: Computational Contact and Impact Mechanics. Springer, London (2002)



Engineering Multibody Contact Problems Solved by Scalable TBETI 269

[42]
[43]
[44]
[45]

[46]

[47]
(48]
[49]

[50]

[51]

[52]
[53]
[54]
[55]
[56]
[57]
[58]
[59]

[60]

Liu, Y., Nishimura, N.: The fast multipole boundary element method for potential prob-
lems: A tutotial. Eng. Anal. Bound. Elem. 30, 371-381 (2006)

Maischak, M., Stephan, E.P.: Adaptive hp—versions of BEM for Signorini problems.
Appl. Numer. Math. 54, 425-449 (2005)

McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge
University Press (2000)

Of, G.: BETI-Gebietszerlegungsmethoden mit schnellen Randelementverfahren und
Anwendungen. PhD Thesis, University of Stuttgart (2006)

Of, G.: The all-floating BETI method: numerical results. In: Domain Decomposition
Methods in Science and Engineering XVII. Lecture Notes in Computational Science
and Engineering, vol. 60, pp. 295-302. Springer, Berlin (2008)

Of, G., Steinbach, O.: The all-floating boundary element tearing and interconnecting
method. J. Numer. Math. 17, 277-298 (2009)

Of, G., Steinbach, O., Wendland, W.L.: Applications of a fast multipole Galerkin bound-
ary element method in linear elastostatics. Comput. Visual. Sci. 8, 201-209 (2005)
Pechstein, C.: Boundary element tearing and interconnecting methods in unbounded
domains. Appl. Num. Math. 59, 2824-2842 (2009)

Rjasanow, S., Steinbach, O.: The Fast Solution of Boundary Integral Equations. Math-
ematical and Analytical Techniques with Applications to Engineering. Springer, New
York (2007)

Sadowskd, M., Dostdl, Z., Kozubek, T., Markopoulos, A., Bouchala, J.: Scalable total
BETI based solver for 3D multibody frictionless contact problems in mechanical engi-
neering. Eng. Anal. Bound. Elem. 35, 330-341 (2011)

Sauter, S.A., Schwab, C.: Boundary Element Methods. Springer Series in Computa-
tional Mathematics, vol. 39. Springer, Berlin (2011)

Schoberl, J.: Solving the Signorini problem on the basis of domain decomposition tech-
niques. Computing 60, 323-344 (1998)

Steinbach, O.: Fast evaluation of Newton potentials in boundary element methods.
East—West J. Numer. Math. 7, 211-222 (1999)

Steinbach, O.: Stability Estimates for Hybrid Coupled Domain Decomposition Meth-
ods. Lecture Notes in Mathematics, vol. 1809. Springer, Heidelberg (2003)

Steinbach, O.: Numerical Approximation Methods for Elliptic Boundary Value Prob-
lems. Finite and Boundary Elements. Springer, New York (2008)

Toselli, A., Widlund, O.B.: Domain Decomposition Methods — Algorithms and Theory.
Springer, Heidelberg (2005)

Wohlmuth, B.I.: Discretization Methods and Iterative Solvers Based on Domain
Decomposition. Springer, Berlin (2001)

Wohlmuth, B.I., Krause, R.: Monotone methods on nonmatching grids for nonlinear
contact problems. SIAM J. Sci. Comput. 25, 324-347 (2003)

Wriggers, P.: Contact Mechanics. Springer, Berlin (2005)



	Cover
	Front matter
	Differential Forms and Boundary Integral Equations for Maxwell-Type Problems

	Introduction
	Differential Forms – Preliminaries
	Basic Definitions
	Integral Transformations
	Fundamental Solution of the Helmholtz Equation
	Single-Layer and Double-Layer Potentials

	Sobolev Spaces of Differential Forms
	Sobolev Spaces on the Domain
	Sobolev Spaces on the Boundary

	Representation Formula
	Maxwell-Type Problems, Solution Spaces, and Trace Operators
	Asymptotic Conditions
	Representation Formula for Maxwell Solutions
	Jump Relations of the Layer Potentials

	Boundary Integral Operators
	Symmetry Properties
	Ellipticity Properties

	Boundary Integral Equations
	Calderón Projector for Interior and Exterior Problems
	Equivalent Maxwell-Type Problems, Dual Transformations

	Conclusions
	References


	Discrete Electromagnetism with Shape Forms of Higher Polynomial Degree

	Introduction
	The Magnetoquasistatic Approximation of Maxwell’s Equations

	Classical Derivation
	Differential Forms

	The Low Order Version
	Dual Complex
	Derivative and Trace Operators
	Hodge Operators
	Pairing Matrices
	Discrete Equation

	Localization of Degrees of Freedom
	Small Simplices
	Higher-Dimensional Simplices

	Higher Order DEM
	Nonlinear Materials
	Numerical Results
	Conclusions
	References

	Additive Schwarz Methods for the hp Version of the Boundary Element Method in $R^3$

	Introduction
	Additive Schwarz Method – General Setting
	Additive Schwarz Method for the hp-Version BEM for the Hypersingular Integral Equation on Rectangular Meshes

	Additive Schwarz Method for the p-Version BEM for the Hypersingular Integral Equation on Triangles

	Additive Schwarz Method for the hp-Version BEM for the Weakly Integral Equation

	References

	Fast Boundary Element Methods for Industrial Applications in Magnetostatics

	Introduction
	Boundary Integral Formulations for Transmission Problems
	Model Problem
	Steklov–Poincar´e Operator Interface Equation
	Single Layer Potential Formulation
	Double Layer Potential Formulation
	Equivalence and Unique Solvability of the Boundary Integral Equations

	Evaluation of the Magnetic Field

	Boundary Element Methods
	Steklov–Poincar´e Operator Interface Equation
	Single Layer Potential Formulation
	Direct Double Layer Potential Formulation
	Indirect Double Layer Potential Formulation

	Numerical Examples
	Sphere
	Cube
	Ring
	Ring with Gap
	Controllable Reactor

	Conclusions
	References

	Wave Propagation Problems Treated with Convolution Quadrature and BEM

	Introduction – State of the Art
	Time Dependent Boundary Integral Equations
	Governing Equations
	Integral Equations

	Convolution Quadrature
	Linear Multistep Based Convolution Quadrature
	Runge-Kutta Based Convolution Quadrature
	Implementation

	Convolution Quadrature Applied to Hyperbolic Initial Value Problems

	Bounds in the Laplace Domain
	Properties of Convolution Weights
	Dissipation and Dispersion

	Space Discretization
	Galerkin and Collocation in Space
	Fast Data-Sparse Methods in Frequency Domain

	Numerical Example
	References

	Fast Nystr¨om Methods for Parabolic Boundary Integral Equations

	Introduction
	Heat Potentials as Abel Integral Operators
	Time Dependent Integral Operators
	Projection Methods
	Product Integration Methods
	Convolution Quadrature
	Desingularized Quadrature

	The Fast Multipole Method in Time Domain
	Separation of Variables
	Hierarchy of Intervals
	Translation Operators
	The Standard FMM
	The Causal FMM

	The Parabolic FMM
	Discretization of Thermal Layer Potentials
	Approximation Theory for the Heat Kernel
	Chebyshev Expansion of the Gauss Kernel
	Space-Time Subdivision
	Space-Time Translation Operators
	The Parabolic FMM

	A Numerical Example
	References

	Fast Stokes Solvers for MEMS

	Introduction
	Classical Quasi-static Stokes Flow
	Governing Equations
	Integral Formulation
	Null Space Problem

	Extension to the Slip Flow Regime and Implementation
	Numerical Implementation

	Extension to High Frequency Oscillatory Flow
	Multipole Expansion

	Numerical Results
	References

	Engineering Multibody Contact Problems Solved by Scalable TBETI

	Introduction
	Steklov–Poincar´e Operator for 3D Linear Elastostatics
	Multibody Contact Problem without Friction
	Multibody Contact Problem with Tresca Friction
	TBETI Domain Decomposition
	Dual Formulation
	Preconditioning by the Projector to the Rigid Body Modes
	Optimality
	Numerical Experiments
	Demonstration of Scalability on Two Cantilever Beams in Mutual Contact

	Mechanical Engineering Problem: Yielding Clamp Connection


	Comments and Conclusions
	References


